
Bartolomeo Stellato — Fall 2020

ORF522 – Linear and Nonlinear Optimization
21. Branch and bound algorithms



Ed forum

• What kind of convergence-type results or local optimality conditions can 
people show when we can’t guarantee global optimality?
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In general, we can show convergence to stationary points satisfying necessary KKT conditions.  
Here are two examples:


• Convergence to zero gradient  
[How to make gradients small, Optima, Nesterov]  
http://www.mathopt.org/Optima-Issues/optima88.pdf


• Convergence to KKT points  
[Section 18.7, Numerical Optimization, Nocedal and Wright]

<latexit sha1_base64="+IRm5ZI+yTyBi4RE1h2ou5VvCgM="></latexit>

δ < αδ̂

It means that the actual decrease (improvement) is less than a small fraction of the predicted one. 
In other words, we have a bad convex approximation of the problem over the trust region. For this 
reason, it is better to shrink the trust region in order to improve the approximation.

http://www.mathopt.org/Optima-Issues/optima88.pdf


Today’s lecture
[Mixed-integer nonlinear optimization, Belotti, Kirches, Leyffer, Linderoth, Luedtke, Ashutosh] 

[Stanford ee364b Lecture Notes, Boyd]

Branch and bound algorithms 

• Main concepts


• Spacial branch and bound


• Convergence analysis


• Mixed-boolean convex optimization


• Cardinality minimization example

3



Main concepts



Methods for nonconvex optimization
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Convex optimization algorithms: global and typically fast

• Local methods: fast but not global 
Need not find a global (or even feasible) solution.  
They cannot certify global optimality because  
KKT conditions are not sufficient. 

• Global methods: global but often slow 

They find a global solution and certify it.

Nonconvex optimization algorithms: must give up one, global or fast 



Branch and bound algorithms
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Methods for global optimization for nonconvex problems

Not a heuristic

Often very slow

Exponential worst-case performance 
(sometimes it works well)

<latexit sha1_base64="7uhW8G9uXuyrnk0iPbaCKq4L0TY="></latexit>

✏



The problem and its relaxation
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Problem
<latexit sha1_base64="3mPyDrGEwyTmgD26Yctcq72D96I="></latexit>

f

X

<latexit sha1_base64="W8fExxBmBS09UrwdY0Sb/nfWdtQ="></latexit>

x? = f(x)

x ∈ X

Properties
<latexit sha1_base64="6hvN6EclQVdh0DeBJRf4M3oCInI="></latexit>

f̂(x̂?) ≤ f(x?)
X ⊆ convX

Relaxation
<latexit sha1_base64="yi9ZLcw2JE4/28ZienGUsUEWf+Q="></latexit>

x̂? = f̂(x)

x ∈ convX

<latexit sha1_base64="GCq/1gXk/vcZCd+uR83IsIK2wCs="></latexit>

f̂(x) ≤ f(x)

convX



Example
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<latexit sha1_base64="CYteRTw1L4NgaGA0QNXkzjqPGuU="></latexit>

cTx

Ax ≤ b

x1 ∈ {0, 1} How do you solve it?

Is it convex?

<latexit sha1_base64="HX3WoGEAL4QkpoVUS+Tj8zLYP90="></latexit>

cTx

Ax ≤ b

xi ∈ {0, 1}, i = 1, . . . , 10

<latexit sha1_base64="/klCVvW3xZw003levX52IUrhQcc="></latexit>

2
10

= 1024

Branch and bound works more systematically  
and  

(hopefully) decreases the number of subproblems

<latexit sha1_base64="I4HKvPEpIwciW6+soQKkYS6V0TE="></latexit>

2
30

≈ 1



Main idea
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Upper bound: evaluate any point 
in the region 

• Local optimization 


• Evaluate function at the center

Lower bound: can be sophisticated

• Relaxed problem 


• Lagrange dual


• Other bounds…

Two efficient subroutines 
(for every region)

1. Partition feasible set into convex sets and compute 
lower and upper bounds


2. Form global lower and upper bounds.  
If they are close, break


3. Refine partitions and repeat

Iterations



Spacial branch and bound



Problem setup
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<latexit sha1_base64="vtQcqwNJHE9Q+Z5omFEF41l2jK8="></latexit>

f(x)

x ∈ Qinit

<latexit sha1_base64="kmgG716fwLCz+h+HfOA8KgcnD5w="></latexit>

f

Qinit n

<latexit sha1_base64="y+Rw1PZYTfS/T/3NztfWxdxqHRI="></latexit>

Q ⊆ Qinit

<latexit sha1_base64="4VPC97cP8sbhfnLzbZ3KL26PwvM="></latexit>

Φ(Q) = min
x∈Q

f(x)

Global optimal value
<latexit sha1_base64="dSWPIGSjMBXawMxPKPHO4JZ/YVk="></latexit>

f(x⋆) = Φ(Qinit)



Lower and upper bounds
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<latexit sha1_base64="wtgBIt+N6mY5BHR1AuZFVaR82Jo="></latexit>

Φlb(Q) ≤ Φ(Q) ≤ Φub(Q)

Lower and upper bound functions

(they must be cheap to compute)

Assumption 
bounds must become tight as rectangles shrink

<latexit sha1_base64="IanBLSpsIXWkFQshgeoJoD9Pdlo="></latexit>

∀✏ > 0, ∃� > 0 ∀Q ⊆ Qinit

<latexit sha1_base64="Ql2hkPdXwFPcJRlBhWfKB/vuSkA="></latexit>

size(Q) ≤ δ =⇒ Φub(Q)− Φlb(Q) ≤ ε

<latexit sha1_base64="e7bz4654/I0Dmf1fabmsktkXCSM="></latexit>

size(Q) Q



Branch and bound algorithm
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2. Bound: 

<latexit sha1_base64="2WJWkkyNQ57M0QYqi4vEULlXonM="></latexit>

U − L ≤ ✏

<latexit sha1_base64="zvAJ7uyRyGBiZh/Xn+5O+HMW9qI="></latexit>

Li = Φlb(Qi), Ui = Φub(Qi), ∀i

f(x?)
L = min

i

{Li}, U = min
i

{Ui}

<latexit sha1_base64="14hBh6pwM/Wht0ZTvAbeaBTd07I="></latexit>

Qinit = ∪iQi, ∩iQi = ∅

Iterations

Remarks
<latexit sha1_base64="KMSDm0hq6wICAjAC4cAls+BWOYU="></latexit>



Branch and bound
Example in 1D
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<latexit sha1_base64="l13y3gd24kqyftgWokZqIUFGbQ8="></latexit>

Qinit

<latexit sha1_base64="+2uChzQajfQvvJfndyacPc8/R+c="></latexit>

L

<latexit sha1_base64="zyTmogXf0rmFB8sHmpXcolrvcVA="></latexit>

U

<latexit sha1_base64="TR/Waeb3Y/H/wAHNdLEa7SS+8go="></latexit>

L U

<latexit sha1_base64="YAJKvBT6EP3XvjqsCtLmNzm5SsI="></latexit>

Q1

<latexit sha1_base64="xaMpMBqyiggSsLv12pHdX+0M/dc="></latexit>

Q2

<latexit sha1_base64="91FpRyqWnuEObhxaHxeMazf5/KM="></latexit>

L1

<latexit sha1_base64="6PseD3YvmZBig+yrbaIWuZjc5Wk="></latexit>

U1

<latexit sha1_base64="q7StMN9GVX6BSxMAXRcxI+qw7dU="></latexit>

U2

<latexit sha1_base64="GEBzLeCjM4rR3ZMCr9ewW8SkUFo="></latexit>

L2



Branch and bound
Example in 1D (continued)
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<latexit sha1_base64="l13y3gd24kqyftgWokZqIUFGbQ8="></latexit>

Qinit

<latexit sha1_base64="+2uChzQajfQvvJfndyacPc8/R+c="></latexit>

L

<latexit sha1_base64="zyTmogXf0rmFB8sHmpXcolrvcVA="></latexit>

U

<latexit sha1_base64="TR/Waeb3Y/H/wAHNdLEa7SS+8go="></latexit>

L U

<latexit sha1_base64="YAJKvBT6EP3XvjqsCtLmNzm5SsI="></latexit>

Q1

<latexit sha1_base64="xaMpMBqyiggSsLv12pHdX+0M/dc="></latexit>

Q2

<latexit sha1_base64="91FpRyqWnuEObhxaHxeMazf5/KM="></latexit>

L1

<latexit sha1_base64="6PseD3YvmZBig+yrbaIWuZjc5Wk="></latexit>

U1

<latexit sha1_base64="q7StMN9GVX6BSxMAXRcxI+qw7dU="></latexit>

U2

<latexit sha1_base64="GEBzLeCjM4rR3ZMCr9ewW8SkUFo="></latexit>

L2

<latexit sha1_base64="tCKqq5TOj9cJvNp6gKlgnD4DqYs="></latexit>

U L



Branch and bound
Example in 2D
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Partition Binary tree

At each step we have a binary tree

Children correspond to subregions formed by splitting parents

<latexit sha1_base64="vQ3BFtWRkkJLWPkeQeyqXi/nVDk="></latexit>

Qinit



Branch and bound
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<latexit sha1_base64="Lw4FII1mI+2zNUl3DftSNIEMAF8="></latexit>

L ≤ f(x⋆) ≤ Ucertify optimality
return point 
“incumbent”

Optimality certificate in 
nonconvex optimization

<latexit sha1_base64="LBbaKjR5S3PzaG4WlcXZrMhtWwk="></latexit>

Qinit = ∪iQi

(Li, Ui) ∀i

Partition = Leaves

Optimality certificate in 
convex optimization

Dual variables and cost



Branching rules
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Branching decisions
<latexit sha1_base64="9rsAVdrGw8aFhjYIVsAoABm4n6k="></latexit>

Qi

Goal

Get tight bounds 
as quickly as 

possible

Example heuristic (best-bound search)
<latexit sha1_base64="NJgFw2okadcguNVJw5bFz6JPUy0="></latexit>

Qi Li

i

xi f(xi) = Ui

They can dramatically affect performance



Pruning
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Key performance component
<latexit sha1_base64="fWBiVWNO0zGhp6uTf/9MWpynDYQ="></latexit>

min
i

Li ≤ f(x⋆) ≤ min
i

Ui

<latexit sha1_base64="5okOf9+Ggzoohjw9kSe7GC+N1w4="></latexit>

Qi Li ≤ min
i

Ui

<latexit sha1_base64="YAJKvBT6EP3XvjqsCtLmNzm5SsI="></latexit>

Q1

<latexit sha1_base64="xaMpMBqyiggSsLv12pHdX+0M/dc="></latexit>

Q2

<latexit sha1_base64="91FpRyqWnuEObhxaHxeMazf5/KM="></latexit>

L1

<latexit sha1_base64="6PseD3YvmZBig+yrbaIWuZjc5Wk="></latexit>

U1

<latexit sha1_base64="q7StMN9GVX6BSxMAXRcxI+qw7dU="></latexit>

U2

<latexit sha1_base64="GEBzLeCjM4rR3ZMCr9ewW8SkUFo="></latexit>

L2

<latexit sha1_base64="ClHqljjylLD5nP130cz3f1VB9Qc="></latexit>

L = L2

U = U2

<latexit sha1_base64="YLb5ghY7M6AYWHl8GkVtZXUZnb0="></latexit>

Q2

<latexit sha1_base64="lZMaw7HguLMZB07xqZzM8gavY0k="></latexit>

Q1

Questions

<latexit sha1_base64="NgI/Orcpj7/e/AgCPbHgfS8OjXs="></latexit>

x? /∈ Qi



Convergence analysis



Bounds and volume decrease
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Assumption 
bounds become tight as rectangles shrink

<latexit sha1_base64="IanBLSpsIXWkFQshgeoJoD9Pdlo="></latexit>

∀✏ > 0, ∃� > 0 ∀Q ⊆ Qinit

<latexit sha1_base64="Ql2hkPdXwFPcJRlBhWfKB/vuSkA="></latexit>

size(Q) ≤ δ =⇒ Φub(Q)− Φlb(Q) ≤ ε

<latexit sha1_base64="ymh6yLC7jM2LPWq3a2M76XybWAM="></latexit>

size(Q) Q

Volume decrease

<latexit sha1_base64="x8QJvOyvRZf/5IGqfrrJ0hbFFmE="></latexit>

min
Q∈Lk

vol(Q) ≤
vol(Qinit)

k

<latexit sha1_base64="g87cZz3tD3nFNkh5yOgknUueLkg="></latexit>

k Lk = {Q1, . . . ,Qk}



Bounding the condition number
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Condition number
<latexit sha1_base64="ti0lcYB/Jzn1liNjbZwKHSVbdXg="></latexit>

Q = [l1, u1]× · · ·× [ln, un]
<latexit sha1_base64="4TxWYB0ZcylBhJAYkDyd8o7ulvM="></latexit>

cond(Q) =
maxi(ui − li)

mini(ui − li)

<latexit sha1_base64="AzMNgnNzzFPACaMdmD2NPTUcORQ="></latexit>

cond(Q)

<latexit sha1_base64="0S6vARYXdRYdA8I2FvpI2987pJo="></latexit>

cond(Q) ≤ max{cond(Q̃), 2}

Worst-case
<latexit sha1_base64="oV4c52SjVBgKpkpbocMLxtBuBSU="></latexit>

Q̃
<latexit sha1_base64="29Koz5UMcL7Dy3IDHz02rj2UvzA="></latexit>

Q̃
<latexit sha1_base64="bUyBgY8+I5mUek0pC0jQ5w04Fv0="></latexit>

Q



Small volume implies small size
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<latexit sha1_base64="MEJr6vtBbtsQVf6OyLjNzLI3Krs="></latexit>

vol(Q) = Πi(ui − li)

≥ max
i

(ui − li)
⇣

min
i

(ui − li)
⌘n−1

=
size(Q)n

cond(Q)n−1

≥

✓

size(Q)

cond(Q)

◆n

<latexit sha1_base64="lC9n8ocuMS6PGPAjnAL9FP/aig0="></latexit>

(maxi(ui − li))
n−1

<latexit sha1_base64="5BdoIonJIKpimuuN5xz+rCxTmJ4="></latexit>

cond(Q) ≥ 1

Therefore,
<latexit sha1_base64="WhWPZ8YBypCFKjaZgjOvxzIwQBc="></latexit>

size(Q) ≤ vol(Q)1/n cond(Q)

<latexit sha1_base64="ibThdnFu/APN+V3MKYrIbREepfc="></latexit>

cond(Q)
<latexit sha1_base64="/AP4KusFWOLqUN6IXk7sXX5CGCs="></latexit>

vol(Q) ≤ γ =⇒ size(Q) ≤ δ



Upper and lower bounds convergence
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Small volume implies small size

<latexit sha1_base64="/AP4KusFWOLqUN6IXk7sXX5CGCs="></latexit>

vol(Q) ≤ γ =⇒ size(Q) ≤ δ

<latexit sha1_base64="7ebk/rtAPZmzybGhLOPkNzT7lzQ="></latexit>

∀δ > 0, ∃γ > 0 ∀Q ⊆ Qinit

<latexit sha1_base64="+WFiMl1EPr8gfJTjNowU5qu0ysQ="></latexit>

Q Lk Q̃

<latexit sha1_base64="Nv3qjgmsZFI29ZqwlE318oFUYH0="></latexit>

k =⇒ ∃Q ∈ Lk, vol(Q) ≤ � =⇒ size(Q) ≤ � = ⌘/2

=⇒ size(Q̃) ≤ ⌘, ( )

=⇒ Φub(Q̃)− Φlb(Q̃) ≤ ✏

=⇒ U − L ≤ ✏

Hence, (roughly)



Branch and bound convergence
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We cannot hope to have non-exponential 
worst-case performance

<latexit sha1_base64="3U0OhEDmKe7sd8Y9ldYPtUG19Bo="></latexit>

P = NP

It converges but we can show  
all worst-case rates are exponential



Mixed-boolean convex 
optimization



Mixed-boolean convex optimization
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<latexit sha1_base64="WUjLDXlCVuFNpWi1FrqU0m9nIoI="></latexit>

x ∈ R
p

<latexit sha1_base64="/HYFjprARMpXxUNDyLu4vAx8s6I="></latexit>

z ∈ {0, 1}n

<latexit sha1_base64="eOn/GoX7FmQyee90pq+Co7tgG4g="></latexit>

z x

<latexit sha1_base64="u84raJYp2kKNoWYr9m0Jo8bGB3g="></latexit>

f g x z

<latexit sha1_base64="baIU6lh0DRi43xHbbmBU/BibOVI="></latexit>

f(x)

g(x, z) ≤ 0

z ∈ {0, 1}n



Global solution methods

28

Brute force
<latexit sha1_base64="J6BDiGfEpC3ZggeKwaOZRZQyu/c="></latexit>

2
n

z ∈ {0, 1}n
<latexit sha1_base64="qSNOmun91TOm1Wq9QcnuTatk8ds="></latexit>

n ≥ 20

Branch and bound
<latexit sha1_base64="dhthesfFiF+Z0O/L+Z0mUca5fq4="></latexit>

2
n

hope: it works better for our problem



Lower bounds via convex relaxations
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<latexit sha1_base64="fA/IU6fTpaWlo28M/cmLr6DXyYM="></latexit>

f(x)

g(x, z) ≤ 0

0 ≤ z ≤ 1

<latexit sha1_base64="C7y2Z3XjiiZAR5ekYgLpWk2UXgU="></latexit>

x, z

L ≤ f(x?)

L +∞



Upper bounds
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Randomization
<latexit sha1_base64="5c9BXMNjNy4OwlhaCaJ5FabE9bc="></latexit>

zi ∈ {0, 1} prob(zi = 1) = z
?

i

x

Neighborhood search (after rounding)
<latexit sha1_base64="ogDc4+ImPgcH3VqH/VyWHvacDhg="></latexit>

zi 0 1

x

z

Remarks
<latexit sha1_base64="DUs2ksAc9TU5OhzyUmgD0IpzOOE="></latexit>

U +∞

<latexit sha1_base64="XEiBdGmyjJ5isaspjf3iMNtkMuE="></latexit>

U − L ≤ ✏

<latexit sha1_base64="9VbHbF8gYe9Ul6DPrfcutGAfbAI="></latexit>

x

<latexit sha1_base64="sd6riY5BNgwGJRYrAl1JqYwqSH0="></latexit>

z
?

i
0 1



Boolean variables branching
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<latexit sha1_base64="uNTbCS8D/d5gwg3EwcOwaATQ65Q="></latexit>

k

<latexit sha1_base64="A8IgLsI3AuHyo6bJpqkx2ap5i2g="></latexit>

f(x)

g(x, z) ≤ 0

z ∈ {0, 1}n

zk = 0

<latexit sha1_base64="MQHrIJxwWWI5SmEAJn2nSjDyAsA="></latexit>

f⋆

0
=

<latexit sha1_base64="3Mz7ncvt2t0yc7wsIGaLFVdexwk="></latexit>

f(x)

g(x, z) ≤ 0

z ∈ {0, 1}n

zk = 1

<latexit sha1_base64="+udmloY03T7ha7aFoMjkBCVtelo="></latexit>

f⋆

1
=

Remarks
<latexit sha1_base64="GTBM0iczsxGoF5mescTXj0xasX4="></latexit>

n− 1
f(x?) = min{f?

0
, f?

1
}



Bounds from subproblems
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<latexit sha1_base64="nSWofN8Cq07u2cPXadzyVJynpH8="></latexit>

≥
<latexit sha1_base64="JZ/fI4A7BUYsDIeHgnNonouiQUA="></latexit>

≤

<latexit sha1_base64="A8IgLsI3AuHyo6bJpqkx2ap5i2g="></latexit>

f(x)

g(x, z) ≤ 0

z ∈ {0, 1}n

zk = 0

<latexit sha1_base64="MQHrIJxwWWI5SmEAJn2nSjDyAsA="></latexit>

f⋆

0
=

<latexit sha1_base64="3Mz7ncvt2t0yc7wsIGaLFVdexwk="></latexit>

f(x)

g(x, z) ≤ 0

z ∈ {0, 1}n

zk = 1

<latexit sha1_base64="+udmloY03T7ha7aFoMjkBCVtelo="></latexit>

f⋆

1
=

<latexit sha1_base64="LW4DJ+2V1jXEOCW9HGHWktuqy7s="></latexit>

Lq, Uq zk = q q = 0, 1

<latexit sha1_base64="M5IN4DOjwSCYuoqbBTq3amkL3K0="></latexit>

L = min{L0, L1} ≤ f(x⋆) ≤ min{U0, U1} = U



Boolean branch and bound iterations
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2. Bound: 

<latexit sha1_base64="2WJWkkyNQ57M0QYqi4vEULlXonM="></latexit>

U − L ≤ ✏

<latexit sha1_base64="FOMaKOn+uEnranhoCMghUsq+LIw="></latexit>

zk = 0 zk = 1
f(x?)

L = min
i

{Li}, U = min
i

{Ui}

<latexit sha1_base64="7wk+ebVioHYbgoRxnB/uTYbjLlo="></latexit>

i k

zk = 0 zk = 1

Convergence
<latexit sha1_base64="WtRAD+v4lTlzXEMti6rzKDRo2f8="></latexit>

2
n

U = L

Remarks

<latexit sha1_base64="Xs4mAGrEMLOu25o/q30thay10tM="></latexit>

z?
k
= 0 1

|z?
k
− 1/2|

<latexit sha1_base64="wTJknTb9s8z8mg8f9vZo6aGa0Ro="></latexit>

Li > U

k



Boolean toy example
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<latexit sha1_base64="EJRXrGQHsdvT+TwiDbvbOOsD5S0="></latexit>

[∞,∞]

<latexit sha1_base64="ERwa7xKP45iPev8ZmK9Omkdusms="></latexit>

[−0.143,∞]

<latexit sha1_base64="EJRXrGQHsdvT+TwiDbvbOOsD5S0="></latexit>

[∞,∞]
<latexit sha1_base64="sjK/NWAfnVj5wM85mujFHVnpKeg="></latexit>

[1, 1]

<latexit sha1_base64="t4veNRtAzdOD52Uybyyz58MjDIE="></latexit>

[0.2,∞]

<latexit sha1_base64="1btmFBzZjPigIlvOU1DxriucA8g="></latexit>

z1 = 0
<latexit sha1_base64="59h0/RzrBBlgDteZMqTiM0/xEfc="></latexit>

z1 = 1

<latexit sha1_base64="PPdNewVtHcN4fU9tZ1yr2HSj9hU="></latexit>

z2 = 0
<latexit sha1_base64="keqYzux1aNhtW3AM5DKCgJkGt+Y="></latexit>

z2 = 1

Questions
<latexit sha1_base64="RoLLL4cJ9MMKO5Dl0MphCSLiexs="></latexit>

Li = ∞

Ui = ∞

z? ∈ {0, 1}3

<latexit sha1_base64="cSccxSWdyGcp9eEk0oXelSa74u4="></latexit>

cT z

Az ≤ b

z ∈ {0, 1}3



Practical considerations
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Subproblem solutions are independent
<latexit sha1_base64="RgtK37Wjh3eIldAUTVdy+yymmI4="></latexit>

Subproblems can be very similar 
(feasible region variations)

We can warm start the subproblem solver

Which algorithms would you choose for convex subproblems?  
What if you have LP subproblems?

Integer linear programs are much easier than integer convex
Tailored software can greatly speedup the solution



Cardinality minimization



Minimum cardinality example

37

<latexit sha1_base64="EOnR0P1qCqaehYW382Vkmt9FbPE="></latexit>

x

<latexit sha1_base64="Uqy9fqUG0iyj/uXtKmhgHgxjbOY="></latexit>

card(x)

Ax ≤ b

Equivalent mixed-boolean LP
<latexit sha1_base64="aEVrOOkQWdKj8OPy6T5m6k56dUc="></latexit>

1
T z

lizi ≤ xi ≤ uizi, i = 1, . . . , n

Ax ≤ b

z ∈ {0, 1}n

Big-M 
formulation

<latexit sha1_base64="kykomYnEaf8lvcqOeu4QIrdYiug="></latexit>

li, ui xi

li, ui



Computing big-M constants
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<latexit sha1_base64="Z6PnziIC7XaAmHZKbVv4icnm9Bc="></latexit>

li

<latexit sha1_base64="szpiK3H6sPAM298u3KRSPoJgSpI="></latexit>

xi

Ax ≤ b

<latexit sha1_base64="dobNVk1YOr/x+qAZjYub40js5WI="></latexit>

ui

<latexit sha1_base64="MwlyT6oc5CR6Dvg2CTTr0HGgwMo="></latexit>

xi

Ax ≤ b

<latexit sha1_base64="D9fps7I2esnEweO8oxFkYbvU9Eo="></latexit>

2n

Remarks
<latexit sha1_base64="NoDisuBUyp75WaBwXitYOjf7rxk="></latexit>

li > 0 ui < 0 zi = 1

xi = 0



Cardinality problem relaxation
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<latexit sha1_base64="ctkLxpgqeTbjWGL0wQn2jn6QU60="></latexit>

1
T z

lizi ≤ xi ≤ uizi, i = 1, . . . , n

Ax ≤ b

0 ≤ z ≤ 1

Relaxed problem

<latexit sha1_base64="Ll+0wE41urWASZ/0zQ5jnU5zR98="></latexit>

li < 0 ui > 0

<latexit sha1_base64="BnH1Lo3fWvGRO7ty1ZyuBk9Cy60="></latexit> ∑
n

i=1
(1/ui)(xi)+ + (−1/li)(xi)−

Ax ≤ b
Asymmetric weighted

<latexit sha1_base64="6QXCEgFlq43ZGU+I9pMDZ7Iu4g0="></latexit>

<latexit sha1_base64="O6zjAE05uZpCoiIS4WhP3jjjHBA="></latexit>

ui = ū = l̄ = −li, ∀i



Implementation details
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<latexit sha1_base64="SmPf9+o3Q7bSPfjhaHnS5+ZM95s="></latexit>

L dLe card

<latexit sha1_base64="ktsMd+3ori/zEAvXjgll7wchF5Q="></latexit>

zk 1/2

<latexit sha1_base64="dUQLnYYbxGUrlA1azkpMOrBkrlA="></latexit>

card(x?) x
?

<latexit sha1_base64="mB7H1xDqlAciNU52Z8FChqhAqyM="></latexit>

L



Small example
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<latexit sha1_base64="NJkcS08G/NH3bHFvZM8oTvlEqwo="></latexit>

40 200

Data

<latexit sha1_base64="IiWe5eeTriFBXJ9KwprPL7gxA4s="></latexit>

2
40

≈ 1
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Results
<latexit sha1_base64="f/F4pcyNY4p4OutMAQO7BHHSb6I="></latexit>

1
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Medium example
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Data

Results

<latexit sha1_base64="YeRAHTVYF0alZ4SD5qmAcb6WNNc="></latexit>

60 200
<latexit sha1_base64="kBvazub8Y9fRLcAZLJzIW9HxUbg="></latexit>

2
60

≈ 1.15 · 10
18

<latexit sha1_base64="GOcBwSXMmDBn+laEwOkZHdpEi4M="></latexit>

1

≈ 1200



Larger example

43

Data

Results

<latexit sha1_base64="gAm7Fn+hgSZoE7KZWcG6sXLkavo="></latexit>

100 300
<latexit sha1_base64="kJUMNWvCj0kgp6/+K0YUF08cLAo="></latexit>

2
100

≈ 1.26 · 10
30

<latexit sha1_base64="EcxEHchqjduiYGVpA1tDMSl9w0g="></latexit>
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Larger example with commercial solver
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Data
<latexit sha1_base64="gAm7Fn+hgSZoE7KZWcG6sXLkavo="></latexit>

100 300
<latexit sha1_base64="kJUMNWvCj0kgp6/+K0YUF08cLAo="></latexit>

2
100

≈ 1.26 · 10
30

Gurobi Optimizer version 9.0.3 build v9.0.3rc0 (mac64)
Optimize a model with 500 rows, 200 columns and 30400 nonzeros
Variable types: 100 continuous, 100 integer (100 binary)
Coefficient statistics:
  Matrix range     [4e-05, 5e+00]
  Objective range  [1e+00, 1e+00]
  Bounds range     [1e+00, 1e+00]
  RHS range        [4e-03, 3e+01]
Presolve time: 0.05s
Presolved: 500 rows, 200 columns, 30400 nonzeros
Variable types: 100 continuous, 100 integer (100 binary)

Root relaxation: objective 2.933185e+01, 735 iterations, 0.18 seconds

    Nodes    |    Current Node    |     Objective Bounds      |     Work
 Expl Unexpl |  Obj  Depth IntInf | Incumbent    BestBd   Gap | It/Node Time

     0     0   29.33185    0   85          -   29.33185      -     -    0s
H    0     0                      85.0000000   29.33185  65.5%     -    0s
     0     0   30.18570    0   83   85.00000   30.18570  64.5%     -    1s
H    0     0                      83.0000000   30.18570  63.6%     -    1s
     0     0   31.35255    0   86   83.00000   31.35255  62.2%     -    2s
     0     2   31.81240    0   86   83.00000   31.81240  61.7%     -    3s
H  271    73                      82.0000000   35.05009  57.3%  58.6    4s
   376   104   47.90892   36   47   82.00000   35.05009  57.3%  54.1    5s
                                      …
                                      …
 2887987 13108     cutoff   88        72.00000   70.70801  1.79%  34.1 1880s
 2897345  4880     cutoff   87        72.00000   70.86531  1.58%  34.1 1885s

Explored 2903463 nodes (98760290 simplex iterations) in 1888.42 seconds
Thread count was 16 (of 16 available processors)

Optimal solution found (tolerance 1.00e-04)
Best objective 7.200000000000e+01, best bound 7.200000000000e+01, gap 0.0000%

Gurobi output

Results
<latexit sha1_base64="dwKAnYJ9igWTSox/mHOc+TFmbvQ="></latexit>

1888



Tree size can grow dramatically

45[Mixed-integer nonlinear optimization, Belotti, Kirches, Leyffer, Linderoth, Luedtke, Ashutosh]

Example for 360s on CPU…

10,000 nodes

The cost of  
building a 
certificate



Branch and bound algorithms

Today, we learned to:


• Understand and apply branch and bound ideas for nonconvex optimization


• Analyze branch and bound convergence


• Implement branch and bound to mixed-integer convex optimization


• Recognize the current limitations of branch and bound schemes

46



Next lecture

• Data-driven algorithms

47


