
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
13. Optimality conditions for nonlinear optimization



Upcoming Lectures

2



Recap



Normal cone

4

<latexit sha1_base64="B/wZpwSgsr6Z3iNfeb44wrKT8QA="></latexit>

C x ∈ C

<latexit sha1_base64="nD4xtTw6lo75kYyKxnpEYegj0Fg="></latexit>

NC(x) =
{

g | gT (y − x) ≤ 0, y ∈ C
}

<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>

x
<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>

x

<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)
<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)



Gradient

5

<latexit sha1_base64="z1sLYwycuoKSWPuCxVOP14OK16E="></latexit>

Df(x)ij =
∂fi(x)

∂xj

, i = 1, . . . ,m, j = 1, . . . , n

Derivative

First-order approximation

<latexit sha1_base64="JZEiKfRlppXsLay6vwcCjm9IwwQ="></latexit>

y

<latexit sha1_base64="IYglJoWK7ALaUIa+bRbmipIfS1c="></latexit>

f(y) ≈ f(x) +∇f(x)T (y − x)

Gradient

<latexit sha1_base64="aghP6PvDoYOK/Qcmhiu3kdZml8M="></latexit>

∇f(x) = Df(x)T

<latexit sha1_base64="J4I/EYS8aMnXRM9AsPLF909o6rM="></latexit>

f : R
n
→ R

Example
<latexit sha1_base64="A9Fb+A6gyJ6wb0eUGCbyPkvul6Y="></latexit>

f(x) = (1/2)xTPx+ qTx

rf(x) = Px+ q

<latexit sha1_base64="eq0ZSDlF16mtVdaFsL8jsqirW6k="></latexit>

f(x) : Rn
→ R

m



Hessian

6

Hessian matrix (second derivative)

<latexit sha1_base64="4xDnxDY0KKXhpPQm6uX9Q09EiXI="></latexit>

∇
2f(x)ij =

∂2f(x)

∂xi∂xj

, i = 1, . . . ,m, j = 1, . . . , n

<latexit sha1_base64="rbgbJah1Q44iyvVT5JbUd+LRJNc="></latexit>

f(x) : Rn
→ R

Second-order approximation
<latexit sha1_base64="fy23B5wQ9HLroOZZZIhaRqtA7ZI="></latexit>

f(y) ≈ f(x) +∇f(x)T (y − x) + (1/2)(y − x)T∇2f(x)(y − x)
<latexit sha1_base64="sQEilU1M6v/j7B7BNj1qiJqrTQE="></latexit>

y

Example
<latexit sha1_base64="PfUfGgI9zLKXhUXl2As1qqZDPo8="></latexit>

f(x) = (1/2)xTPx+ qTx

r
2f(x) = P



Today’s lecture
[Chapter 2 and 12, N and W][Chapter 4 and 5, B and V]

Optimality conditions for nonlinear optimization 

• Unconstrained optimization


• Constrained optimization


• KKT optimality conditions


• Convex constrained nonconvex optimization

7



Unconstrained optimization



First-order necessary conditions
Fermat’s Theorem

9

Theorem
<latexit sha1_base64="wb3JdYw1Jcq+6fj7eJPgMXmF30o="></latexit>

x? f

<latexit sha1_base64="9qKjlrXJof/GX54yXL1uINX7r6E="></latexit>

∇f(x⋆) = 0



First-order necessary condition
Proof (contraposition)

10

<latexit sha1_base64="Qkk3qNGpvNh6Q0bx9BBRC5+TkA0="></latexit>

∇f(x⋆)T d = −‖∇f(x⋆)‖2 < 0

Then, by Taylor approximation
<latexit sha1_base64="nWJ72r5zuNAceOMRE62PyywJ1LM="></latexit>

f(x⋆ + td) = f(x⋆) + t∇f(x⋆)T d+ o(t)

<latexit sha1_base64="wQ1ZECLfBGs3fuxths1kEaWHnf4="></latexit>

f(y) < f(x⋆)

<latexit sha1_base64="rAPFZWGj756wfDhy4746nn9Z3H4="></latexit>

t y = x?
+ td x?

<latexit sha1_base64="TXCpFyIDzlHmdkUueHpRd7PXtZU="></latexit>

rf(x?) 6= 0 d = �rf(x?)



Example: least-squares

11

<latexit sha1_base64="iuGm8UFSWhiPiNNB8GKJt6bHUd0="></latexit>

‖Ax− b‖2
2

<latexit sha1_base64="r0aD+4feMOoflMdgEOXbmOhgJNo="></latexit>

f(x) = ‖Ax− b‖2
2
= (Ax− b)T (Ax− b) = xTATAx− 2xTAT b+ bT b

<latexit sha1_base64="1KiQecFDotd1XmhyURsEPGV4j1Q="></latexit>

A
T
Ax = A

T
b

Normal-equations (they always  
have  

a solution)

<latexit sha1_base64="2JSbmqwjT8tHMCHGESCuQA9NWhg="></latexit>

x
⋆ = (AT

A)−1
A

T
b = A

†
b

Explicit solution

(pseudoinverse)

First-order optimality condition
<latexit sha1_base64="+rjgtyvJHmn3rYxDwXxF34ZcIsA="></latexit>

∇f(x) = 2AT (Ax− b) = 0

[Matrix Cookbook, https://www2.imm.dtu.dk/pubdb/edoc/imm3274.pdf]

https://www2.imm.dtu.dk/pubdb/edoc/imm3274.pdf


First-order necessary condition is not sufficient

12

<latexit sha1_base64="nohZUI6/VMaSBSWioDbjgb45OJA="></latexit>

f(x) = 10x2(1− x)2 − x
<latexit sha1_base64="OH3180oULplXzWawdOy4jAtnuto="></latexit>

∇f(x) = 40x3
− 60x2 + 20x− 1
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r
f
(x
)

Each local minimum/maximum 

satisfies
<latexit sha1_base64="f2oOukdEtQeNer9vWlAGp2txBgc="></latexit>

∇f(x) = 0



Second-order necessary condition

13

Theorem
<latexit sha1_base64="wb3JdYw1Jcq+6fj7eJPgMXmF30o="></latexit>

x? f
<latexit sha1_base64="ZeQMWEg4f6sHM2m7C2G0s3VXFIk="></latexit>

∇f(x⋆) = 0 ∇
2f(x⋆) " 0

Proof
<latexit sha1_base64="CQeOBNA0mfQSWADurHa7qDFiSvU="></latexit>

rf(x?) = 0
<latexit sha1_base64="51OWEv0Wn/3mViS8idl0+3CchO8="></latexit>

f(x? + td) = f(x?) + trf(x?)T d+ t2(1/2)dTr2f(x?)d+ o(t2)

= f(x?) + t2(1/2)dTr2f(x?)d+ o(t2)

<latexit sha1_base64="eM7oHds36GcS3gkdhAFnxsL52L4="></latexit>

dTr2f(x?)d � 0 d

(positive semidefinite)



Least-squares continued

14

<latexit sha1_base64="iuGm8UFSWhiPiNNB8GKJt6bHUd0="></latexit>

‖Ax− b‖2
2

First-order optimality condition
<latexit sha1_base64="+rjgtyvJHmn3rYxDwXxF34ZcIsA="></latexit>

∇f(x) = 2AT (Ax− b) = 0

<latexit sha1_base64="2JSbmqwjT8tHMCHGESCuQA9NWhg="></latexit>

x
⋆ = (AT

A)−1
A

T
b = A

†
b

Explicit solution

<latexit sha1_base64="i9Chq5+EXRhmFQXCW8RCJMwUjbM="></latexit>

f(x) = xTATAx− 2xTAT b+ bT b

Second-order optimality condition
<latexit sha1_base64="3nf9g5py3Cgqb+dcdrlfHmO7uDo="></latexit>

∇
2f(x) = 2ATA " 0 ( A)



Example fixed

15

<latexit sha1_base64="nohZUI6/VMaSBSWioDbjgb45OJA="></latexit>

f(x) = 10x2(1− x)2 − x

<latexit sha1_base64="OH3180oULplXzWawdOy4jAtnuto="></latexit>

∇f(x) = 40x3
− 60x2 + 20x− 1
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0

10

r
2 f
(x
) <latexit sha1_base64="OAWop662v97ICBGEi0XpBTXgyJg="></latexit>

∇
2f(x) = 120x2

− 120x+ 20

minimamaximum
Converse counterexample?



Second-order necessary condition is not sufficient

16
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<latexit sha1_base64="A6p7hyylJRoLbwBKrwZyjMG68B4="></latexit>

f(x) = x3

<latexit sha1_base64="LJ3kfkbMOnOikCUSJhtahAh7lnY="></latexit>

∇
2f(x) = 6x

<latexit sha1_base64="nx5eBcHoRqK+Lc6XBVS1PzVr4TU="></latexit>

∇f(x) = 3x2

not local minimum

<latexit sha1_base64="tALSjcUUwQccNcOpQLZoLuu3Ljs="></latexit>

∇f(0) = 0

Conditions  
satisfied

<latexit sha1_base64="tXY1SCUvOqad1hTFdVYjbKJnpuY="></latexit>

∇
2f(0) = 0 " 0

Cubic function



Second-order sufficient condition

17

Theorem
<latexit sha1_base64="1x2p7ABk2HXUA2owxixANshQiFg="></latexit>

f x?

<latexit sha1_base64="xVxYKcNgqt1MJeMetXo9V56yYMA="></latexit>

∇f(x⋆) = 0 ∇
2f(x⋆) " 0

<latexit sha1_base64="Yt3GUDurrV2ReXCt5OUKYo5owAU="></latexit>

x? f

Proof
<latexit sha1_base64="qCA8YHSQSvKHotmJAmIGoEurnSQ="></latexit>

r2f(x?) � 0 9λ > 0 dTr2f(x?)d > λkdk2
2

<latexit sha1_base64="sdcvqF2ZJJlBClgErTEbr97a1XU="></latexit>

rf(x?) = 0 x?

<latexit sha1_base64="MCFG9BhCrw/veRzhMIQSZ6gXJdI="></latexit>

d

<latexit sha1_base64="FqfTsxkPpBzjsMwGkervxa2wFlE="></latexit>

f(x⋆ + td) = f(x⋆) + t2(1/2)dT∇2f(x⋆)d+ o(t2) > f(x⋆)



Examples

18

<latexit sha1_base64="A6p7hyylJRoLbwBKrwZyjMG68B4="></latexit>

f(x) = x3
<latexit sha1_base64="LJ3kfkbMOnOikCUSJhtahAh7lnY="></latexit>

∇
2f(x) = 6x

<latexit sha1_base64="8z53R5Mf+pefhUEdZViG4EoW2Jg="></latexit>

∇
2f(0) = 0 (does not satisfy 

sufficient condition)

Cubic function

Least-squares
<latexit sha1_base64="i9Chq5+EXRhmFQXCW8RCJMwUjbM="></latexit>

f(x) = xTATAx− 2xTAT b+ bT b
<latexit sha1_base64="y/7gA1WHPxaGTt98I/w0NT1nkhk="></latexit>

∇
2f(x) = 2ATA

<latexit sha1_base64="ijqasAiN+b/fF8nko0wu2qXRzmA="></latexit>

2A
T
A � 0 A

<latexit sha1_base64="hVSHlq4IMmQVMSH2gbDdMW5hCd0="></latexit>

A



Constrained optimization



Feasible direction

20

<latexit sha1_base64="V0Ypwa0hYybJAAfDMyWzk/3kmDM="></latexit>

x+ td ∈ C, ∀t ∈ [0, t̄]

<latexit sha1_base64="5aw0staVTT113UfoAX+ZFrFrp8E="></latexit>

f(x)

x ∈ C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>

x<latexit sha1_base64="KFiwi2Lv8Kidtdi9P32bWtmgtw8="></latexit>

d

Examples

<latexit sha1_base64="T0vpldV4keUAEGXdkyYK4BTtXlg="></latexit>

C = {Ax ≤ b} =⇒ F (x) = {d | aT
i
d ≤ 0 a

T

i
x = bi}

<latexit sha1_base64="sJ0AJaLxrVfRqThgR09oEGSBZlA="></latexit>

C = {Ax = b} =⇒ F (x) = {d | Ad = 0}

<latexit sha1_base64="e4e+nIpmsCFK6WMa5E8kXsq+6zs="></latexit>

C = {gi(x) ≤ 0, } =⇒ F (x) = {d | ∇gi(x)
T d < 0 gi(x) = 0}

<latexit sha1_base64="4mXj/9OFtGhx+vnk12Vxo5twVAw="></latexit>

F (x) x

<latexit sha1_base64="QQ1qdj/mSauGKGW4KYV6pwZ2R6Q="></latexit>

x ∈ C d x t̄ > 0



First-order necessary optimality condition 
All feasible directions do not decrease the cost

21

<latexit sha1_base64="OUEmhgxRcMB2sHscfYuZK/16LlI="></latexit>

−∇f(x)

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>

x

<latexit sha1_base64="5aw0staVTT113UfoAX+ZFrFrp8E="></latexit>

f(x)

x ∈ C

Theorem
<latexit sha1_base64="eA5kiJCc+hCTnWX6g7bRtX63T1E="></latexit>

x
?

Unconstrained case
<latexit sha1_base64="yDqy55AG4qExhnZbkuXYb6pXIOo="></latexit>

F (x?) = R
n

rf(x?) = 0

<latexit sha1_base64="59dtWrG7YNcQHXgtQZd4a4OzSqI="></latexit>

∇f(x⋆)T d ≥ 0, ∀d ∈ F (x⋆)



Descent direction

22

<latexit sha1_base64="464QBKPGwtfOuXRWjyob52ekDoQ="></latexit>

f d x

t̄
<latexit sha1_base64="T9ftaxFJfU14AVyuGKsCSP86FKs="></latexit>

f(x+ td) < f(x), ∀t ∈ [0, t̄]

Remark
<latexit sha1_base64="3r8NZT4L99TpzqthJ4EQ7FugvmA="></latexit>

d x rf(x)T d < 0

<latexit sha1_base64="tj4vNU1kizMs3kmRwkQNdQvsBAc="></latexit>

∇f(x)

<latexit sha1_base64="KFiwi2Lv8Kidtdi9P32bWtmgtw8="></latexit>

d

<latexit sha1_base64="QSPX9V/f4/H/3LVvNmm2loAa1xI="></latexit>

D(x)



Necessary optimality condition idea

23

<latexit sha1_base64="BVMztpBwckW5iKs5GSK2mPvvX2o="></latexit>

x
?

<latexit sha1_base64="vbv0N44639Je2Sh8A9vYo/tOj9U="></latexit>

F (x⋆) ∩D(x⋆) = ∅

All feasible directions are not descent directions

There is no feasible descent direction



Nonlinear optimization with equality constraints

24

<latexit sha1_base64="fsNmTKEUMQRjgJ7uKm+7G1gZoao="></latexit>

f(x)

Ax = b

Theorem
<latexit sha1_base64="KkVw3v2S7/nS/UZmJASRjp5/pOQ="></latexit>

∇f(x⋆) +AT y = 0
<latexit sha1_base64="qkqZelF8OsvumSQ43JFmMBOD16I="></latexit>

x
?

∃y

Proof

<latexit sha1_base64="1V/SfhSO320bE8D0SmmDaOl1s50="></latexit>

F (x) = {d | Ad = 0}
Feasible directions Descent directions

<latexit sha1_base64="M56Qneni9EtqNBEAYU3lVMzkZjs="></latexit>

F (x?) \D(x?) = ; 9ν AT
ν = rf(x?) (thm. of alternatives)

<latexit sha1_base64="j2+HFlO+kSgVdMgxoSHdSl6bPio="></latexit>

y = −ν

<latexit sha1_base64="qEePtNE8qkyZTBTuwWj3Bcvf+ao="></latexit>

D(x) = {d | rf(x)T d < 0}

Interpretation
<latexit sha1_base64="5g2LHvHTgk3yERGgjJXbwRX+RcQ="></latexit>

∇f(x⋆) ∈ range(AT ) = null(A)⊥
<latexit sha1_base64="N9wm9NZsYQUy2GeOsOTTGMjspGQ="></latexit>

∇f(x⋆) ⊥ null(A)

(perpendicular 
to 

hyperplane)



Example: constrained least squares

25

<latexit sha1_base64="o+kDkDFISFxtin/4IeLW6/BNG+Q="></latexit>

‖Ax− b‖2
2

Cx = d

<latexit sha1_base64="i9Chq5+EXRhmFQXCW8RCJMwUjbM="></latexit>

f(x) = xTATAx− 2xTAT b+ bT b

Optimality conditions

Feasibility

Optimality

<latexit sha1_base64="hkl4j5FPQD6KMTNuCaD3dhZA0Ak="></latexit>

Cx = d

<latexit sha1_base64="FTikdF/uv+PvG+wBPer1Jo003G8="></latexit>

∇f(x) = 2AT (Ax− b)

Linear system solution

<latexit sha1_base64="oOLJbstf1td+bg4VGN/Ah/dsx6M="></latexit>

[

2ATA CT

C 0

][

x

y

]

=

[

2AT b

d

]

<latexit sha1_base64="GOZT4LHDWJNLxvn0icodC/4B7OQ="></latexit>

2AT (Ax− b) + CT y = 0



Necessary conditions for smooth nonlinear optimization

26

<latexit sha1_base64="EOJPF8U85YYW4ttLsibdSsIFXn8="></latexit>

f(x)

gi(x) ≤ 0, i = 1, . . . ,m

Linearly independence constraint qualification (LICQ)

<latexit sha1_base64="0JVEFwvsIL80MIm8WvpGehTGhZ8="></latexit>

{rgi(x), i 2 A(x)}

<latexit sha1_base64="GVN37+bLHwrbBdbL7Gc+IYslQBI="></latexit>

x A(x) = {i | gi(x) = 0}

Theorem
<latexit sha1_base64="kxmk+t5eSEQ4aOEyahQCRkhn574="></latexit>

x
?

y ≥ 0
<latexit sha1_base64="rR7U+GsSl6rQOtiwiq9HvGvddKk="></latexit>

rf(x?) +

mX

i=1

yirgi(x
?) = 0

yigi(x
?) = 0, i = 1, . . . ,m

<latexit sha1_base64="jH+pgXKY3OKvyzJCdf416kT4ZTk="></latexit>

gi(x)



Useful Lemma
Farkas lemma variation

27

<latexit sha1_base64="ShG4bwZQVnmUtBeaaRXHa96RYfw="></latexit>

A

Proof

They cannot be both true (easy to show)

<latexit sha1_base64="bYexwsjG9KLQdFEXRK0ijJHize0="></latexit>

d Ad < 0

u ATu = 0 1
Tu = 1 u ≥ 0

Let’s show they they are alternatives:

<latexit sha1_base64="O1oR+av+S6bGUQ4e9hSG8IA1t2Y="></latexit>

BTu = c, u ≥ 0, equivalent to 2.By Farkas lemma, we have the alternative

We can write 1. as
<latexit sha1_base64="S1TxShrpZvYbKv6mkWjUvYl/HCo="></latexit>

Bd̃ ≤ 0, cT d̃ > 0



Necessary conditions for smooth nonlinear optimization

Proof

28

Feasible directions Descent directions
<latexit sha1_base64="qEePtNE8qkyZTBTuwWj3Bcvf+ao="></latexit>

D(x) = {d | rf(x)T d < 0}
<latexit sha1_base64="ie7XI9xL+Czqkw38J/5g363kohY="></latexit>

F (x) = {d | rgi(x)
T d < 0, i 2 A(x)}

Optimality condition Infeasible system
<latexit sha1_base64="PXW7bvneEkd8YR+tzXtmEmhjt4Y="></latexit>

F (x) ∩D(x) = ∅

<latexit sha1_base64="1d8cYCTVdDJXv2JLqwWJBzib3cs="></latexit>

Ad < 0, A =
[

∇f(x) ∇gA(x)1(x) . . . ∇gA(x)n(x)
]T

<latexit sha1_base64="WZnQbytc4mJwm2O+LkVwACIr8SU="></latexit>

u0rf(x?) +
X

i∈A(x?)

uirgi(x
?) = 0

u � 0, 1
Tu = 1

Therefore,

Farkas lemma variation
<latexit sha1_base64="GD8b4MiLgGjQam2ELaL2Sq0563c="></latexit>

∃u ≥ 0 ATu = 0 1
Tu = 1



Necessary conditions for smooth nonlinear optimization

Proof (continued)

29

<latexit sha1_base64="HqXcIWNv6waMOQEY5CRNIBgC77U="></latexit>

u0 = 0
X

i∈A(x?)

uirgi(x
?) = 0

<latexit sha1_base64="WZnQbytc4mJwm2O+LkVwACIr8SU="></latexit>

u0rf(x?) +
X

i∈A(x?)

uirgi(x
?) = 0

u � 0, 1
Tu = 1

<latexit sha1_base64="lZlkoOJLNztq9/gYs3OxcG4cqTo="></latexit>

u0 > 0 y = u/u0

<latexit sha1_base64="kK22i89nj9Sy6GDsKK1xhNteLN8="></latexit>

∇f(x⋆) +
∑

i∈A(x)

yi∇gi(x
⋆) = 0

Which can be rewritten as 

<latexit sha1_base64="rR7U+GsSl6rQOtiwiq9HvGvddKk="></latexit>

rf(x?) +

mX

i=1

yirgi(x
?) = 0

yigi(x
?) = 0, i = 1, . . . ,m
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What happens if LICQ fails?
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<latexit sha1_base64="JILTNPl7HBtE3IBvueW0oxBfyBo="></latexit>

rf(x?)

<latexit sha1_base64="zQSevchGDrzZiP6UG9jQV2B3O40="></latexit>

rg1(x
?)

<latexit sha1_base64="lAMO6x/SLbT49B2uINQG2JS9/iU="></latexit>

rg2(x
?)



Lagrangian function and duality



Lagrangian
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Lagrangian

Lagrange multipliers

<latexit sha1_base64="+1/Qz63VI21LP+2sNQi4taqxKgM="></latexit>

f(x?) = p?
Optimal cost



Lagrangian
Interpretation
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Lower bound

Proof

<latexit sha1_base64="r5fM2Ys63dOTxLGA8ZTK029V8yg="></latexit>

L(x, y, v) = f(x) +

m∑

i=1

yigi(x) +

p∑

i=1

vihi(x) ≤ f(x)

<latexit sha1_base64="INIzUC488kAliMj5rWMJNq3XYYM="></latexit>

≤ 0
<latexit sha1_base64="iA9+Il5XOZfzG4rLUUYbE8ehWoI="></latexit>

= 0

Dual function
<latexit sha1_base64="CGOiKakotjf8z9zZlXLQlFru1yg="></latexit>

q(y, v) = minimize
x

L(x, y, v)
<latexit sha1_base64="IXlBPfNk59crSC4QYUc850DnBVM="></latexit>

dom q = {(y, v) | q(y, v) > −∞}

<latexit sha1_base64="9ziPEWm8vp6KftV++UfA5ju4m1E="></latexit>

f(x) ≥ L(x, y, v) x



Lagrange dual problem
Finding the best lower bound
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Weak dualityLower bound condition always  
holds

Dual problem
Always concave (-convex) problem

<latexit sha1_base64="p1VV/vyK5DtKLwjPtWC2dTSL6P8="></latexit>maximize q(y, v)

subject to y ≥ 0



Stationarity condition
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Min-max formulation

Stationarity condition on the Lagrangian

(minimize unconstrained version)



KKT necessary conditions for optimality
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Theorem

stationarity

dual feasibility

primal feasibility

complementary slackness

<latexit sha1_base64="PqiD03/c/k7BLlosq0MmoCifYoo="></latexit>

rf(x?) +
mX

i=1

y?i rgi(x
?) +

pX

i=1

v?i rhi(x
?) = 0

y? � 0

gi(x
?)  0, i = 1, . . . ,m

hi(x
?) = 0, i = 1, . . . , p

y?i gi(x
?) = 0, i = 1, . . . ,m



Strong duality theorem
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Slater’s condition

Theorem
<latexit sha1_base64="Wshlf4oTK9/uyFX926HCfNu8ztA="></latexit>

x
<latexit sha1_base64="NuxRTj5q98BUGbGDcoUcZ1ctdro="></latexit>

gi(x) ≤ 0, ( gi)

gi(x) < 0, ( gi)

hi(x) = 0, i = 1, . . . , p

• For nonconvex optimization, we need harder conditions


• Generalizes LP conditions [Lecture 7]

Remarks
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KKT for convex problems
<latexit sha1_base64="RcE4q3LgXNQDgsbLkZ1hz1ECzjQ="></latexit>

x
?
, y

?
, v

?

Always sufficient

<latexit sha1_base64="FBqUY4sHIxhL0fw7x49mmaKneSk="></latexit>

f(x⋆) = f(x⋆) +

m∑

i=1

y⋆i gi(x
⋆) +

p∑

i=1

v⋆i hi(x
⋆) = L(x⋆, y⋆v⋆)

<latexit sha1_base64="mnvqZoAznZ9ytvlMyxDV6CLy3jk="></latexit>Therefore, f(x?) = q(y?, v?) and x?, y?, v? are primal-dual optimal

Necessary when constraint qualifications (Slater’s) condition holds
<latexit sha1_base64="59frDNh00jniDhWtJzcxyZl3w6I="></latexit>Slater condition ⇒ strong duality p? = d? and dual optimum attained.

<latexit sha1_base64="70HmmxfJvTgLxJobZCCZ5YS3Ay4="></latexit>Therefore, since x
?
, y

?
, v

? are optimal, they must satisfy the KKT conditions.

<latexit sha1_base64="Q9uIfUmga2FcI8zv/VSZPSNRYW4="></latexit>

∇f(x⋆) +

m∑

i=1

y⋆i ∇gi(x
⋆) +

p∑

i=1

v⋆i ∇hi(x
⋆) = 0 ⇒ q(y⋆, v⋆) = L(x⋆, y⋆, v⋆)

<latexit sha1_base64="aa6j/BMlh2ddCmGl1gB47kTMUAo="></latexit>(L convex and differentiable ) rxL(x
?, y?, v?) = 0 implies x? minimizes L)



KKT remarks
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• First appeared in publication by Kuhn and Tucker (1951)


• It already existed in Karush’s unpublished master thesis (1939)

History

Convex problems

KKT conditions are always sufficient


If strong duality holds, KKT conditions are necessary and sufficient

Unconstrained problems
<latexit sha1_base64="nmurjfFMc4pqh03TvQ8FdwjW1Sk="></latexit>

rf(x) = 0

Strong duality

In general, we can replace LICQ assumption with strong duality 



Example: KKT conditions for convex QP
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<latexit sha1_base64="Zhb80Kw9tbZfIv+/EbdEyEWuEVg="></latexit>

L(x, y, v) = (1/2)xTPx+ qTx+ yT (Cx− d) + vT (Ax− b)

Lagrangian

Stationarity condition

<latexit sha1_base64="64M+hLAZ/1/S5lg5RFi/zwhse7Y="></latexit>

y ≥ 0

<latexit sha1_base64="h+bcu13B/g3zfX4QBF/7l2URfus="></latexit>

∇xL(x, y, u) = Px+ q + CT y +AT v = 0



Example: KKT conditions for convex QP
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stationarity condition

KKT Optimality conditions
<latexit sha1_base64="E8sigZnZAQBtLmSmVvm1zyQmnc4="></latexit>

Px? + q + CT y? +AT v? = 0

y? ≥ 0

Ax− b = 0

Cx− d ≤ 0

yi(c
T

i
x?

− di) = 0, i = 1, . . . ,m

dual feasibility

primal feasibility

complementary slackness



Convex constrained nonconvex 
optimization



Minimization over convex set
[Section 3.7.3 and Example 3.74, A. Beck]
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convex set

<latexit sha1_base64="Dp8VvBGkCEku6+f8FPzq56audl0="></latexit>

f(x)

x ∈ C

<latexit sha1_base64="OUEmhgxRcMB2sHscfYuZK/16LlI="></latexit>

−∇f(x)

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>

x

First-order optimality condition
<latexit sha1_base64="eA5kiJCc+hCTnWX6g7bRtX63T1E="></latexit>

x
?

<latexit sha1_base64="hk1SDtHvnM1tDRAg6T+X2hOj7ls="></latexit>

∇f(x⋆)T (y − x⋆) ≥ 0, ∀y ∈ C

<latexit sha1_base64="TIT7BwPNBFMsc70Shn8GeKox2vo="></latexit>

f



Why do you need a convex set?
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First-order necessary optimality condition
<latexit sha1_base64="eA5kiJCc+hCTnWX6g7bRtX63T1E="></latexit>

x
?

<latexit sha1_base64="hk1SDtHvnM1tDRAg6T+X2hOj7ls="></latexit>

∇f(x⋆)T (y − x⋆) ≥ 0, ∀y ∈ C

Convex set Nonconvex set

<latexit sha1_base64="OUEmhgxRcMB2sHscfYuZK/16LlI="></latexit>

−∇f(x)

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>

x

<latexit sha1_base64="OUEmhgxRcMB2sHscfYuZK/16LlI="></latexit>

−∇f(x)
<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>

x

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C



Normal cone condition
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<latexit sha1_base64="OUEmhgxRcMB2sHscfYuZK/16LlI="></latexit>

−∇f(x)

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>

x

First-order necessary optimality condition
<latexit sha1_base64="eA5kiJCc+hCTnWX6g7bRtX63T1E="></latexit>

x
?

<latexit sha1_base64="hk1SDtHvnM1tDRAg6T+X2hOj7ls="></latexit>

∇f(x⋆)T (y − x⋆) ≥ 0, ∀y ∈ C

<latexit sha1_base64="nD4xtTw6lo75kYyKxnpEYegj0Fg="></latexit>

NC(x) =
{

g | gT (y − x) ≤ 0, y ∈ C
}

Normal cone

Reformulated condition
<latexit sha1_base64="HFH6YGYorkpGoyoN2N59dEl/zCQ="></latexit>

−∇f(x⋆) ∈ NC(x
⋆)Remark

<latexit sha1_base64="jReRGrRLL5T3P+E5yEd/1YO1+8Y="></latexit>

f C

[Section 4.2.3, B and V]



Normal cone condition
Linear program example
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<latexit sha1_base64="4sDs0tlTTYEHfdpoL+5UhM02Wh4="></latexit>

cTx

Ax ≤ b

aT
1
x?

= b1, aT
2
x?

= b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

y

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 i "= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

−c = a1y1 + a2y2 y1, y2 ≥ 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

<latexit sha1_base64="jaXQ/rLrYELh1vsJXtxr/DVKxOI="></latexit>

−c ∈ N{Ax≤b}(x
⋆) = {AT y | y ≥ 0 yi(a

T

i x
⋆
− bi) = 0}

Normal cone to polyhedron

Recap from Lecture 8



Optimality conditions in nonlinear optimization

Today, we learned to:


• Prove optimality conditions for unconstrained optimization 

• Compute feasible and descent directions


• Derive optimality conditions for constrained optimization using Farkas lemma


• Derive optimality conditions for constrained optimization using Lagrangian


• Apply normal cone to derive necessary first-order conditions for nonconvex 
optimization over convex set

47



Next lecture

• Optimization algorithms: iteratively solve first-order optimality conditions

48


