
Bartolomeo Stellato — Fall 2022

ORF522 – Linear and Nonlinear Optimization
3. Geometry and polyhedra



Ed Forum

• General Forum 

• Please select the relecent Lecture in Notes/Question


• Just need one question or comment. Not both 
 

• Questions/Notes


• Converting a problem in standard form increases the dimension of the problem, 
potentially by quite a lot. Is this ever an issue? Are there cases where we may 
want to not convert to standard form?


• Why in general, machine learning people would love to use l2 norm in their loss 
function? Also, what's the intuition behind the fact that l2 norm cannot fully 
recover the sparse signal but l1 norm can?
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Today’s agenda
Readings [Chapter 2, Bertsimas and Tsitsiklis]

• Polyhedra and linear algebra


• Corners: extreme points, vertices, basic feasible solutions


• Constructing basic solutions


• Existence and optimality of extreme points
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Polyhedra and linear algebra



Hyperplanes and halfspaces
Definitions
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Hyperplanes and halfspaces
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Polyhedron
Definition

6

• Intersection of finite number of halfspaces


• Can include equalities

a1
a2

a3

a4

a5

P = {x | aT
i
x ≤ bi, i = 1, . . . ,m} = {x | Ax ≤ b}
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Convex set
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αx+ (1− α)y ∈ C
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Convex combinations

8

Convex combination
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Convex combinations
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Convex combination

Convex hull
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Linear independence
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α1v1 + · · ·+ αkvk = 0
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Geometrical interpretation of linear optimization
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cTx

Ax ≤ b
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Example of linear optimization
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−x1 − x2

2x1 + x2 ≤ 3

x1 + 4x2 ≤ 5

x1 ≥ 0, x2 ≥ 0
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Example of linear optimization
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Optimal solutions tend to be at a “corner” of the feasible set

How do we formalize it?



Corners of linear optimization



Extreme points
Definition
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Extreme points
Convex sets
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• Convex sets can have an infinite number of extreme points


• Polyhedra are convex sets with a finite number of extreme points



Vertices
Definition
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Basic feasible solution
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P = {x | aT
i
x ≤ bi, i = 1, . . . ,m}
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Basic feasible solution
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Degenerate basic feasible solutions
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x̄ |I(x̄)| > n
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Degenerate basic feasible solutions
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Equivalence
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P = {x | Ax ≤ b}
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Equivalent theorem proof
Vertex —> Extreme point
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x 9c cTx < cT y, 8y 2 P, y 6= x
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Equivalent theorem proof
Vertex —> Extreme point
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Equivalent theorem proof
Extreme point —> Basic feasible solution
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(proof by contraposition)

x ∈ P
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Equivalent theorem proof
Extreme point —> Basic feasible solution
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Equivalent theorem proof
Extreme point —> Basic feasible solution
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Equivalent theorem proof
Extreme point —> Basic feasible solution
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Equivalent theorem proof
Extreme point —> Basic feasible solution

21

(proof by contraposition)

∃d ∈ R
n aT

i
d = 0, ∀i ∈ I(x)

<latexit sha1_base64="mgcwXo5NQk0NwGTTnDcLg6oC2cs="></latexit>

{ai | i ∈ I(x)} R
n

<latexit sha1_base64="5datbaVabgt5YtSy7fa2kSvw1Fg="></latexit>

x ∈ P

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>

✏ > 0 y = x+ ✏d z = x− ✏d

<latexit sha1_base64="/W/uqpY3Q73RO/GfEQyK97Lnfs4="></latexit>

i ∈ I(x) aT
i
y = bi aT

i
z = bi

<latexit sha1_base64="6PLKU4K7e70VzKAwha0txs/c2xU="></latexit>

i /∈ I(x) aT
i
x < bi ⇒ aT

i
(x+ ✏d) < bi aT

i
(x− ✏d) < bi

<latexit sha1_base64="vSuQyTkZIIMaWqRGmqsrIrUb+js="></latexit>

y, z ∈ P x = λy + (1− λ)z λ = 0.5

<latexit sha1_base64="lnNEJJJrWolisulBG37XLFdpvEk="></latexit>

<latexit sha1_base64="8+ykAH4oY9/pGvgGBGuIziEee8s="></latexit>

=⇒ x



Equivalent theorem proof
Extreme point —> Basic feasible solution
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Equivalent theorem proof
Basic feasible solution —> Vertex
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Left as exercise

Hint

c =

P
i∈I(x) ai
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Constructing basic solutions



Standard form polyhedra
Definition

25
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Basic solutions
Standard form polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with



Basic solutions
Standard form polyhedra

26

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

Ax = b

B(1), . . . , B(m)

AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>



Basic solutions
Standard form polyhedra

26

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A ∈ R
m×n m ≤ n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

Ax = b

B(1), . . . , B(m)

AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>

x x x ≥ 0

<latexit sha1_base64="df+98hYlyvhUk5fNeo5uTY0jIIM="></latexit>

13=(73,7/14) Bi

1341=2

Im

.

← In -1m



Constructing basic solution

27

m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>



Constructing basic solution

27

m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables
<latexit sha1_base64="mb4z4YwhQ2i3QI1PINthJBqmmt4="></latexit>

AB =






AB(1) AB(2) . . . AB(m)






, xB =









xB(1)

xB(m)









<latexit sha1_base64="+iRwBbBRY0GON+5ZERi161wiBtk="></latexit>

ABxB = b



Constructing basic solution
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m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables
<latexit sha1_base64="mb4z4YwhQ2i3QI1PINthJBqmmt4="></latexit>

AB =






AB(1) AB(2) . . . AB(m)






, xB =









xB(1)

xB(m)









<latexit sha1_base64="+iRwBbBRY0GON+5ZERi161wiBtk="></latexit>

ABxB = b

xB ≥ 0 x

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Finding a basic solution

28

















x1

x2

x3

x4

x5

















<latexit sha1_base64="z6ko8Gwg0K6SvsialEh96Mt3kIM="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>







1

−1

6







<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>







1 0 1 0 1

2 −1 −3 0 0

0 2 8 1 2







<latexit sha1_base64="V72Uc2DTmypzOUfkFnl1izOMXeE="></latexit>

In=3

4=5
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x1

x2

x3

x4

x5

















<latexit sha1_base64="z6ko8Gwg0K6SvsialEh96Mt3kIM="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>

AB(3)

<latexit sha1_base64="65NSh9RyZT9C53vFSxUkFFJwrrM="></latexit>

AB(2)

<latexit sha1_base64="Sc/3gAfKlPIWcsHHa8oeizTlMHs="></latexit>

AB(1)

<latexit sha1_base64="ovp+XIwAvFU1YpMdwfATSE8GCrQ="></latexit>







1

−1

6







<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>







1 0 1 0 1

2 −1 −3 0 0

0 2 8 1 2







<latexit sha1_base64="V72Uc2DTmypzOUfkFnl1izOMXeE="></latexit>
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x1

x2

x3

x4

x5

















<latexit sha1_base64="z6ko8Gwg0K6SvsialEh96Mt3kIM="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>

AB(3)

<latexit sha1_base64="65NSh9RyZT9C53vFSxUkFFJwrrM="></latexit>

AB(2)

<latexit sha1_base64="Sc/3gAfKlPIWcsHHa8oeizTlMHs="></latexit>

AB(1)

<latexit sha1_base64="ovp+XIwAvFU1YpMdwfATSE8GCrQ="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>







1

−1

6







<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>







x2

x4

x5







<latexit sha1_base64="D4J4dL0QZhsByaZQapZRP9W59Og="></latexit>







0 0 1

−1 0 0

2 1 2







<latexit sha1_base64="X4KtcMS2qdGx9s3ibf+lNpsQjMY="></latexit>

Solve







1

−1

6







<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>







1 0 1 0 1

2 −1 −3 0 0

0 2 8 1 2







<latexit sha1_base64="V72Uc2DTmypzOUfkFnl1izOMXeE="></latexit>
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x1

x2

x3

x4

x5

















<latexit sha1_base64="z6ko8Gwg0K6SvsialEh96Mt3kIM="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>

AB(3)

<latexit sha1_base64="65NSh9RyZT9C53vFSxUkFFJwrrM="></latexit>

AB(2)

<latexit sha1_base64="Sc/3gAfKlPIWcsHHa8oeizTlMHs="></latexit>

AB(1)

<latexit sha1_base64="ovp+XIwAvFU1YpMdwfATSE8GCrQ="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>







1

−1

6







<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>







x2

x4

x5







<latexit sha1_base64="D4J4dL0QZhsByaZQapZRP9W59Og="></latexit>







0 0 1

−1 0 0

2 1 2







<latexit sha1_base64="X4KtcMS2qdGx9s3ibf+lNpsQjMY="></latexit>

Solve

xB =







x2

x4

x5






=







1

2

1






≥ 0

<latexit sha1_base64="RdMOcGDlIM5jqHE5SA/UOrSButw="></latexit>







1

−1

6







<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>







1 0 1 0 1

2 −1 −3 0 0

0 2 8 1 2







<latexit sha1_base64="V72Uc2DTmypzOUfkFnl1izOMXeE="></latexit>



Existence and optimality of 
extreme points



Existence of extreme points
Example

30
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Existence of extreme points
Characterization

31

P

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

∃x ∈ P d x+ λd ∈ P, ∀λ ∈ R

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>



Existence of extreme points
Characterization

31

P

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

, the following are equivalentP = {x | aT
i
x ≤ bi, i = 1, . . . ,m}

<latexit sha1_base64="1FM8JX4t+UE3I5y3FDiiWEP7cQs="></latexit>

P

P

n ai

<latexit sha1_base64="PtlBgpv51cSkz1T88susS5ieoSw="></latexit>

∃x ∈ P d x+ λd ∈ P, ∀λ ∈ R

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>



Existence of extreme points
Characterization

31

P

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

Corollary  
Every nonempty bounded polyhedron has 

at least one basic feasible solution

, the following are equivalentP = {x | aT
i
x ≤ bi, i = 1, . . . ,m}

<latexit sha1_base64="1FM8JX4t+UE3I5y3FDiiWEP7cQs="></latexit>

P

P

n ai

<latexit sha1_base64="PtlBgpv51cSkz1T88susS5ieoSw="></latexit>

∃x ∈ P d x+ λd ∈ P, ∀λ ∈ R

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>



Optimality of extreme points

32

cTx

Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x
⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>
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32

cTx

Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

P

x
?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

P

<latexit sha1_base64="8E4YOFsTmSfbOBTfirH2kB2dSh4="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x
⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

ask.grok

(NOT UNBOUNDED)N☒T INFEASIBLE



Optimality of extreme points

32

We only need to search between extreme points

cTx

Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

P

x
?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

P

<latexit sha1_base64="8E4YOFsTmSfbOBTfirH2kB2dSh4="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x
⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>



How to search among basic feasible solutions?

33



How to search among basic feasible solutions?

33

Idea

List all the basic feasible solutions, compare objective values and pick the best one.



How to search among basic feasible solutions?

33

Idea

List all the basic feasible solutions, compare objective values and pick the best one.

Intractable!

n = 1000 m = 100 10
143

<latexit sha1_base64="xnXdcEGq5BLvIa7Q5hNO0rfP9M0="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

34

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



Geometry of linear optimization

Today, we learned to:


• Apply geometric and algebraic properties of polyhedra to characterize the 
“corners” of the feasible region. 

• Construct basic feasible solutions by solving a linear system.


• Recognize existence and optimality of extreme points.

35



Next lecture

• Iterations


• Convergence


• Complexity

36

The simplex method


