
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
16. Proximal methods



Recap



Fermat’s optimality condition

3

<latexit sha1_base64="19a4Rdh9tYLUiVChtOTt0TQ+mio="></latexit>

0 ∈ ∂f(x⋆)

Proof
<latexit sha1_base64="4Jjs9059qOKRmEsEgWfymnxh+3U="></latexit>

E wyfkvehmirx g = 0 qierw xlex0 jsv epp y
<latexit sha1_base64="OEzg1YNclCWlpFNu8wc0ueYlHd8="></latexit>

f(y) ≥ f(x⋆) + 0T (y − x⋆) = f(x⋆)

<latexit sha1_base64="tZQwUpT6eiyok5STEGPJsLVXYmY="></latexit>

Rsxi hmʆivirxmefpi gewi {mxl ∂f(x) = {rf(x)}

<latexit sha1_base64="UBm7kC6W25iutWB7G4ITe7DhDPQ="></latexit>

(x⋆, f(x⋆))

<latexit sha1_base64="es2LINjx/tQ5mOn6FPnpsYOi8ec="></latexit>

∂f(x⋆) = 0

<latexit sha1_base64="9Wi4xt02N0QeTxFlWdrR4M17hTo="></latexit>

f ∂f(x?) 6= ;
x?



Today’s lecture
[Chapter 3 and 6, FMO] [PA]

Proximal methods 

• Optimality conditions with subdifferentials


• Subgradient method


• Proximal operators


• Proximal gradient method

4



Optimality conditions with 
subdifferentials



Constrained optimization

6

<latexit sha1_base64="uFzPblfuxVwVjyG2HMP2DXgWCmw="></latexit>

qmrmqm~i f(x)
wyfnigx xs x ∈ C

Constrained form Unconstrained form
<latexit sha1_base64="Aluo0wu8DfCBGqlGGLvKHjJ/mho="></latexit>

f(x) + IC(x)

Indicator function 
of a convex set

<latexit sha1_base64="uHc1HhrGRqmi9n6o3zomH4De2pQ="></latexit>

IC(x) =

{
0 x ∈ C
∞ x /∈ C



Subgradient of indicator function

7

<latexit sha1_base64="idjYWQ6qzZpExXqlN9XfircBLRE="></latexit>

∂IC(x) = NC(x)

<latexit sha1_base64="nD4xtTw6lo75kYyKxnpEYegj0Fg="></latexit>

NC(x) =
{

g | gT (y − x) ≤ 0, y ∈ C
}

The subdifferential of the indicator 
functon is the normal cone

where,

<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>x<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>x

<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x) <latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)

Proof
<latexit sha1_base64="QYKKOswIWP27kNIQ+YQ3JMpxHrU="></latexit>

F} hiĂrmxmsr sj wyfkvehmirx g0
<latexit sha1_base64="3gWrXSeImwhhRBwM/5cXgw+KG8Y="></latexit>

IC(y) ≥ IC(x) + gT (y − x), ∀y
<latexit sha1_base64="/W6nlyyHoTiRqsHo9WlPvASuAlE="></latexit>

y /∈ C =⇒ IC(y) = ∞

y ∈ C =⇒ 0 ≥ gT (y − x)



First-order optimality conditions from subdifferentials

8

<latexit sha1_base64="Aluo0wu8DfCBGqlGGLvKHjJ/mho="></latexit>

f(x) + IC(x)

Fermat’s optimality condition
<latexit sha1_base64="LdZgPBSTU1w+DW/XWtTkMn5Ga+c="></latexit>

0 ∈ ∂(f(x) + IC(x))
<latexit sha1_base64="dUI9uFyzBX8M8kaDD+qbz+7CuZI="></latexit>

() 0 2 {rf(x)} + NC(x)
() �rf(x) 2 NC(x)

<latexit sha1_base64="OUEmhgxRcMB2sHscfYuZK/16LlI="></latexit>

−∇f(x)

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>

x

Equivalent to
<latexit sha1_base64="VvW95SBYcqYDZoEmqV/9vPlEczs="></latexit>

∇f(x)T (y − x) ≥ 0, ∀y ∈ C

<latexit sha1_base64="bv4igYPd7xEJvszmIs/1qipjGzc="></latexit>

f gsrzi| wqssxl0
C gsrzi|



Example: KKT of a quadratic program

9

<latexit sha1_base64="pE9BtyBT1I2vYDF1peeeJQY22aE="></latexit>

(1/2)xT Px + qT x
Ax ≤ b

<latexit sha1_base64="icfnK/sAPXTFz/yKR2ctmBVoIdM="></latexit>

qmrmqm~i (1/2)xT Px + qT x + I{Ax≤b}(x)

KKT Optimality conditions
<latexit sha1_base64="5o5KepfgbTO1EGOd+RE72QngRd0="></latexit>

Px + q + AT y = 0

y ≥ 0

Ax − b ≤ 0

yi(aT
i x − bi) = 0, i = 1, . . . , m

<latexit sha1_base64="fgwAbhzwGAiQZLsdkueLrFJOok8="></latexit>

�rf(x) 2 ∂I{Ax≤b}(x) = N{Ax≤b}(x)

First-order optimality condition

Normal cone to polyhedron
<latexit sha1_base64="2DwuzAXTDE8PfJg6Ks5kbTkQUbw="></latexit>

∇f(x) = Px + q
Gradient

<latexit sha1_base64="quID/a/fMXCdVQqo+j1TSqlpABA="></latexit>

N{Ax≤b}(x) = {AT y | y ≥ 0 erh yi(aT
i x − bi) = 0}

Idea: [Lecture 13].  
Proof: [Theorem 6.46, Variational Analysis,  
            Rockafellar & Wets]



Subgradient method



Negative subgradients are not necessarily descent directions

11

<latexit sha1_base64="xgrvJIGOdaMW8w8TRooCKpPMTnA="></latexit>

f(x) = |x1| + 2|x2|

<latexit sha1_base64="5KuLUeWpdID+G4BaQTxSgiQQJO8="></latexit>

−g1

<latexit sha1_base64="d953DTwY/SBfOPz/j/bLTP7eJR0="></latexit>−g2

<latexit sha1_base64="UW7AB526jdEvVofTaExEaoabYDI="></latexit>

g1 = (1, 0) ∈ ∂f(x) erh
−g1 mw e hiwgirx hmvigxmsr

<latexit sha1_base64="ZCNXxkFjK+oWW+ju7EUpM1jtNbU="></latexit>

g2 = (1, 2) ∈ ∂f(x) erh
−g2 mw rsx e hiwgirx hmvigxmsr

<latexit sha1_base64="c8MXToBRMSsNEzwEo6ydZXM5WHQ="></latexit>

x = (1, 0)



Subgradient method

12

Not a descent method, keep track of the best point
<latexit sha1_base64="J+WaXCegH8LhapLXvkYDk1Mvjvo="></latexit>

fk
best = min

i=1,...,k
f(xi)

<latexit sha1_base64="sW8vlYVygm5nfBAcHcEr66EcPak="></latexit>

qmrmqm~i f(x) ,stxmqep gswx f⋆-

Convex optimization problem

<latexit sha1_base64="6EQP0f8mJoQ1EMfCt9wuoRwRgx0="></latexit>

xk+1 = xk − tkgk, gk ∈ ∂f(xk)
<latexit sha1_base64="Zek46QtTjLbLAZyAFfgkb/oJmho="></latexit>

gk mw er} wyfkvehmirx sj f ex xk

Iterations



Step sizes

13

Step sizes pre-specified, not adaptively computed  
(different than gradient descent)

Square summable but not summable 
(goes to 0 but not too fast)

<latexit sha1_base64="IsDpGeN9kaJwpBWPcN5eWtUEIQc="></latexit>

i2k20 tk = O(1/k)

<latexit sha1_base64="ca7dnZWIQTmOaoJmbFNoblJ19Ys="></latexit>

Jm|ih> tk = t jsv k = 0, . . .

<latexit sha1_base64="ANqPlWiyvShcFRCWMxMCEQTDRjA="></latexit>

Hmqmrmwlmrk>
∞X

k=0

t
2
k < ∞,

∞X

k=0

tk = ∞

Line search can lead to suboptimal points



Convergence

14

Assumptions
<latexit sha1_base64="QVJ5nuWC4G61EcpZJwwjviQcT44="></latexit>

₲ f mw gsrzi| {mxl dom f = Rn

₲ f(x?) > �1 ,Ărmxi stxmqep zepyi-

₲ f mw Pmtwglmx~ gsrxmrysyw {mxl gsrwxerx G > 00 m2i2

|f(x) � f(y)|  Gkx � yk2, 8x, y

{lmgl mw iuymzepirx xs kgk2  G, 8g 2 ∂f(x), 8x



Lipschitz continuity equivalence

15

Convergence
<latexit sha1_base64="am7alSvpptRBp8/yAKkrpGLp7S0="></latexit>

f mw Pmtwglmx~ gsrxmrysyw {mxl gsrwxerx G > 00 m2i2

|f(x) � f(y)|  Gkx � yk2, 8x, y

{lmgl mw iuymzepirx xs kgk2  G, 8g 2 ∂f(x), 8x

Proof
<latexit sha1_base64="3oOBMqgDQdLjsKptgaJorW2+qLg="></latexit>

kgk  G x, gx 2 ∂f(x) y, gy 2 ∂f(y)
<latexit sha1_base64="aLvA5WcZPCyI4IMOzlNa5O4TMsw="></latexit>

gT
x (x � y) � f(x) � f(y) � gT

y (x � y)

=) Gkx � yk2 � f(x) � f(y) � �Gkx � yk2

<latexit sha1_base64="YWoc9/NgFc+3sDssTFtYAcTCRNA="></latexit>

f(y) ≥ f(x) + gT (y − x) = f(x) + ‖g‖2 > f(x) + G

<latexit sha1_base64="rrnYeKXt6Ls/oAHLmbjEso/ok0c="></latexit>

Mj kgk2 > G jsv wsqi g 2 ∂f(x)2 Xeoi y = x + g/kgk2 wygl xlex kx � yk2 = 1>



Convergence

16

Theorem
<latexit sha1_base64="LWqx2+/NewCXZD6Be+IpUTG3/os="></latexit>

Kmzir e gsrzi|0 G1Pmtwglmx~ gsrxmrysyw f {mxl Ărmxi stxmqep zepyi0
xli wyfkvehmirx qixlsh sfi}w

<latexit sha1_base64="WT67y64U2uy4Z8gQZvqNbIAArVw="></latexit>

{livi kx0 � x?k2  R

<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk
best − f⋆ ≤

R2 +G2 ∑k
i=0 t

2
i

2
∑k

i=0 ti



Convergence
Proof

17

Key quantity: euclidean distance to optimal set      
(not function value since it can go up and down)

<latexit sha1_base64="R3nnzB9ujI1DissAITBNoD06VfI="></latexit>

kxk+1 � x?k2
2 = kxk � tkgk � x?k2

2

= kxk � x?k2
2 � 2tk(gk)T (xk � x?) + t2

k
kgkk2

2

 kxk � x?k2
2 � 2tk(f(xk) � f?) + t2

k
kgkk2

2

<latexit sha1_base64="n1L04fJdQb1aZ1uaN2dcjD93LKk="></latexit>

ywmrk wyfkvehmirx hiĂrmxmsr f? = f(x?) ≥ f(xk) + (gk)T (x? − xk)



Convergence
Proof (continued)

18

<latexit sha1_base64="p3y2t9te2FJ72JGxFi3rnH9XbDg="></latexit>

kxk+1 � x?k2
2  kx0 � x?k2

2 � 2
kX

i=0

ti(f(xi) � f?) +
kX

i=0

t2
i kgik2

2

 R2 � 2
kX

i=0

ti(f(xi) � f?) + G2
kX

i=0

t2
i

<latexit sha1_base64="MiaTqcceqZRAEPvqlwsi5GrDzto="></latexit>

Ywmrk kxk+1 � x?k2
2 � 0 {i kix

<latexit sha1_base64="dGH5crTzbxl8uAvvuF1qkrJ8O18="></latexit>

2
kX

i=0

ti(f(xi) − f?) ≤ R2 + G2
kX

i=0

t2
i

<latexit sha1_base64="cqpwVm/YXCubqUqmKblvmOCOGIo="></latexit>

Gsqfmri mriuyepmxmiw jsv i = 0, . . . , k



Convergence
Proof (continued)

19

<latexit sha1_base64="dGH5crTzbxl8uAvvuF1qkrJ8O18="></latexit>

2
kX

i=0

ti(f(xi) − f?) ≤ R2 + G2
kX

i=0

t2
i

Combine it with
<latexit sha1_base64="iZW2CP8JFn1TJEHLe14W2S9WDyM="></latexit>

k∑

i=0

ti(f(xi) − f(x⋆)) ≥

(
k∑

i=0

ti

)

min
i=0,...,k

(f(xi) − f⋆) =

(
k∑

i=0

ti

)

(fk
best − f⋆)

to get
<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk
best − f⋆ ≤

R2 +G2 ∑k
i=0 t

2
i

2
∑k

i=0 ti



Implications for step size rules

20

Optimal
<latexit sha1_base64="ANqPlWiyvShcFRCWMxMCEQTDRjA="></latexit>

Hmqmrmwlmrk>
∞X

k=0

t
2
k < ∞,

∞X

k=0

tk = ∞ <latexit sha1_base64="eYiH1UABZAvO1PzdiLKSAxAorpU="></latexit>

lim
k→∞

fk

best = f⋆

<latexit sha1_base64="vUPXJMqbfVk6ogmoBX5DXI+/AsE="></latexit>

i2k20 tk = τ/(k + 1) sv tk = τ/
√

k + 1

<latexit sha1_base64="8mwAdpBh571Xq1BKz0xWU+MbAdI="></latexit>

fk
best − f⋆ ≤

R2 +G2 ∑k
i=0 t

2
i

2
∑k

i=0 ti

May be suboptimal
<latexit sha1_base64="740IfHqQh04zC1J005StX6dWn3M="></latexit>

lim
k→∞

fk
best

≤ f⋆ +
G2t
2

<latexit sha1_base64="ca7dnZWIQTmOaoJmbFNoblJ19Ys="></latexit>

Jm|ih> tk = t jsv k = 0, . . .
<latexit sha1_base64="FJ3OOxr2E7U4PqAXwH7cQWxhfq8="></latexit>

fk

best − f⋆ ≤
R2 + G2(k + 1)t2

2(k + 1)t



Optimal step size and convergence rate

21

<latexit sha1_base64="iquSmvMuds1UBaASiatNpbXClSE="></latexit>

R2 + G2
∑k

i=0
t2i

2
∑k

i=0
ti

≤ ε

<latexit sha1_base64="b6dVpyGjQQtSHx7/TyE9OGtenfA="></latexit>

Jsv e xspivergi ✏ > 00 pixùw Ărh xli stxmqep tk jsv e Ă|ih k>

<latexit sha1_base64="qfIt7Vl5nuL1lnEYqNKHfoYfCvY="></latexit>

R2 + G2(k + 1)t2

2(k + 1)t

<latexit sha1_base64="EyysdiufkxSzvSR3Fy3mVihnQ9A="></latexit>

Gsrzi| erh w}qqixvmg mr (t0, . . . , tk)
Lirgi0 qmrmqyq {lir ti = t

<latexit sha1_base64="Yu3hJ9+jX6mqrQxQ4BkJZSHYNos="></latexit>

t =
R

G
√

k + 1

<latexit sha1_base64="XRpdOlaqnDR5NQ1rHZ262EwkmwY="></latexit>

fk
best

− f⋆ ≤
RG

√
k + 1

Iterations required
<latexit sha1_base64="3LfjcIngVFUFyKuUM9JLMujoAn8="></latexit>

k = O(1/ε2)
<latexit sha1_base64="TCFZhk6F+GMrN6KfU/mF06VEgO0="></latexit>

,kvehmirx hiwgirx k = O(1/✏)-

Convergence rate



Stopping criterion

22

<latexit sha1_base64="iquSmvMuds1UBaASiatNpbXClSE="></latexit>

R2 + G2
∑k

i=0
t2i

2
∑k

i=0
ti

≤ ε

Terminating when 

is really, really slow.

There is not really a good stopping criterion for the subgradient method

Bad news



Polyak step size

23

<latexit sha1_base64="MG2rgvuI+f9YuyhxzZ5AoMNqVbE="></latexit>

Stxmqep wxit wm~i {lir f? mw ors{r
<latexit sha1_base64="Pf1IO3aw/eAhrY+4YZuTlgYhi7s="></latexit>

tk =
f(xk) − f⋆

‖gk‖2
2

Motivation: minimize righthand side of
<latexit sha1_base64="fCKRz3DZNZsxYp32zbN74UhRhUk="></latexit>

‖xk+1 − x⋆‖2
2 ≤ ‖xk − x⋆‖2

2 − 2tk(f(xk) − f⋆) + t2
k‖gk‖2

2

<latexit sha1_base64="xKTCCE1iGq65wdy5YyuQQPfAkFM="></latexit>

Sfxemrmrk (f(xk) � f?)2 
�
kxk+1 � x?k2

2 � kxk � x?k2
2
�

G2

<latexit sha1_base64="tU0Uwg/m0FHM6Zvc/yPz06LPZM0="></latexit>

Ettp}mrk vigyvwmzip}0 fk
best − f? ≤

GR
√
k + 1

Iterations required
<latexit sha1_base64="3LfjcIngVFUFyKuUM9JLMujoAn8="></latexit>

k = O(1/ε2)
still slow



Example: 1-norm minimization

24

<latexit sha1_base64="3ivR8qGhUtKfFEHzGSZPyHWjTsM="></latexit>

g = AT sign(Ax − b) ∈ ∂f(x)
<latexit sha1_base64="LRIpfWUsDIoqr9QgMmYqxgM8sRY="></latexit>

f(x) = ‖Ax − b‖1

0 1000 2000 3000 4000 5000 6000
k

10−5

10−4

10−3

10−2

10−1

100

101

(f
k b
es
t
−

f
? )
/f

?
Fixed step size

t = 0.0010

t = 0.0005

t = 0.0001

t = 0.0001

0 1000 2000 3000 4000 5000 6000
k

10−5

10−4

10−3

10−2

10−1

100

101
Diminishing step size

0.01/
√
k + 1

0.001/
√
k + 1

0.01/(k + 1)

Polyak

Efficient packages to automatically compute (sub)gradients: 
Python: JAX, PyTorch  

Julia: Zygote.jl, ForwardDiff.jl, ReverseDiff.jl



Summary subgradient method

25

<latexit sha1_base64="BmGrOHscvUKq6u4RJLVkwooheOY="></latexit>

₲ Wmqtpi

₲ Lerhpiw kirivep rsrhmʆivirxmefpi gsrzi| jyrgxmsrw

₲ Ziv} wps{ gsrzivkirgi O(1/✏2)

₲ Rs kssh wxsttmrk gvmxivmsr

Can we do better?

Can we incorporate constraints?



Proximal operators



Composite models

27

<latexit sha1_base64="p56N+ZjnHJSStI5U1UxInexLypw="></latexit>

qmrmqm~i f(x) + g(x)

<latexit sha1_base64="80Q3v1uCd6fm8tm9uWK/WC3VuYQ="></latexit>

f(x) gsrzi| erh wqssxl
g(x) gsrzi| ,qe} fi rsx hmʆivirxmefpi-

Examples
<latexit sha1_base64="cJH6kn9ZEcjwTvurIVeb6kMnz9s="></latexit>

g(x) = kxk1
g(x) = IC(x)



Proximal operator

28

Definition

<latexit sha1_base64="8QAoT+6wXjdubQeusG79VRQzVbE="></latexit>

proxg(x) = argmin
z

(

g(z) +
1
2

‖z − x‖2
2

)

<latexit sha1_base64="rxO5ErDpfypQZ5BzO++4FLPIoeY="></latexit>

Xli tvs|mqep stivexsv sj xli jyrgxmsr g : Rn → R mw

Properties
<latexit sha1_base64="WejbZSQMyZF9NB6ZNFE6qdMhzfY="></latexit>

₲ Mx mrzspziw wspzmrk er stxmqm~exmsr tvsfpiq ,rsx ep{e}w iew}%-

₲ Iew} xs izepyexi jsv qer} wxerhevh jyrgxmsrw0 m2i2 tvs|efpi jyrgxmsrw

₲ Kirivepm~iw qer} {ipp1ors{r epksvmxlqw

Optimality conditions of prox
<latexit sha1_base64="iHdDi5d0VVp/5zE8/e1PDfjVY2c="></latexit>

0 ∈ ∂g(z) + z − x =⇒ x − z ∈ ∂g(z)



Generalized projection

29

<latexit sha1_base64="LXV8R0BRQd5ZgCGSZgtHYkmBX/k="></latexit>

Xli prox stivexsv sj xli mrhmgexsv jyrgxmsr IC mw xli tvsnigxmsr srxs C

<latexit sha1_base64="T516WAzGI3DnMl9k6wwASEsDocw="></latexit>

I|eqtpi C = {x | l ≤ x ≤ u}
<latexit sha1_base64="VfaVt6MjZK4edPXqFAhqMsq7Sdk="></latexit>

ΠC(v)i =






li vi ≤ li
vi li ≤ vi ≤ ui

ui vi ≥ ui

<latexit sha1_base64="D4BzmaFTvN4C7DV+nsCoqqEolf0="></latexit>v<latexit sha1_base64="JFu8WX5rWIcdkRVZh0JHlMKcyaU="></latexit>x

Projections at [p. 156, FMO]

Remarks
<latexit sha1_base64="O6wyoxmJwM6dIjYcGvS26nwqp5M="></latexit>

• Easy for many common sets (e.g., closed form)
• Can be “hard” for surprisingly simple lets, e.g., C = {Ax ≤ b}

<latexit sha1_base64="dPUOU1+gHrgjCU2k+Iyso/SZD+c="></latexit>

proxIC
(v) = argmin

x∈C
‖x − v‖2 = ΠC(v)



Quadratic functions

30

<latexit sha1_base64="i0RyjwkELgkiJLK68u6MC0xznfE="></latexit>

proxg(v) = (I + P )−1(v − q)

<latexit sha1_base64="+iiJCyMwcqomM0h416IINNYqK5U="></latexit>

₲ Gpswih1jsvq ep{e}w wspzefpi ,izir {mxl P rsx jypp vero-
₲ W}qqixvmg0 tswmxmzi hiĂrmxi erh ywyepp} wtevwi pmriev w}wxiq
₲ Ger tvijegxsv I + P erh wspzi jsv hmʆivirx v

Remarks

<latexit sha1_base64="a4YV3nkdVtDGgTYk4jBG7yfNUgs="></latexit>

g(x) = (1/2)xT Px + qT x + r P ⌫ 0



Separable sum
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<latexit sha1_base64="omPeJUy9qPlDju9ZxpBWtQGNYNE="></latexit>

xlir0 (proxg(v))i = proxgi
(vi), i = 1, . . . , N (key to parallel/distributed 

proximal algorithms)

<latexit sha1_base64="Xn+XR1uEnO/hTb3Z2ygsYG0/rF0="></latexit>

g(x) =
NX

i=1

gi(xi)
<latexit sha1_base64="hoUvKqux/sx1/o0RMyWmjHqBmV0="></latexit>

Mj g(x) mw fpsgo witevefpi0 m2i20

Sk(vi)

vi

<latexit sha1_base64="o+MsFMF+V7S2QuBhNzW3iSsa+SM="></latexit>

g(x) = λkxk1 =
Pn

i=1 λ|xi|

soft-thresholding
<latexit sha1_base64="uIBYm32lXnM0bZRBHpmYeG2c25I="></latexit>

(proxg(v))i = proxλ|·|(vi) = Sλ(vi) =






vi − λ vi > λ

0 |vi| ≤ λ

vi + λ vi < −λ



Basic rules
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Many more examples at [p. 156, FMO]

Proofs (exercise): 

Examples

<latexit sha1_base64="veJe2kNOPx8eh0gW2UnpW4GM3Ew="></latexit>

Wgepmrk erh xverwpexmsr> g(x) = ah(x) + b a > 0

proxg(x) = proxah(x)

Eʇri ehhmxmsr> g(x) = h(x) + aT x + b
proxg(x) = proxh(x � a)

Eʇri xverwjsvqexmsr> g(x) = h(ax + b) a 6= 0, a 2 R

proxg(x) =
1

a
(proxa2h(ax + b)� b)

<latexit sha1_base64="jc27KqcUWpuYP35+dGqyPCiBv2I="></latexit>

₲ Vievverki tvs|mqep xivq> (1/2)kz � xk2
2

₲ Ettp} prox stxmqepmx} gsrhmxmsrw



Proximal gradient method



Remember: gradient descent interpretation
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<latexit sha1_base64="cIrcQ3yHdAI7gXmETUI3C09olr4="></latexit>

xk+1 = xk − t∇f(xk)

<latexit sha1_base64="qAAH03Hu2rXiEnXYVwdC02IQ7BQ="></latexit>

f(x)

<latexit sha1_base64="b5XTOZqOo2BY0FPWqqZvKwiMMYg="></latexit>

0 vitpegmrk Liwwmer r2f(xk) {mxl
1
t
I

Iterations

Problem

<latexit sha1_base64="Vkzc4nl3faA0wNJ2Gs6igrlXu2A="></latexit>

xk+1 = evkqmr
z

f(xk) + ∇f(xk)T (z − xk) +
1
2t

‖z − xk‖22



Let’s exploit the smooth part
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same as  
gradient descent

<latexit sha1_base64="p56N+ZjnHJSStI5U1UxInexLypw="></latexit>

qmrmqm~i f(x) + g(x)

<latexit sha1_base64="HfdVWwecsSkjlcQBuiJt69ML9fI="></latexit>

Uyehvexmg ettvs|mqexmsr sj f {lmpi oiitmrk g
<latexit sha1_base64="ZTrQI/UUiyzU0jZQoH+yUSvjflQ="></latexit>

xk+1 =
z

g(z) + f(xk) + ∇f(xk)T (z − xk) +
1
2t

‖z − xk‖2
2

Equivalent to
<latexit sha1_base64="LWA6g87jz9vIYzqwGWW1+VzU2qc="></latexit>

xk+1 =
z

tg(z) +
1
2

∥∥z − (xk
− t∇f(xk))

∥∥2
2 = proxtg

(
xk

− t∇f(xk)
)

<latexit sha1_base64="80Q3v1uCd6fm8tm9uWK/WC3VuYQ="></latexit>

f(x) gsrzi| erh wqssxl
g(x) gsrzi| ,qe} fi rsx hmʆivirxmefpi-

stay close to 
gradient update

<latexit sha1_base64="MPml1Uwy3uq2+LiysoQ+tY6/5G4="></latexit>

qeoi g
small

Proximal operator



Proximal gradient method
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<latexit sha1_base64="p56N+ZjnHJSStI5U1UxInexLypw="></latexit>

qmrmqm~i f(x) + g(x)
<latexit sha1_base64="80Q3v1uCd6fm8tm9uWK/WC3VuYQ="></latexit>

f(x) gsrzi| erh wqssxl
g(x) gsrzi| ,qe} fi rsx hmʆivirxmefpi-

<latexit sha1_base64="EyIqAjg9mTCCd2dAobln13V8/XM="></latexit>

xk+1 = proxtg
(
xk − t∇f(xk)

)
Iterations

Properties
<latexit sha1_base64="zhkNNiOlo6WpUi/3HBPOU3zPXC4="></latexit>

₲ Epxivrexiw fix{iir kvehmirx ythexiw sj f erh tvs|mqep ythexiw sr g
₲ Ywijyp mj proxtg mw mriwtirwmzi
₲ Ger lerhpi rsrwqssxl erh gsrwxvemrih tvsfpiqw



Special cases
Generalized gradient descent
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<latexit sha1_base64="p56N+ZjnHJSStI5U1UxInexLypw="></latexit>

qmrmqm~i f(x) + g(x)

<latexit sha1_base64="EyIqAjg9mTCCd2dAobln13V8/XM="></latexit>

xk+1 = proxtg
(
xk − t∇f(xk)

)Iterations

Problem

Constraints Projected gradient descent
<latexit sha1_base64="tbcOKqHNx9JEy+ob0teo1AxcjJs="></latexit>

g(x) = IC(x) =⇒ proxtg(x) = ΠC(x)
<latexit sha1_base64="gMP3pG9/lxO6hFRM32kRfkAt1vs="></latexit>

=) xk+1 = ΠC(xk � trf(xk))

Gradient descentSmooth
<latexit sha1_base64="MZW+bvhXRTxsMgf/HqkblvMIYIA="></latexit>

g(x) = 0 =⇒ proxtg(x) = x
<latexit sha1_base64="Km8LijatoaqCUP4IuQ5eweYhLDo="></latexit>

=) xk+1 = xk � trf(xk)

Proximal minimizationNon smooth
<latexit sha1_base64="yb9UCSFGYsv9cMVBDvbbbVMp8Jk="></latexit>

f(x) = 0
<latexit sha1_base64="DltXyOve9BWD83+GIK5RkHj2aRI="></latexit>

=⇒ xk+1 = proxtg(xk)
<latexit sha1_base64="VsVRV2gA8TCFqdYlFULXwd5x/DA="></latexit>

Rsxi> ywijyp mj proxtg mw gliet



What happens if we cannot evaluate the prox?
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<latexit sha1_base64="8QAoT+6wXjdubQeusG79VRQzVbE="></latexit>

proxg(x) = argmin
z

(

g(z) +
1
2

‖z − x‖2
2

)

At every iteration, it can be very expensive to evaluate 

Idea: solve it approximately!

<latexit sha1_base64="ASTh8Sn4welK9nRk5qkHITl6/nc="></latexit>

proxg(x)
you can obtain the same convergence guarantees (and rates) 

as the exact evaluations.

[Schmidt et al. (2011), “Convergence rates of inexact proximal-gradient methods for convex optimization”]



Example: Lasso
Iterative Soft Thresholding Algorithm (ISTA)
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<latexit sha1_base64="fzjH/UISLYOYST0Rzdx9SfMa+hY="></latexit>

qmrmqm~i (1/2)‖Ax − b‖2
2 + λ‖x‖1

<latexit sha1_base64="9tWD6vd4wqPKBdOXNCPJAw5yoko="></latexit>

f(x)
<latexit sha1_base64="5bvc1mron/a8QvF2Mu95ZLZueMs="></latexit>

g(x)

<latexit sha1_base64="EyIqAjg9mTCCd2dAobln13V8/XM="></latexit>

xk+1 = proxtg
(
xk − t∇f(xk)

)
Proximal gradient descent

<latexit sha1_base64="SLM5NVZkY5jL8eFMeWRGJ+miJOs="></latexit>

∇f(x) = AT (Ax − b)

<latexit sha1_base64="9ymx7M2hCWls4a9Jv01XI6oniAs="></latexit>

proxtg(x) = Sλt(x) (component wise 
soft-thresholding)

Closed-form iterations
<latexit sha1_base64="dvWS/7/DZKLUHYSt7z/nIgMwipo="></latexit>

xk+1 = Sλt
(
xk − tAT (Axk − b)

)



Example: Lasso
Iterative Soft Thresholding Algorithm (ISTA)
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<latexit sha1_base64="fzjH/UISLYOYST0Rzdx9SfMa+hY="></latexit>

qmrmqm~i (1/2)‖Ax − b‖2
2 + λ‖x‖1

Closed-form iterations
<latexit sha1_base64="dvWS/7/DZKLUHYSt7z/nIgMwipo="></latexit>

xk+1 = Sλt
(
xk − tAT (Axk − b)

)

Better convergence

Can we prove convergence 
generally?

Can we combine different 
operators?

0 100 200 300 400 500
k

10−5

10−3

10−1

101

(f
−

f? )
/f

?

Subgradient 0.001/
√

k + 1
Subgradient 0.01/(k + 1)
ISTA t = 0.001

<latexit sha1_base64="GMqiozvZWhfRsnaINGaf5aUBJOE="></latexit>

A ∈ R
500×100



Proximal methods and introduction to operators

Today, we learned to:


• Define subgradient method and analyze its convergence 

• Derive optimality conditions for constrained optimization problems using 
subdifferentials


• Define and evaluate proximal operators for various common functions


• Apply proximal operators to generalize gradient descent (vanilla, projected, 
proximal)
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Next lecture

• Operator theory
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