
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
17. Operator theory I



Today’s lecture
[Chapter 4, FMO][PA][PMO][LSMO]

Operator theory I 

• Proximal gradient method


• Operators


• Monotone and cocoercive operators


• Fixed-point Iterations

2



Proximal gradient method



Remember: gradient descent interpretation

4

<latexit sha1_base64="cIrcQ3yHdAI7gXmETUI3C09olr4="></latexit>

xk+1 = xk
− t∇f(xk)

<latexit sha1_base64="qAAH03Hu2rXiEnXYVwdC02IQ7BQ="></latexit>

f(x)

<latexit sha1_base64="b5XTOZqOo2BY0FPWqqZvKwiMMYg="></latexit>

r
2f(xk)

1

t
I

Iterations

Problem

<latexit sha1_base64="Vkzc4nl3faA0wNJ2Gs6igrlXu2A="></latexit>

xk+1 =
z

f(xk) +∇f(xk)T (z − xk) +
1

2t
‖z − xk‖22



Let’s exploit the smooth part

5

same as  
gradient descent

<latexit sha1_base64="p56N+ZjnHJSStI5U1UxInexLypw="></latexit>

f(x) + g(x)

<latexit sha1_base64="HfdVWwecsSkjlcQBuiJt69ML9fI="></latexit>

f g
<latexit sha1_base64="ZTrQI/UUiyzU0jZQoH+yUSvjflQ="></latexit>

xk+1 =
z

g(z) + f(xk) +∇f(xk)T (z − xk) +
1

2t
‖z − xk‖22

Equivalent to
<latexit sha1_base64="LWA6g87jz9vIYzqwGWW1+VzU2qc="></latexit>

xk+1 =
z

tg(z) +
1

2

∥

∥z − (xk
− t∇f(xk))

∥

∥

2

2
= proxtg

(

xk
− t∇f(xk)

)

<latexit sha1_base64="80Q3v1uCd6fm8tm9uWK/WC3VuYQ="></latexit>

f(x)
g(x)

stay close to 
gradient update

<latexit sha1_base64="MPml1Uwy3uq2+LiysoQ+tY6/5G4="></latexit>

g

small

Proximal operator



Proximal gradient method
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<latexit sha1_base64="p56N+ZjnHJSStI5U1UxInexLypw="></latexit>

f(x) + g(x)

<latexit sha1_base64="80Q3v1uCd6fm8tm9uWK/WC3VuYQ="></latexit>

f(x)
g(x)

<latexit sha1_base64="EyIqAjg9mTCCd2dAobln13V8/XM="></latexit>

xk+1 = proxtg

(

xk
− t∇f(xk)

)

Iterations

Properties
<latexit sha1_base64="zhkNNiOlo6WpUi/3HBPOU3zPXC4="></latexit>

f g

proxtg



Special cases
Generalized gradient descent

7

<latexit sha1_base64="p56N+ZjnHJSStI5U1UxInexLypw="></latexit>

f(x) + g(x)

<latexit sha1_base64="EyIqAjg9mTCCd2dAobln13V8/XM="></latexit>

xk+1 = proxtg

(

xk
− t∇f(xk)

)

Iterations

Problem

Constraints Projected gradient descent
<latexit sha1_base64="tbcOKqHNx9JEy+ob0teo1AxcjJs="></latexit>

g(x) = IC(x) =⇒ proxtg(x) = ΠC(x)
<latexit sha1_base64="gMP3pG9/lxO6hFRM32kRfkAt1vs="></latexit>

=) xk+1 = ΠC(x
k
� trf(xk))

Gradient descentSmooth
<latexit sha1_base64="MZW+bvhXRTxsMgf/HqkblvMIYIA="></latexit>

g(x) = 0 =⇒ proxtg(x) = x

<latexit sha1_base64="Km8LijatoaqCUP4IuQ5eweYhLDo="></latexit>

=) xk+1 = xk
� trf(xk)

Proximal minimizationNon smooth
<latexit sha1_base64="yb9UCSFGYsv9cMVBDvbbbVMp8Jk="></latexit>

f(x) = 0
<latexit sha1_base64="DltXyOve9BWD83+GIK5RkHj2aRI="></latexit>

=⇒ x
k+1 = proxtg(x

k)
<latexit sha1_base64="VsVRV2gA8TCFqdYlFULXwd5x/DA="></latexit>

proxtg



What happens if we cannot evaluate the prox?

8

<latexit sha1_base64="8QAoT+6wXjdubQeusG79VRQzVbE="></latexit>

prox
g
(x) = argmin

z

(

g(z) +
1

2
‖z − x‖2

2

)

At every iteration, it can be very expensive to evaluate 

Idea: solve it approximately!

<latexit sha1_base64="ASTh8Sn4welK9nRk5qkHITl6/nc="></latexit>

prox
g
(x)

you can obtain the same convergence guarantees (and rates) 
as the exact evaluations.

[Schmidt et al. (2011), “Convergence rates of inexact proximal-gradient methods for convex optimization”]



Example: Lasso
Iterative Soft Thresholding Algorithm (ISTA)

9

<latexit sha1_base64="fzjH/UISLYOYST0Rzdx9SfMa+hY="></latexit>

(1/2)‖Ax− b‖2
2
+ λ‖x‖1

<latexit sha1_base64="9tWD6vd4wqPKBdOXNCPJAw5yoko="></latexit>

f(x)
<latexit sha1_base64="5bvc1mron/a8QvF2Mu95ZLZueMs="></latexit>

g(x)

<latexit sha1_base64="EyIqAjg9mTCCd2dAobln13V8/XM="></latexit>

xk+1 = proxtg

(

xk
− t∇f(xk)

)

Proximal gradient descent
<latexit sha1_base64="SLM5NVZkY5jL8eFMeWRGJ+miJOs="></latexit>

∇f(x) = AT (Ax− b)

<latexit sha1_base64="9ymx7M2hCWls4a9Jv01XI6oniAs="></latexit>

proxtg(x) = Sλt(x)
(component wise 
soft-thresholding)

Closed-form iterations
<latexit sha1_base64="dvWS/7/DZKLUHYSt7z/nIgMwipo="></latexit>

x
k+1 = Sλt

(

x
k
− tA

T (Axk
− b)

)



Example: Lasso
Iterative Soft Thresholding Algorithm (ISTA)

10

<latexit sha1_base64="fzjH/UISLYOYST0Rzdx9SfMa+hY="></latexit>

(1/2)‖Ax− b‖2
2
+ λ‖x‖1

Closed-form iterations
<latexit sha1_base64="dvWS/7/DZKLUHYSt7z/nIgMwipo="></latexit>

x
k+1 = Sλt

(

x
k
− tA

T (Axk
− b)

)

Better convergence

Can we prove convergence 
generally?

Can we combine different 
operators?

0 100 200 300 400 500
k

10−5

10−3

10−1

101

(f
−

f
?
)/
f
?

Subgradient 0.001/
√

k + 1

Subgradient 0.01/(k + 1)

ISTA t = 0.001

<latexit sha1_base64="GMqiozvZWhfRsnaINGaf5aUBJOE="></latexit>

A ∈ R
500×100



Operators



Operators

12

<latexit sha1_base64="mRbcKtp2nu1acOO/nnPXv8dkDdg="></latexit>

T R
n

R
n

Example
<latexit sha1_base64="7pIhQlcsWEyUMkxypbnJOqzJvnA="></latexit>

∂f

rf

<latexit sha1_base64="JFu8WX5rWIcdkRVZh0JHlMKcyaU="></latexit>

x

<latexit sha1_base64="ajXGqEsOqU4x0SNodEd6EZ5OkDs="></latexit>

T (x)
<latexit sha1_base64="+w7JTvaN7UpUH5VZUG1ZAeqBXmw="></latexit>

0

<latexit sha1_base64="iFTAQXoCjcV5HLuCPU1wPi5tMjk="></latexit>

T domT = {x | T (x) 6= ;}

<latexit sha1_base64="KqO4nW0BCFuXHksagXm6oUCpx3Q="></latexit>

T (x)
T (x)



Graph and inverse operators
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Graph
<latexit sha1_base64="mMPwf3Tqc/WqH/xd5Hyknq6hKQk="></latexit>

T

<latexit sha1_base64="tAIZJhtX/kubBO12r4TMo9CbpI4="></latexit>

gphT = {(x, y) | y ∈ T (x)}

<latexit sha1_base64="9C4yNPL42roQggTR7oN3aFk5N/4="></latexit>

(x, y) y ∈ T (x)

Inverse
<latexit sha1_base64="EVYiNXFWJKN0yyiMZI+PLS7U8q0="></latexit>

T
−1

<latexit sha1_base64="ITSlLvRCSRVNC7vNSt8zivLlA5I="></latexit>

gphT−1 = {(y, x) | (x, y) ∈ gphT}

<latexit sha1_base64="z3C6gc9HKxOSpDYtem2l2LlCL0U="></latexit>

y ∈ T (x) x ∈ T−1(y)



Zeros

14

Zero
<latexit sha1_base64="aESfailnLSKDOIk0fqv2N9P78Fs="></latexit>

x T 0 ∈ T (x)

Zero set
<latexit sha1_base64="k6jA+GZXfYUMiTHeIjLYAojiFVE="></latexit>

T
−1(0) = {x | 0 ∈ T (x)}

<latexit sha1_base64="XU9+oem2Fd2fR50VNLAQMFt00e0="></latexit>

T = ∂f f : Rn
→ R

0 ∈ T (x) x f

Many problems  
can be posed as finding zeros 

of an operator



Fixed points

15

Examples
<latexit sha1_base64="oyL3z7uZdils0ZkMx26anmzr5dA="></latexit>

T (x) = x

T (x) = 0 0

Set of fixed points
<latexit sha1_base64="WX1Jj+ijYl58UAKvPVbNmL8wxGk="></latexit>

fixT = {x ∈ domT | x = T (x)} = (I − T )−1(0)

<latexit sha1_base64="DET/OfjzL0FRNeA+VFRGf9J/XuE="></latexit>

x̄ = T (x̄)

<latexit sha1_base64="jIJdGMZ2SVlHw+yCK2fag+pkOME="></latexit>

x̄ T



Lipschitz operators
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<latexit sha1_base64="A3Qq6ouSHXqtL52PQvROwrm+y5w="></latexit>

y = T (x), z = T (x) ky � zk  Lkx� xk = 0 =) y = z

<latexit sha1_base64="oCBjUrjSA9jKKkH92o4hlL1Obm4="></latexit>

T

<latexit sha1_base64="o7EMNqftf2smlJl6Bb/SBZOA4Wc="></latexit>

L = 1 T

L < 1 T L

<latexit sha1_base64="MQcFITVG5nK0VmTGVEOrU4XloHM="></latexit>

T L
<latexit sha1_base64="bvSyIAcAvIZ46mahTknueRFWKco="></latexit>

‖T (x)− T (y)‖ ≤ L‖x− y‖, ∀x, y ∈ domT



Lipschitz operators examples

17

Lipschitz affine functions
<latexit sha1_base64="oeVBvnpRqVrBD4L2s1qnKMQwJ0M="></latexit>

T (x) = Ax+ b

maximum singular value
<latexit sha1_base64="HYAOZ2naNIgUz7lGcrFSusyY0HA="></latexit>

L = ‖A‖2 =
√

λmax(ATA)

Lipschitz differentiable functions
<latexit sha1_base64="dpMef4qWKxHzcgNVhhtuUnVegdM="></latexit>

T DT

<latexit sha1_base64="vkOgqMAUXFpqTrXfq8KQZa7JfdA="></latexit>

kDTk2  L

derivative is bounded



Lipschitz operators and fixed points

18

<latexit sha1_base64="UoJg0D+c4pg5rckcCMkluC/tXXg="></latexit>

‖Tx− x̄‖ = ‖Tx− T x̄‖ ≤ L‖x− x̄‖

<latexit sha1_base64="JsBiiARlEla/GzKX9AwG9xCMxic="></latexit>

L T x̄ = T x̄

<latexit sha1_base64="vNlG9weajBa/aNDRWVrYp2LsIa0="></latexit>

x̄

<latexit sha1_base64="r7h+L0hyBsPhi6+7vP/WDJTzbBM="></latexit>

L

<latexit sha1_base64="QZB9S7hYUfMgDw4nMT0GbCh4Pno="></latexit>

x

Proof
<latexit sha1_base64="JSZnufBiJKgifXcimOdLT+DYxbA="></latexit>

x̄, ȳ 2 fixT x̄ 6= ȳ

kx̄� ȳk = kT (x̄)� T (ȳ)k < kx̄� ȳk

<latexit sha1_base64="ax+3QALf6tAsoMMAufQOadw3FeU="></latexit>

L < 1

fixT = {x̄}

<latexit sha1_base64="HLlXSqoRZ2Ila09F3IyYgqnpxBU="></latexit>

L = 1

<latexit sha1_base64="l4/YGWX9sZnQ2RoEjBPsEb1q+mE="></latexit>

T (x) = x+ 2

<latexit sha1_base64="fO7ZZIzyyc79f56locZpjbL+TK0="></latexit>

T (x)



Combining Lipschitz operators

19

<latexit sha1_base64="O6IvLkTUU4Nv7ClG4vE/6UEEcrs="></latexit>

T1 L1 T2 L2

<latexit sha1_base64="qmkJcQT8g3X5jpHdZ9PzutGHKMM="></latexit>

<latexit sha1_base64="uMcLSGSyof8YnlL0/roiEXKpIsM="></latexit>

T1T2 L1L2
<latexit sha1_base64="0sR/XUltH9l1fdozvzKxZQ4paR8="></latexit>

‖T1T2x− T1T2y‖2 ≤ L1‖T2x− T2y‖2 ≤ L1L2‖x− y‖2Proof

<latexit sha1_base64="V+bgyTgqgkaYxPULCwyXXcm5taI="></latexit>

<latexit sha1_base64="5/iBhUnrJKA7ld9xh1gXX/6qMJ0="></latexit>

θT1+(1−θ)T2, θ ∈ (0, 1) (θL1+(1−θ)L2)
Proof  (exercise)



Monotone cocoercive operators



Monotone operators

21

<latexit sha1_base64="O5XLnyUzhPCfrtRI2yjGxDftT88="></latexit>

T R
n

<latexit sha1_base64="I8oGrKltAbTeqYt4sVNHoRR7reE="></latexit>

(u− v)T (x− y) ≥ 0, ∀(x, u), (y, v) ∈ gphT

<latexit sha1_base64="bc8jerUi3bjXlgrvRERUus09Lag="></latexit>

T
@(x̄, ū) /∈ gphT

<latexit sha1_base64="sygRM0lXzYWcfNccKh69YX2hvuc="></latexit>

(ū− u)T (x̄− x) ≥ 0

<latexit sha1_base64="8S19FdTWpB+O4ZrJE32VK1wvEA8="></latexit>

@ R

gphT ⊂ gphR



Monotone operators in 1D
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<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x
<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x
<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)
<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)

<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)
<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)

A B

DC
<latexit sha1_base64="yrg8vQKZihusoFhZ1M3r6L8lC2I="></latexit>

y > x ⇒ T (y) ≥ T (x)
Monotonicity

Let’s fill the table

Continuity
<latexit sha1_base64="VWOjUcyFP/zaGaumdy7+s1pl5hk="></latexit>

T

<latexit sha1_base64="LBad7teVMKi0DQik/UVCHrYgBak="></latexit>



Monotone operator properties

23

<latexit sha1_base64="oTXJp0xTDuvQJVh9cTekDYZ/mu0="></latexit>

T (x) = Ax+ b

() A+AT ⌫ 0

<latexit sha1_base64="KgY+4wjrNBm16ib2Ggy+/n9srxU="></latexit>

T +R

αT α ≥ 0

T
−1

M ∈ R
n×m

M
T
T (Mz) R

m



Strongly monotone operators

24

<latexit sha1_base64="JIbUiRvaTreWQJUWLaUrFStwrpU="></latexit>

T R
n µ

<latexit sha1_base64="Hjo3vkGiBcfb4jJNRZuf3xiO0kU="></latexit>

µ

<latexit sha1_base64="OEzk4SZcm7N/VJyqBS6Pr3qgQp0="></latexit>

µ

<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="qJ7RQ0YGIiRbw52ak/QJUZNZgx0="></latexit>

x

<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)
<latexit sha1_base64="FA6zpLzS3y6ydPVJnvUPHBgSNVA="></latexit>

T (x)A B

Let’s fill the table
<latexit sha1_base64="nCDFOVXdngzXp5h3RGz61lXVXTY="></latexit>

<latexit sha1_base64="jDJ5yCSo8lCQ1Kn0CGATPi3Mf6I="></latexit>

(u� v)T (x� y) � µkx� yk2, µ > 0

8(x, u), (y, v) 2 gphT



Cocoercive operators

25

<latexit sha1_base64="8wybehPZoqKYRqeWgcVUSJ9b/OM="></latexit>

(T (x)− T (y))T (x− y) ≥ β‖T (x)− T (y)‖2

<latexit sha1_base64="kREYkRMuw9MW5/oCNV1e9HtUnSQ="></latexit>

β‖T (x)− T (y)‖2 ≤ (T (x)− T (y))T (x− y) ≤ ‖T (x)− T (y)‖‖x− y‖
<latexit sha1_base64="xaIxmJTFnFfTLOh6El7bEA27v+o="></latexit>

=⇒ ‖T (x)− T (y)‖ ≤ (1/β)‖x− y‖

<latexit sha1_base64="xNadtXKhhNTg5VUM5nutzSLlfnA="></latexit>

T β T (1/β)

Proof

<latexit sha1_base64="pvOwouzEorKWurdUcOByPlRCzq0="></latexit>

T β β > 0

Proof

<latexit sha1_base64="fi78TEA6An4u0glgGm5P4Yl9ZKI="></latexit>

T µ T−1 µ

<latexit sha1_base64="HKBBa2VPu/aNNebVK3KFhYO+tX4="></latexit>

u = T (x) v = T (y) x ∈ T−1(u) y ∈ T−1(v)

<latexit sha1_base64="80NkPgX25+FyqG9ZqFNtpCeX/6g="></latexit>

(T (x)� T (x))T (x� y) � µkx� yk2

<latexit sha1_base64="Gn0WiAbVEMVFS7gWuRP3svBbjNc="></latexit>

(u� v)T (T−1(u)� T−1(v)) � µkT−1(u)� T−1(v)k2



Cocoercive and nonexpansive operators

26

Proof
<latexit sha1_base64="BQn7jmaAw4GuCNWRYfm66o/WFiA="></latexit>

k(I�2βT )(y)� (I � 2βT )(x)k2 =

= ky � 2βT (y)� x� 2βT (x)k2

= ky � xk2 � 4β(T (y)� T (x))T (y � x) + 4β2kT (y)� T (x)k2

= |y � xk2 � 4β
�

(T (y)� T (x))T (y � x)� βkT (y)� T (x)k2
�

 ky � xk2 (cocoercive)

<latexit sha1_base64="lBYDFp6TSd0Nm5Ix0QnvMnPdlfg="></latexit>

T β I − 2βT



Summary of monotone and cocoercive operators

27

Monotone

Strongly monotone Cocoercive

Lipschitz

<latexit sha1_base64="JY5R4eSqnZsrnWl4elEx7Z1Zulk="></latexit>

µ = 0

Nonexpansive

<latexit sha1_base64="DqFmEvrHw1STm89ZWxiSrMDfGmY="></latexit>

F = T
−1

<latexit sha1_base64="XRDioB2bmHoXBVBbmPuSVjwWJG0="></latexit>

(F (x)− F (y))T (x− y) ≥ µ‖F (x)− F (y)‖2

<latexit sha1_base64="imdwUdXvBw9oB9RqyMYSBOJs95E="></latexit>

L = 1/µ

<latexit sha1_base64="YmGeGe8/JuxShET2QZPboTkcz8g="></latexit>

‖F (x)− F (y)‖ ≤ L‖x− y‖

<latexit sha1_base64="bOkI4uuFFb0mFs9HkpUNV3pT1kU="></latexit>

G = I − 2µF

<latexit sha1_base64="XzmzWzDtkMxQMMGkmPUoHPoVb9g="></latexit>

‖G(x)−G(y)‖ ≤ ‖x− y‖

<latexit sha1_base64="1Lvadn3xlyT9F7P16dYO9wxG4Ik="></latexit>

(T (x)− T (y))T (x− y) ≥ µ‖x− y‖2

<latexit sha1_base64="a5hlNMLDablWgP5O4MvYm+gwjPE="></latexit>

(T (x)− T (y))T (x− y) ≥ 0



Fixed point iterations



Fixed point iteration

29

<latexit sha1_base64="wo8OmuvCGaDd+ZjW0H/+gXY0BTk="></latexit>

x
k+1 = T (xk)

Apply operator

<latexit sha1_base64="BaQ1eZVrPwNmId3a+eSWehZvR6I="></latexit>

x̄ ∈ fixT

Main approach
<latexit sha1_base64="zFc4FOGHhY49KicKcvVaAfnGMVY="></latexit>

T x̄ ∈ fixT

<latexit sha1_base64="D2E4Cx/59lCaKdNELkmIboP8arY="></latexit>

r
k = T (xk)− x

k

Fixed point residual to terminate



Contractive fixed point iterations

30

Contraction mapping theorem
<latexit sha1_base64="8qy8hUptwK6KWHM3TZ/EcOnxhHY="></latexit>

T L L < 1
<latexit sha1_base64="wo8OmuvCGaDd+ZjW0H/+gXY0BTk="></latexit>

x
k+1 = T (xk)

<latexit sha1_base64="vNlG9weajBa/aNDRWVrYp2LsIa0="></latexit>

x̄

<latexit sha1_base64="qevQRfaWV/Xne9igWL4Fc2CFNsM="></latexit>

x
0

<latexit sha1_base64="HLlHoJKrbE9FXcQX4c9cuGiQTxw="></latexit>

x
1

<latexit sha1_base64="OpY3uuQrYFUV1BhatljWpiHts0U="></latexit>

x
2

<latexit sha1_base64="7q8o7+he8n8xtowLvyR/tCeEpBE="></latexit>

x
3

Properties
<latexit sha1_base64="N8Mfx5zREfUFMew/3rwFJjbsNSE="></latexit>

x̄

kxk+1 � x̄k  Lkxk � x̄k

L

<latexit sha1_base64="/EhHsbIzC9BgwwpYafI6cP+Yh4Q="></latexit>

x̄ T



Contraction mapping theorem
Proof

31

<latexit sha1_base64="uO9F2e3GQaF82Mg6eGT76zYLFQE="></latexit>

x
k

<latexit sha1_base64="e1pqRZGCmv20cvuYSikvkRt5/Kw="></latexit>

kxk+` � x
kk  kxk+` � x

k+`−1k+ · · ·+ kxk+1 � x
kk

 (L`−1 + · · ·+ 1)kxk+1 � x
kk


1

1� L
kxk+1 � x

kk


L
k

1� L
kx1 � x

0k

(geometric series)

(Lipschitz constant)

<latexit sha1_base64="XW2bj7hLDfyTvbnciMmW9kJd2nY="></latexit>

x̄ T

<latexit sha1_base64="06q4WtKqCWLFUWFI/hr4nc/RZ9s="></latexit>

L

<latexit sha1_base64="slprtJl50wl1fykShLfsLmven8w="></latexit>

‖xk − x̄‖ = ‖T (xk−1)− T (x̄)‖ ≤ L‖xk−1 − x̄‖ ≤ L
k‖x0 − x

⋆‖

(Lipschitz constant)



Nonexpansive fixed point iterations

32

<latexit sha1_base64="d2ioGarK2pkfTkZVB2OInMDU4ck="></latexit>

T L L = 1

<latexit sha1_base64="wo8OmuvCGaDd+ZjW0H/+gXY0BTk="></latexit>

x
k+1 = T (xk)

<latexit sha1_base64="Px+Liqo3F6v4AoeDhHySzRzmr1s="></latexit>

<latexit sha1_base64="vNlG9weajBa/aNDRWVrYp2LsIa0="></latexit>

x̄

<latexit sha1_base64="qevQRfaWV/Xne9igWL4Fc2CFNsM="></latexit>

x
0

<latexit sha1_base64="HLlHoJKrbE9FXcQX4c9cuGiQTxw="></latexit>

x
1

<latexit sha1_base64="OpY3uuQrYFUV1BhatljWpiHts0U="></latexit>

x
2

<latexit sha1_base64="7q8o7+he8n8xtowLvyR/tCeEpBE="></latexit>

x
3

Example
<latexit sha1_base64="RRBKz3byXDl0S6fNdHShqqJUpnI="></latexit>

T

T x̄ = 0

kxkk



Averaged operators
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<latexit sha1_base64="2jJOVZU5OrH0NkJcoitbiH04tDA="></latexit>

T = (1− α)I + αR

<latexit sha1_base64="Yh0rr6NcdPTr2zb/T+cdldsYKvg="></latexit>

T α− α ∈ (0, 1)

<latexit sha1_base64="vDVZM8kaBuBPIstIp8u24PQBkL4="></latexit>

R(x)

<latexit sha1_base64="EhA83QDUqaUPb3vx2857yqcyZcg="></latexit>

x̄
<latexit sha1_base64="vVk4OKkxrGzTOOvOEyT0YF5uFWE="></latexit>

x

<latexit sha1_base64="fO7ZZIzyyc79f56locZpjbL+TK0="></latexit>

T (x)

<latexit sha1_base64="SXlmOqTtKWU3I+Z20EF4TTII26Q="></latexit>

R



Averaged operators fixed points
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<latexit sha1_base64="2jJOVZU5OrH0NkJcoitbiH04tDA="></latexit>

T = (1− α)I + αR

<latexit sha1_base64="Yh0rr6NcdPTr2zb/T+cdldsYKvg="></latexit>

T α− α ∈ (0, 1)

Fact
<latexit sha1_base64="ihoklFAHrQyUlSv24Zztm/8n9dY="></latexit>

T α fixT = fixR

Proof
<latexit sha1_base64="BGb3gnncMGA0G/qijJEK9djoBig="></latexit>

x̄ = T (x̄) = (1− α)I(x̄) + αR(x̄)

= (1− α)x̄+ αR(x̄)

⇐⇒ αx̄ = αR(x̄)

⇐⇒ x̄ = R(x̄)



Averaged fixed point iterations
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<latexit sha1_base64="wo8OmuvCGaDd+ZjW0H/+gXY0BTk="></latexit>

x
k+1 = T (xk)

<latexit sha1_base64="B3MGPx9mYpb7/a1let8mWB6/y3I="></latexit>

T = (1− α)I + αR α

α ∈ (0, 1) R

Properties
<latexit sha1_base64="krzbLA8a2coDw6IEtEJIFEfwiKg="></latexit>

x̄

kR(xk)� x
kk 

1
p

(k + 1)α(1� α)
kx0 � x̄k

<latexit sha1_base64="vNlG9weajBa/aNDRWVrYp2LsIa0="></latexit>

x̄

<latexit sha1_base64="qevQRfaWV/Xne9igWL4Fc2CFNsM="></latexit>

x
0

<latexit sha1_base64="HLlHoJKrbE9FXcQX4c9cuGiQTxw="></latexit>

x
1

<latexit sha1_base64="OpY3uuQrYFUV1BhatljWpiHts0U="></latexit>

x
2

<latexit sha1_base64="ZJ7JL5fqXU9O1rUR7hXKZdX7LFQ="></latexit>

<latexit sha1_base64="x8DftefXWEL+CwZ8hsmhmkTG2/w="></latexit>

x̄ ∈ fixT



Averaged fixed point iterations
Proof
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Use the identity (proof by expanding)

and apply it to
<latexit sha1_base64="c/peZ6szCAhmzgcAq4xajgB+YLk="></latexit>

x
k+1

− x̄ = (1− α)(xk
− x̄) + α(R(xk)− x̄)

<latexit sha1_base64="1CeadczGns2SdSPwQFolFD2sIl4="></latexit>

‖(1− α)a+ αb‖2 = (1− α)‖a‖2 + α‖b‖2 − α(1− α)‖a− b‖2

<latexit sha1_base64="dgReCaHvW22jZ7ofCLHJGcB4faU="></latexit>

a

<latexit sha1_base64="o0a8HnHjQ+FOI/vPPEGnUbrt/qw="></latexit>

b

obtaining
<latexit sha1_base64="0vs0RaS4tn/KZ2inVMxoLAN+xxI="></latexit>

kxk+1 � x̄k2 = (1� α)kxk � x̄k2 + αkR(xk)� x̄k2 � α(1� α)kxk �R(xk)k2

 (1� α)kxk � x̄k2 + αkxk � x̄k2 � α(1� α)kxk �R(xk)k2

= kxk � x̄k2 � α(1� α)kxk �R(xk)k2
(nonexpansive)

<latexit sha1_base64="H0daT3MIxFImwvriyGSwdKvxvHk="></latexit>

≤ 0

Iterations are Fejer monotone



Averaged fixed point iterations
Proof (continued)
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<latexit sha1_base64="k5tdJgXBKybxh/5+qRj/2piz+3Y="></latexit>

k
<latexit sha1_base64="Z6Rjh019oD/rXNMaFLcBlwL26WA="></latexit>

‖xk+1 − x̄‖2 ≤ ‖x0 − x̄‖2 − α(1− α)

k∑

i=0

‖xi −R(xi)‖2

<latexit sha1_base64="pkzhMyqdUysGLBsoyK9LMM+kouc="></latexit>

kxk+1 � x̄k2 � 0

<latexit sha1_base64="9BvO2H/w4oUwb4zaYa64T8ZV2I0="></latexit>

k∑

i=0

‖xi −R(xi)‖2 ≤
1

α(1− α)
‖x0 − x̄‖2

<latexit sha1_base64="wxGXpI+VBSwtV8w/XH15BPAHx1g="></latexit>

kX

i=0

kxi �R(xi)k2 � (k + 1) min
i=0,...,k

kxi �R(xi)k2

<latexit sha1_base64="d752+pq5bqNjqSmqCp0ivvMU1bM="></latexit>

min
i=0,...,k

‖xi −R(xi)‖2 ≤
1

(k + 1)α(1− α)
‖x0 − x̄‖2

<latexit sha1_base64="sqFDVywA7wTOOHFhylRrfHN9I4M="></latexit>

R ! min k kxk �R(xk)k2 
1

(k + 1)α(1� α)
kx0 � x̄k2



Average fixed point iteration convergence rates
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<latexit sha1_base64="gBzOF49u4+POjhp6qgQgvUA0DdU="></latexit>

‖R(xk)− x
k‖ ≤

1
√

(k + 1)α(1− α)
‖x0 − x̄‖

Remarks
<latexit sha1_base64="nxHIii48xJkQeMbArgVLHcVX9AY="></latexit>

α = 1/2

<latexit sha1_base64="6a9d1io4W/8Mg2buT8145n1X81M="></latexit>

α = 1/2

<latexit sha1_base64="4LzCjABCchiJIfzBM7BiSdecEK8="></latexit>

‖R(xk)− x
k‖ ≤ 2√

k + 1
‖x0 − x̄‖ <latexit sha1_base64="clTrrQdNRyMPBkgzwRUYQS7ZpaQ="></latexit>

xk+1 = (1/2)xk + (1/2)R(xk)

Iterations



How to design an algorithm
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Algorithm (operator) construction
<latexit sha1_base64="zFc4FOGHhY49KicKcvVaAfnGMVY="></latexit>

T x̄ ∈ fixT

<latexit sha1_base64="qAAH03Hu2rXiEnXYVwdC02IQ7BQ="></latexit>

f(x)

<latexit sha1_base64="2k/XMhLHSeSD3ibuIcC01FKWhlI="></latexit>

T =⇒

T =⇒

Most first order algorithms can be constructed in this way

Problem



Operator theory

Today, we learned to:


• Define and evaluate proximal operators for various common functions


• Apply proximal operators to generalize gradient descent (vanilla, projected, 
proximal)


• Define monotone and cocoercive operators and their relations


• Use operator theory to construct general fixed-point iterations and prove 
their convergence
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Next lecture

• Operators in optimization algorithms
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