
Bartolomeo Stellato — Fall 2021

ORF522 – Linear and Nonlinear Optimization
10. Interior-point methods for linear optimization



Ed Forum

• Is it true that theonline algorithm of recomputing the optimal solution when we 
found out about a new constraint is the main use case for the dual simplex 
method?


• How do you determine the magnitude of u (or maybe the range of u’s) to 
prevent it from changing the optimal basis but also not so small that the 
analyses does not provide meaningless information? 
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Today’s lecture
[Chapter 14, NO][Chapters 17/18, LP]

• History


• Newton’s method


• Central path


• Primal-dual path-following algorithm
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Answer to major question

Is worst-case LP complexity 
polynomial? Yes!

Drawbacks

Very inefficient. Much slower  
than simplex!

Benefits

Motivated new research directions
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1950s-1960s: nonlinear convex optimization

• Sequential unconstrained optimization (Fiacco 
& McCormick), Logarithmic barrier method 
(Frish), affine scaling method (Dikin), etc.


• No worst-case complexity theory but often 
good practical performance

1980s-1990s: interior point methods

• Karmarkar’s algorithm (1984)


• Competitive with simplex, often faster 
for larger problems
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Smoothed optimality conditions
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Newton’s method for smoothed optimality conditions
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Logarithmic barrier
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Smoothed problem
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Central path
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<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>

(x?(τ), s?(τ), y?(τ))
τ > 0

<latexit sha1_base64="15/3E9kBV6FwgFtVwuwlBA16lao="></latexit>

cTx− τ

∑
m

i=1
log(si)

Ax+ s = b

<latexit sha1_base64="BBN4PGZzWXLxXc+IgKwWFhjQFEk="></latexit>

Main idea

τ → 0

<latexit sha1_base64="J6zIK4m9l4gaFzGSJXZGebHQPH4="></latexit>

•

•

•

•

τ

<latexit sha1_base64="dG2h47d+89FV+wsb1sFQQOS4LCU="></latexit>

1000

<latexit sha1_base64="pktZmdwULw2YzZxXim3dmXGvgM0="></latexit>

1

<latexit sha1_base64="wxEO9/8Yc1i9iWiBS89mXqNZ+cw="></latexit>

1/5

<latexit sha1_base64="+01UbY1ZK4ppl5s0DNipyWxW5Kk="></latexit>

1/100

<latexit sha1_base64="rQB/wPzytWRixFqsTlD9n1/hYuc="></latexit>

Analytic  
Center

<latexit sha1_base64="IbRY6zQRogrImaRRstftzizH5kM="></latexit>

τ → ∞

-

A

0

#



"

÷¥#
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Primal-dual path-following 
method



Duality measure

25

Definition

µ =

s
T
y

m

<latexit sha1_base64="Ia0Q+ogCKHTkciGO3s6JN+gW+Eg="></latexit>

siyi

<latexit sha1_base64="nXz6IIIlZ2f9ssYqcgmt1miazhM="></latexit>

It describes the “desirability” of each point in the search space



Algorithm step

26

Linear system






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY 1+ σµ1







<latexit sha1_base64="Q0E6ujd8KXsv5Jmvjj6+SbpS69o="></latexit>

µ =

s
T
y

m

<latexit sha1_base64="Ia0Q+ogCKHTkciGO3s6JN+gW+Eg="></latexit>

Duality measure

Centering parameter

σ ∈ [0, 1]

<latexit sha1_base64="2ZHrwV6PBVUY/r+jgOv83/PbwDQ="></latexit>
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Linear system






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY 1+ σµ1







<latexit sha1_base64="Q0E6ujd8KXsv5Jmvjj6+SbpS69o="></latexit>

µ =

s
T
y

m

<latexit sha1_base64="Ia0Q+ogCKHTkciGO3s6JN+gW+Eg="></latexit>

Duality measure

Centering parameter

σ ∈ [0, 1]

<latexit sha1_base64="2ZHrwV6PBVUY/r+jgOv83/PbwDQ="></latexit>

σ = 0 ⇒

<latexit sha1_base64="BRYqJIU5mKlURcf5RX+Qd3+Psjs="></latexit>

σ = 1 ⇒ (x?(µ), s?(µ), y?(µ))

<latexit sha1_base64="wzic0LHtCpsuo6W76hMAHDx4pAU="></latexit>



Algorithm step
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Linear system






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY 1+ σµ1







<latexit sha1_base64="Q0E6ujd8KXsv5Jmvjj6+SbpS69o="></latexit>

x, s > 0

<latexit sha1_base64="eR8BXe2oiI6xdT5pMz/AX3Y8Wh4="></latexit>

(x, s, y) ← (x, s, y) + α(∆x,∆s,∆y)

<latexit sha1_base64="LTNpUM/D6UO8Umm93wmsc9QsGhA="></latexit>

µ =

s
T
y

m

<latexit sha1_base64="Ia0Q+ogCKHTkciGO3s6JN+gW+Eg="></latexit>

Duality measure

Centering parameter

σ ∈ [0, 1]

<latexit sha1_base64="2ZHrwV6PBVUY/r+jgOv83/PbwDQ="></latexit>

σ = 0 ⇒

<latexit sha1_base64="BRYqJIU5mKlURcf5RX+Qd3+Psjs="></latexit>

σ = 1 ⇒ (x?(µ), s?(µ), y?(µ))

<latexit sha1_base64="wzic0LHtCpsuo6W76hMAHDx4pAU="></latexit>

gyy



Path-following algorithm idea

27
x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step



Path-following algorithm idea

27
x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step

Centering step

s, y > 0

µ

<latexit sha1_base64="r44K9ZSZiBwEJx5nY6NC+/nYJQc="></latexit>



Path-following algorithm idea

27
x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step

Centering step

s, y > 0

µ

<latexit sha1_base64="r44K9ZSZiBwEJx5nY6NC+/nYJQc="></latexit>

Newton step

µ s, y > 0

<latexit sha1_base64="qgHCnP5Cy7Km/B4ku99V5R4p/Ww="></latexit>



Path-following algorithm idea

27
x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step

Centering step

s, y > 0

µ

<latexit sha1_base64="r44K9ZSZiBwEJx5nY6NC+/nYJQc="></latexit>

Newton step

µ s, y > 0

<latexit sha1_base64="qgHCnP5Cy7Km/B4ku99V5R4p/Ww="></latexit>

Combined step
Best of both worlds with longer 
steps

¥



Primal-dual path-following algorithm

28

(x0, s0, y0) s0, y0 > 0

<latexit sha1_base64="JbhCI3+Fo02fdPJsPg8T7ek9gdQ="></latexit>

Iterations

σ ∈ [0, 1]






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY 1+ σµ1






µ = sT y/m

α y + α∆y > 0 s+ α∆s > 0

(x, s, y) ← (x, s, y) + α(∆x,∆s,∆y)

<latexit sha1_base64="yIQTFkTdu9u5xO3OVgtiiY/3PIE="></latexit>



CENTRAL PATH"

¥:*
.

sign.



Working towards optimality conditions

29

Optimality conditions satisfied only at convergence

Primal residual

rp = Ax+ s− b → 0

<latexit sha1_base64="q1btp/0j3jqstTnIwFOVgaPFPO4="></latexit>

Dual residual

rd = AT y + c → 0

<latexit sha1_base64="bUcRu1DlhcVnkPX21JN9dzA5eTQ="></latexit>

s
T
y → 0

<latexit sha1_base64="hFOkJz8qIt+eFEiKlr80tWIkruo="></latexit>

Complementary slackness



Working towards optimality conditions

29

Optimality conditions satisfied only at convergence

Primal residual

rp = Ax+ s− b → 0

<latexit sha1_base64="q1btp/0j3jqstTnIwFOVgaPFPO4="></latexit>

Dual residual

rd = AT y + c → 0

<latexit sha1_base64="bUcRu1DlhcVnkPX21JN9dzA5eTQ="></latexit>

s
T
y → 0

<latexit sha1_base64="hFOkJz8qIt+eFEiKlr80tWIkruo="></latexit>

Complementary slackness

Stopping criteria

‖rp‖ ≤ εpri

<latexit sha1_base64="aE87dhZ8g2oU3UW164RloRB9gP8="></latexit>

s
T
y ≤ εgap

<latexit sha1_base64="NEeMJ8LpJFWU40ORmADiRSLKJao="></latexit>

‖rd‖ ≤ εdua

<latexit sha1_base64="FqY9mwbDWt/k4dXr1Ieu+gZVW6s="></latexit>



Convergence



Definitions

31

Central path neighborhood

F◦ = {(x, s, y) | Ax+ s = b, AT y + c = 0, s, y > 0}

<latexit sha1_base64="Ff7e1tlc9HMbdd/dHJuMxVFQjYo="></latexit>

Primal-dual strictly feasible set

(almost all the feasible region)N (γ) = {(x, s, y) ∈ F� | siyi ≥ γµ} γ ∈ (0, 1]

<latexit sha1_base64="0f314IaYLoyn2a0Qr5ucz9p4ERY="></latexit>

"

¥¥i
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Theorem
[Page 402-406, NO]

32

Smallest decrement
<latexit sha1_base64="QGDOPdslT6hQ5RkgxNPJ2gv98Y4="></latexit>

δ > 0
<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk



Theorem
[Page 402-406, NO]

32

Smallest decrement
<latexit sha1_base64="QGDOPdslT6hQ5RkgxNPJ2gv98Y4="></latexit>

δ > 0
<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk

Iteration complexity

(x0, s0, y0) ∈ N (�) K = O(n log(1/✏))

<latexit sha1_base64="UxTjIOU3wmUUXxXRQ9CZ9dQ0UhY="></latexit>

µk ≤ ✏µ0 k ≥ K

<latexit sha1_base64="o2+eJ3KOilnu9WvdN/WMWgxNqJY="></latexit>



Theorem
[Page 402-406, NO]
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Smallest decrement
<latexit sha1_base64="QGDOPdslT6hQ5RkgxNPJ2gv98Y4="></latexit>

δ > 0
<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk

Iteration complexity

(x0, s0, y0) ∈ N (�) K = O(n log(1/✏))

<latexit sha1_base64="UxTjIOU3wmUUXxXRQ9CZ9dQ0UhY="></latexit>

µk ≤ ✏µ0 k ≥ K

<latexit sha1_base64="o2+eJ3KOilnu9WvdN/WMWgxNqJY="></latexit>

<latexit sha1_base64="snOcpAVzQsunLwv+9MtgX4qsRyU="></latexit>

O(
√

n log(1/✏))O



Iteration complexity proof
[Page 402-406, NO]

33

<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk



Iteration complexity proof
[Page 402-406, NO]

33

<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk

<latexit sha1_base64="xTn7g54BhUFYP4zkr6pwyZ/1Ln8="></latexit>

logµk+1 ≤ log (1− δ/n) + log µk

(take logarithm)



Iteration complexity proof
[Page 402-406, NO]
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<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk

<latexit sha1_base64="xTn7g54BhUFYP4zkr6pwyZ/1Ln8="></latexit>

logµk+1 ≤ log (1− δ/n) + log µk

(take logarithm) (apply iteratively)
<latexit sha1_base64="yQ9Ks9tLE9Scq4EBi49aTQB6eJg="></latexit>

logµk ≤ k log (1− δ/n) + log µ0

bgGF.frklgf.SN

¥



Iteration complexity proof
[Page 402-406, NO]
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<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk

<latexit sha1_base64="YFGTTNwRfBSjmLY6/7V1YKGp4SA="></latexit>

log(1 + β) ≤ β, ∀β > −1
<latexit sha1_base64="gVFIdrfrdw0cafL4nsK0OI/Dzq8="></latexit>

log(µk/µ0) ≤ k(−δ/n)

<latexit sha1_base64="xTn7g54BhUFYP4zkr6pwyZ/1Ln8="></latexit>

logµk+1 ≤ log (1− δ/n) + log µk

(take logarithm) (apply iteratively)
<latexit sha1_base64="yQ9Ks9tLE9Scq4EBi49aTQB6eJg="></latexit>

logµk ≤ k log (1− δ/n) + log µ0

:#÷
""

-
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<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk

<latexit sha1_base64="YFGTTNwRfBSjmLY6/7V1YKGp4SA="></latexit>

log(1 + β) ≤ β, ∀β > −1
<latexit sha1_base64="gVFIdrfrdw0cafL4nsK0OI/Dzq8="></latexit>

log(µk/µ0) ≤ k(−δ/n)

<latexit sha1_base64="xTn7g54BhUFYP4zkr6pwyZ/1Ln8="></latexit>

logµk+1 ≤ log (1− δ/n) + log µk

(take logarithm) (apply iteratively)
<latexit sha1_base64="yQ9Ks9tLE9Scq4EBi49aTQB6eJg="></latexit>

logµk ≤ k log (1− δ/n) + log µ0

<latexit sha1_base64="Ugr4mBEseedGJ6yYvnh2X3TiM7A="></latexit>

k(−�/n) ≤ log(✏) log(µk/µ0) ≤ log(✏) µk/µ0 ≤ ✏

-
a-

Fly (E)

- -
-



Iteration complexity proof
[Page 402-406, NO]
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<latexit sha1_base64="MHbLF4EJcYVS2n2fLESxu4nAmtM="></latexit>

µk+1 ≤ (1− δ/n)µk

<latexit sha1_base64="YFGTTNwRfBSjmLY6/7V1YKGp4SA="></latexit>

log(1 + β) ≤ β, ∀β > −1
<latexit sha1_base64="gVFIdrfrdw0cafL4nsK0OI/Dzq8="></latexit>

log(µk/µ0) ≤ k(−δ/n)

<latexit sha1_base64="xTn7g54BhUFYP4zkr6pwyZ/1Ln8="></latexit>

logµk+1 ≤ log (1− δ/n) + log µk

(take logarithm) (apply iteratively)
<latexit sha1_base64="yQ9Ks9tLE9Scq4EBi49aTQB6eJg="></latexit>

logµk ≤ k log (1− δ/n) + log µ0

<latexit sha1_base64="Ugr4mBEseedGJ6yYvnh2X3TiM7A="></latexit>

k(−�/n) ≤ log(✏) log(µk/µ0) ≤ log(✏) µk/µ0 ≤ ✏

Rewriting the inequality:
<latexit sha1_base64="lq/u1hLuIJ8oDv+cHDsBzswWLHg="></latexit>

k ≥ (n/δ) log(1/ε)

Kalin) 2-by(E)
0
=



Interior-point methods for linear optimization

Today, we learned to:


• Apply Newton’s method to solve optimality conditions


• Analyze the central path and the smoothed optimality conditions


• Develop a prototype primal-dual path-following algorithm

34



Next lecture

• Practical interior-point method (Mehrotra predictor-corrector algorithm)


• Linear algebra implementation details


• Linear optimization recap

35


