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Fermat(s optimality condition

For any (not necessarily convex) function f where of(xY)'& [
x5 a global minimizer if and only if

0 CoF(xhH)

Proof
E wyftkvehnirxg =0 grerwxlexi jsvepy

fy) =f(x)+0 (y—x)y=F(x") B

Rsxt hifivirmefpn gewr {xl o0f(x) = { LE(X)} 3



Today(s lecture
|Chapter 3 and 6, FMO] [PA]

Proximal methods

| Optimality conditions with subdi*'erentialst
| Subgradient methods

Il Proximal operatorst

I Proximal gradient method



Optimality conditions with
subdifferentials



Constrained optimization

Indicator function!
of a convex set

I B 0 x Ld

c(X) = co X YO
Constrained form Unconstrained form
amoymi () ——  minimize f(x)+ 15(X)

wyfrigxxs « LA



Subgradient of indicator function

The subdi''erential of the indicator
functon is the normal cone

Nc (X)
dlc(X) = Ne(X)

—

where,

Ne(X) = glgl(y—x)<0, forally O

Proof
F} hiArmsr sjwyfkvehnirxgl Ic(y) = 1c(X)+g' (y—x), ¥
y I =L_1c(y)=o0

y [ =C_0=qg"(y—x)




First-order optimality conditions from subdifferentials

f gsrzi | wgssxlil(
C asrzil

minimize T(X) + 1o(X)

Fermatls optimality condition

0 Lalt(x) + Ic(X))

[T DI JFE)} + Ne(X)
[T _FEITE) [N (X)

Equivalent to

TX)'(y—x)=0, DAL




Example: KKT of a quadratic program

minimize  (1/2)x* Px +q* X _ ; ]
+ + -
subjectto AX <D amrojmr (1/2)x" PX+q° X+ Leax<ny(X)

|dea: [Lecture 13].$

NOrma| COﬂe tO pOthed rOn Proof: [Theorem 6.46, Variational Analysis, $

Gradient Rockafellar & Wets]
LT(X) = PX+q Niax<p3(X) ={A"y |y =0 erh yi(a x—bj) =0}
First-order optimality condition KKT Optimality conditions
PX+qg+A'y=0
y =0
— LE) Ldbliax<p3(X) = Ngax=p3(X) — Ax —b < 0

yi(aiTx—bi):O, 1=1,...,m
9



Subgradient method



Negative subgradients are not necessarily descent directions

F(X) = [x1]| + 2|x2] x = (1,0)

g1 = (1,0) LaF(x) erh
—Q; W e hiwgirx hivigxisr

—g2 g2 =(1,2) € 0f(x) erh
—go W rsx e hiwgirx hivigxisr
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Subgradient method

Convex optimization problem
qirnqi~i £(X) stxgep gswx =

lterations
x* —t,0%,  g" CaF(x")

h+l —

g¥ mer} wyfkvehnirx sj f ex xX

Not a descent method, keep track of the best point

ftl)<est — |:Tm kf(Xi)

12



Step sizes

Line search can lead to suboptimal points

Step sizes pre-specified, not adaptively computed$
(di"'erent than gradient descent)

Jrhihc t.=tjsvk=0,...

(goes to 0 but not too fast)
1 KDt = O(1/k)

Hrggmrmw Enrko Y <oo, ) tx=oo Square summable but not summable$
k=0 k=0

13



Convergence

Assumptions
5 fmwgsrzi| {ml dom f = R"

b f(z)'> —oo Arixa stxge) zepy -
b f w Prewgl i~ gsrxirysyw {mxl gsrwxerx G > 00 1212

|f(z) — f(l = Glel—yla]  Lzly
{lgl wruynzepirxxs gl G, [l dlf(x), Ll

14



Convergence

Lipschitz continuity equivalence
T w Prewgl ix~ gsr xir ysyw {mxl gsrwxer x G > 00 1212

T(X) - Ty =GKX—ylLl Xy

{Ingl w ruynzepirxxs gl = G, [QlldF(x), X1

Proof
If [gI < G for all subgradients, pick X, gx [d¥(x) andy,gy LA¥F(y). Then,

O (X —y) = F(x) = F(y) = g, (x —y)
=L GXI-yLEfX) —f(y)=-GX—y;

lj1lgll2 = G jsvwsqi g € 0F(X)2 Xeoi y =x+g/||g||2 wygl xlex |[X —y|>, =1
fy)=f(x)+g (y—x) =Ff(x)+ QL > f(x) + G B "




Convergence

Theorem

Kizir e gsrzi |0 GIPtwg Inx~ gsrxirysyw f {1l Arixi stxqge)p zepy il

xIt wyTtkvehiirx gixlsh sfi}w

fkg(est — f

{livi X —x'&EkR

—

R% + G4

12
=0 i

2

E—
i=0 Ui
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Convergence

Proof

Key quantity: euclidean distance to optimal set !

(not function value since it can go up

and down)

P — x5 1= IXF —t,0" — x 5]
— @—X%]— th(gk)T(Xk—X )+ti@g
< Xt — x5 2t (F(x®) — 54 t£ [gT [£]

ywirk wyfkvehrirx hiArmasr = f(x

)= F(x) + ()T (XX

17



Convergence

Proof (continued)

Gsgfmi miuyepmw jsvi =0,...,
X — xH s XP — x

Ywmk XX+l —x

<R*—2

K ]
12  t(F(x") —fH+

1—=0

K K

I
t(F(x') — Y+ G2

1—=0 1—=0

‘210 {i Kix

K K
2) ti(f(x") - FHY<R*+G*)

>
¥
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Convergence

Proof (continued)

K K
2) ti(f(x") - FHY<R*+G*)

Combine it with

| ] | I | | I
t(F(x") — F(x)) > t;  min (F(x") —f5)'= t, (f
0 0 1=0,..., k 0
to get
R2+ G2 T 12
foest = f = — A=
2 1=0 Ly

best

_f

19



Implications for step size rules

R% + G°

12
=0 Ui

foest = f =
2
Jrhih> t. =tjsvk=0,...

R? + G?(k + 1)t?
2(k + 1)t

flfest — =

Hignrmw Inrko Y th<oo, D t=oo
k=0 k=0

—

XDt =1/(k+1)svty =1/ k+1

i=0 Ui

May be suboptimal

G2t
' K = L4
kILrQO fbest — f 2

Optimal
lim £ =f"'

k — oo

20



Optimal step size and convergence rate
Jsv e xspivergil 3 00pixw Arh xhr stxigep tx jsve Alih k:

R2+G2 < 12

B <«
2 :(:0 G
Gsrzi| erhw}ygqixg ir (o, . . ., tx) R* + G2(k + 1)t°
Lirgil gmrmgyq £ 1ir ¢; = ¢ 2(k + 1)t
R
Optimal choice t=
G k+1
Convergence rate Iterations required
RG k =0(1/
fl!)(est —1 j<|— 3J ( 3

k+1 kvehnirx hiwgirxk = O(1/0

21



Stopping criterion

Terminating when

2 L 2 TR 32
R (Iak =0l <
2 |:Oti

IS really, really slow.

Bad news

There is not really a good stopping criterion for the subgradient method

22



Stxgepwxi twi~l L rf-mworsq{r

Polyak step size

Ik =

f(xK)—ft

Motivation: minimize righthand side of

XF T — x I X — x* G 2t (F(X<) — F*) + te [gT 5

Sfremmk (F(xX*)—f

Ett}irk vigyvwiz ip}l

LLYES

Y = X - xB X —x
" GR
fbest_f _\/k+l

51 G?

Iterations required
k = O(1/%)
still slow
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Example: 1-norm minimization

. . . _ _ T -
minimize f(X) = [AX —Dbl, g = A’ sigh(AX — b) € 0f(X)
Fixed step size Diminishing step size
— ¢t =0.0010 — 0.01/ \7 + 1
-------- t = 0.0005 1094} - 0.001/) k+1
N U t = 0.0001 ‘\“ ............... 0.01/0{j i 1)
——— _ —1]
= t = 0.0001 I o Polyak
e 10728 Sy
: N 1\
S0 T 1075
. ot S
107 . . . . . 1072 . . . . .
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
k k

E%cient packages to automatically compute (sub)gradients:$
Python: JAX, PyTorch $
Julia: Zygote.jl, ForwardDi"".jl, ReverseDi" |l



Summary subgradient method

b Wt
b Lerhpiw kirivep rsrhnfivirmefpit gsrzi| jyrgxsrw

b Zivy wis{ gsrzivkirgi O(1/12)

b Rs kssh wxsttirk guxivisr

Can we do better?

Can we Incorporate constraints?

25



Proximal operators



Composite models

ammgrar - T(x) + g(x)

f(X) gsrzi| erhwgssxl
g(x) gsrzi| ,ge} i1 rsx hnfivirmnefpr-

Examples

» Regularized regression: g(x) = [xI41
« Constrained optimization: g(x) = 1 (X)

27



Proximal operator

DebPnition
Xl 1 tvs|mgepstiavexsvs)xl 1jyrogxsr g: R" - Rw

prox,(x) = argmin (g(z) + %IZI— x@])
Z
Optimality conditions of prox
0 [dh(z)+z—x =L_1F—2z LLdh(z)

Properties
b Mirzspziw wspzirk er stxgr~exisr tvstinqg ,rsx epfelw 1ew}%

b lew} xs 1zepyexi jsv ger} wxerhevh jyrgxsrwi a2 tvs|efp jyrgxisrw

b Kirivep~iw ger} {iplors{r eksvixlqw

28



Generalized projection

X111 prox stivexsv sj xhi nrhigexsv jyrgxisr Ic w xhn tvsnigxisr srxs C

prox, . (v) = argmin [XI— Vs = lc (V)
X LC]

I leqtp projectionontoabox C ={x ||l =x =< u}

Ili |ViS|i X| v
Mc(v)i = I\Li | i =vi=uy;
Ui Vj = U;

Remarks

» Easy for many common sets (e.g., closed form)
» Can be “hard” for surprisingly simple lets, e.g., C' = {Ax < b}  rrojections at [p. 156, FmO] 29



Quadratic functions

If g(xX) = (1/2)x"Px +q' x + r with P [Q,lthen

prox,(v) = (1 +P)~*(v —q)

Remarks

b Gpiswihljsvg ep{e}tw wspzetpr ,1zir {mxl P rsx jyp vero-
5 Wrgqgixvigd tswixizi hiArixi erh ywyep} wtewi priev wlwxig
b Ger tvijegxsv | + P erh wspzi jsv hnfivirxv

30



Separable sum S

I g(x) w Fpsgo wi tevefpi 0mi L g(Xx) = di (Xi)
i=1

Xlir0 (prox,y(v))i = prox, (vi), 1=1,...,N

Example: g(xX) = AXIa = L, AIX;]

soft-thresholding

I—‘Ur‘l- A V> A
(Proxgy(v))i = prox,. (vi) = Sx(vi) = | 0 vi| = A
Vi 'L)\ vi < —A

(key to parallel/distributed$

proximal algorithms)

Sk (Vi)




Basic rules

» Wgemrk erh xverwpexisr> g(x) = ah(x) + b with a > 0, then
ProXy (X) = ProXan(x)
Examples + EXri ehhmsr g(x) = h(x) +a'x+ b, then
Prox,(X) = proxy(x — a)

» Eri xverwjsvgexisr> g(x) = h(ax—+b), witha # 0,a € R,

1
pProx,(x) = . (Prox,zp,(ax +hb) —b)

Proofs (exercise):
5 Viewerki tvs|igep xivop (1/2)]|z — x||5
Ett} prox stxgepx} gsrhmsrw

AST4

Many more examples at [p. 156, FMO] 32



Proximal gradient method



Remember: gradient descent interpretation

Problem
minimize T(X)

lterations

Xk+1 — Xk —t Imk:)

. . 1
Quadratic approximation( vi tyegirk Li wwer [CZE{x") LI f'

x“T1 = evkgm F(x*) + CFE)T (z — x*) + Zit 7+ XX 2
Z

34



Letls exploit the smooth part

_ f(xX) gsrzi| erh wgssxl
qmroyrmi 1) +g(x) 0(x) gsrzi| ,ge} Fi rsx hifiviruefi-
Uyehvexig ettvs|ngexisr sj £ {Imi onitirk g

1

k+1 _ - Y+ CEEN) (2 — xF) + = k2 o same as $
. argzrnln 9(2) + T(x) + ) Z=x)+ 2t X @ gradient descent

Equivalent to Proximal operator

x**1 = argmin tg(z) + ; 7 (X" — tVF(xF)) @z prox,, X tVf(x"“)l
1 t

geol ¢ stay close to
small gradient update

35



Proximal gradient method

f(xX) gsrzi| erh wgssxl

gmroymi 1(x) +g(x) 0(x) gsrzi| ,ge} Fi rsx hifiviroefi-

lterations
X1 = prox,, x*—tCEX")

Properties

b Epxavrexiw Fix{nir kvehnirx ythexiw sj f erh tvs|ngep ythexiw sr g
YW1JY) 1] proXg, W iriwtirwza
Ger lerhpr rsrwgssxl erh gsrwxverrih tvsfirgw

<G> G

36



Special cases

Generalized gradient descent

Smooth
g(x) =0 =

Constraints
g(x) = Ic(x)

Non smooth
f(xX)=0

broxg,(X) = X

prox,(x) = Mc(x)

Problem
gmrgmi - T(Xx) + g(x)

Iterations ‘
X1 = prox,, x*—t[EX")

Gradient descent

— [ XM+t = xb — t (F(XF)

Projected gradient descent

= k<*1 = N (XK — t CFXX))

Proximal minimization
= [ X" = prox,,(x")
Rsxi>ywi jyp1j prox, m gli et °’




What happens If we cannot evaluate the prox?

At every Iteration, it can be very expensive to evaluate

1

prox,(x) = argmin (g(z) + > [Z xljj>

ldea: solve It approximately!

If you precisely control the prox,(x) evaluation errors

you can obtain the same convergence guarantees (and rates)$
as the exact evaluations.

38

[Schmidt et al. (2011), “Convergence rates of inexact proximal-gradient methods for convex optimization”]



Example: Lasso
Iterative Soft Thresholding Algorithm (ISTA)

gmrgmi  (1/2) Ak — bGH M2l

F(x) g(Xx)
Proximal gradient descent [(T(X) = A' (Ax — b)
Y+ = nrox — t OFX%)’ _ (component wise$
ProXg X ) ProXeg(X) = Sat(X) soft-thresholding)

Closed-form iterations

X1 =S, XK —tAT (AxK —bh)
39



Example: Lasso
Iterative Soft Thresholding Algorithm (ISTA)

A [RP00>100 Closed-form iterations
gmrgmi  (1/2) Ak — bGH Azl XK1 =S, XX —tAT(AXK —Db)

v
ogradient 0.001/ k+1

ngradient 0.01/(k + 1) Better conve rgence
TA t = 0.001

Can we prove convergence!
generally?

________________ —~ Can we combine di*‘erent!
operators?

_______________________

0 100 200 300 400 500 40



Proximal methods and introduction to operators

Today, we learned to:#

# DebPne subgradient method and analyze its convergence

# Derive optimality conditions for constrained optimization problems using
subdi*'erentials#

# Debne and evaluate proximal operators for various common functions

# Apply proximal operators to generalize gradient descent (vanilla, projected,
proximal)

41



Next lecture

| Operator theory

42



