
Bartolomeo Stellato — Fall 2020

ORF522 – Linear and Nonlinear Optimization
18. Operator splitting algorithms



Ed forum

• Homework 4 deadline: official deadline November 16


• 3 small typos at page 24, 33, 35 Lecture 17 (please download again)


• Other questions?
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Recap



Resolvent and Cayley operators

4

<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1

<latexit sha1_base64="8rhmdvP25+vsiB4YNdZbiIR1FUM="></latexit>

A

Properties

<latexit sha1_base64="wcanNN8lADrNj0453awbuxezwGE="></latexit>

A

<latexit sha1_base64="kGvfITf9mdT7J4Izx9krN6VCq9Y="></latexit>

0 ∈ A(x) CA RA

<latexit sha1_base64="HYEkIilVJi1Neigr09NHjUsoMLo="></latexit>

A domRA = domCA = R
n

A RA CA

A RA CA

<latexit sha1_base64="sbqRaYen8UfrTmTlozPEPwRcskQ="></latexit>

CA = 2RA − I = 2(I +A)−1
− I



“multiplier to residual” mapping

5

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

f(x)

Ax = b

<latexit sha1_base64="lzaRktA5arG/xKzmNKR28fNsJTk="></latexit>

0 ∈ ∂f(x) +AT y ⇐⇒ x = (∂f)−1(−AT y)

Proof

<latexit sha1_base64="ML6NWOnz1Wf+q5Sl8nIzkqfowCY="></latexit>

T (y) = b−A(∂f)−1(−AT y) = ∂y

�

bT y + f∗(−AT y)
�

= ∂(−g)

<latexit sha1_base64="YMUdWUlBoCFwjt0KDp70/giEk/w="></latexit>

L(x, y) = f(x) + yT (Ax− b)

Lagrangian

Dual problem
<latexit sha1_base64="gbL9rfnw/jgKMLgTwb0ubd3Y+TI="></latexit>

g(y) = min
x

L(x, y) = −max
x

−L(x, y) = −(f∗(−AT y) + yT b)

<latexit sha1_base64="I2rQuog2laeKv/aVHagaFOjm4c8="></latexit>

T (y) = b−Ax x = argmin
z
L(z, y)

Operator Monotonicity
<latexit sha1_base64="ieWYgrJPu/oEp7cObCcUBJPNIGY="></latexit>

f T



Summary of monotone and cocoercive operators

6

Monotone

Strongly monotone Cocoercive

Lipschitz
<latexit sha1_base64="hINd6kHIeeuSvYcIe8ADudWlDH0="></latexit>

(T (x)− T (x))T (x− y) ≥ 0

<latexit sha1_base64="IePMWPUlz4ZKX5Ga5sXCMVtosJQ="></latexit>

(T (x)− T (x))T (x− y) ≥ µ‖x− y‖2

<latexit sha1_base64="JY5R4eSqnZsrnWl4elEx7Z1Zulk="></latexit>

µ = 0

Nonexpansive

<latexit sha1_base64="DqFmEvrHw1STm89ZWxiSrMDfGmY="></latexit>

F = T
−1

<latexit sha1_base64="XRDioB2bmHoXBVBbmPuSVjwWJG0="></latexit>

(F (x)− F (y))T (x− y) ≥ µ‖F (x)− F (y)‖2

<latexit sha1_base64="imdwUdXvBw9oB9RqyMYSBOJs95E="></latexit>

L = 1/µ

<latexit sha1_base64="YmGeGe8/JuxShET2QZPboTkcz8g="></latexit>

‖F (x)− F (y)‖ ≤ L‖x− y‖

<latexit sha1_base64="bOkI4uuFFb0mFs9HkpUNV3pT1kU="></latexit>

G = I − 2µF

<latexit sha1_base64="XzmzWzDtkMxQMMGkmPUoHPoVb9g="></latexit>

‖G(x)−G(y)‖ ≤ ‖x− y‖



Strongly monotone and cocoercive subdifferential

7

<latexit sha1_base64="KQSling7lZitf4CSto/OonuLWmY="></latexit>

f µ ⇐⇒ ∂f µ
<latexit sha1_base64="Oy8ih24mItYnEmEt3ecbPKAY6Ik="></latexit>

(∂f(x)− ∂f(y))T (x− y) ≥ µ‖x− y‖2

<latexit sha1_base64="UqzSp3GB/LKc93yzo5ZpPv6dnRM="></latexit>

f(y)

<latexit sha1_base64="qNnRbwxFqvfk6+T/88VKpRF3PFU="></latexit>

(x, f(x))

<latexit sha1_base64="6glgbLdSYJpQxY1zciBNCzuKdbU="></latexit>

f(x) +∇f(x)T (y − x) +
L

2
‖x− y‖2

<latexit sha1_base64="rwcNzUv7DQBbIC89RZtEW5JbRdg="></latexit>

f(x) +∇f(x)T (y − x) +
µ

2
‖x− y‖2

<latexit sha1_base64="xxakx/w3/9SQ4rn7SYAw4cRxmkE="></latexit>

f L

() ∂f L ∂f = rf krf(x)�rf(y)k  Lkx� yk

() ∂f (1/L) (rf(x)�rf(y))T (x� y) � (1/L)krf(x)�rf(y)k2



Inverse of subdifferential

8

<latexit sha1_base64="ZEDScHmZMHBZ0oEr/kOhc8VaRrE="></latexit>

f (∂f)−1 = ∂f∗

<latexit sha1_base64="dJEC6LHDmgw5KmLTq8ayAYLzFyk="></latexit>

(u, v) ∈ gph(∂f)−1
⇐⇒ (v, u) ∈ gph∂f

⇐⇒ u ∈ ∂f(v)

⇐⇒ 0 ∈ ∂f(v)− u

⇐⇒ v ∈ argmin
x

f(x)− uTx

⇐⇒ f∗(u) = uT v − f(v)

Proof

<latexit sha1_base64="n8R56lVBxqypKbNNjgbo7bXFVro="></latexit>

f f∗∗
= f

<latexit sha1_base64="Epoi8nRa7MCjI0NR+rtgq3ibBg4="></latexit>

f∗∗(v) + f∗(u) = uT v ⇐⇒ (u, v) ∈ gph∂f∗

<latexit sha1_base64="hUflqNRo6wUOBMnpVdg6LCiTTF8="></latexit>

f(v) + f∗(u) = uT v



Strong convexity is the dual of smoothness

9

Proof
<latexit sha1_base64="UsKYnlI13AYRcaXb7uWFYBdAwhI="></latexit>

f µ ⇐⇒ ∂f µ

⇐⇒ (∂f)−1 = ∂f∗ µ

⇐⇒ f∗ (1/µ)

Remark: strong convexity and (strong) smoothness are dual

<latexit sha1_base64="zOSpB/Qr+41lO0Aaj79O0Vplv+w="></latexit>

f µ ⇐⇒ f∗ (1/µ)



Requirements for contractions

10

Forward step

Resolvent

Cayley

Key to contractions: strong monotonicity/convexity

<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1

<latexit sha1_base64="VjOdpZs0nYrCp8dUKlelHfwtIbw="></latexit>

CA = 2(I +A)−1
− I

<latexit sha1_base64="+hoBf2nMQx+/nObdOx1zOIgDEeg="></latexit>

I − γA

<latexit sha1_base64="EvPBcPSVeMLna6t53fVGrHwgKW8="></latexit>

A

<latexit sha1_base64="dmrfqX52WpNpNjT0c6ziR+YBT5I="></latexit>

µ

<latexit sha1_base64="dmrfqX52WpNpNjT0c6ziR+YBT5I="></latexit>

µ

<latexit sha1_base64="7uANHrLQBvpa27adWi079KcyLT4="></latexit>

µ

L

<latexit sha1_base64="3gfhMYt6spTHhkAwaTzRL6ejaQM="></latexit>

f

A = ∂f

<latexit sha1_base64="9ga4WEqos6nwDE1kZGcb+RhJi9s="></latexit>

µ

L

<latexit sha1_base64="9ga4WEqos6nwDE1kZGcb+RhJi9s="></latexit>

µ

L

<latexit sha1_base64="9ga4WEqos6nwDE1kZGcb+RhJi9s="></latexit>

µ

L

faster convergence



Today’s lecture

Operator splitting algorithms 

• Proximal method


• Forward-backward splitting


• Douglas-Rachford splitting


• Alternating Direction Method of Multipliers


• Examples


• Distributed optimization

11

[A primer on monotone operator methods, Parikh and Boyd] 

[Proximal Algorithms, Parikh and Boyd] 

[Distributed Optimization and Statistical Learning via the Alternating Direction Method of Multipliers,  

    Boyd, Parikh, Chu, Peleato, Eckstein]



Proximal method



Proximal point method

13

Resolvent iterations
<latexit sha1_base64="i+gvMRZd6ZdD9dWIYKPsbcFmV84="></latexit>

x
k+1 = RA(x

k) = (I +A)−1(xk)

<latexit sha1_base64="i3fwNhUNADlu/vjiCuyAWRRRN4E="></latexit>

A = ∂tf
<latexit sha1_base64="UuczPUk7Q5kbBlHgG9Ux2ugpiMM="></latexit>

xk+1 = proxtf (x
k) = argmin

z

(

tf(z) +
1

2
‖z − xk‖22

)

<latexit sha1_base64="WJbDfQ6lTaryyWtGYqGNtqFpX/g="></latexit>

A

Proximal minimization properties
<latexit sha1_base64="dHBH47dPxhAS2P5mv2/GOTaszS0="></latexit>

RA 1/2 RA = (1/2)I + (1/2)CA =⇒ Rt∂f ∀t
fixR∂tf ∂f
f µ R∂tf

proxtf



Method of multipliers
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<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

f(x)

Ax = b

<latexit sha1_base64="YMUdWUlBoCFwjt0KDp70/giEk/w="></latexit>

L(x, y) = f(x) + yT (Ax− b)

Lagrangian

Dual problem
<latexit sha1_base64="W3zB8ZLPRmAyaLDYdW2wGextDGQ="></latexit>

g(y) = −(f∗(−AT y) + yT b)

Solve the dual with proximal point method
<latexit sha1_base64="pa15O5x+0aXSTxd9lzQI0gyd1RQ="></latexit>

yk+1 = Rt∂(−g)(y
k)

<latexit sha1_base64="yaYTr2rssB2DeRAFgCMDPi22ujg="></latexit>

T (y) = ∂(−g)
<latexit sha1_base64="I2rQuog2laeKv/aVHagaFOjm4c8="></latexit>

T (y) = b−Ax x = argmin
z
L(z, y)

Operator

<latexit sha1_base64="BOZghg/va4kYO9nZlXeltLOre9Q="></latexit>

∂(−g)(y) = b−Ax, 0 ∈ ∂f(x) +AT y



Derivation

Method of multipliers
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Solve the dual with proximal point method
<latexit sha1_base64="pa15O5x+0aXSTxd9lzQI0gyd1RQ="></latexit>

yk+1 = Rt∂(−g)(y
k)

Resolvent reformulation
<latexit sha1_base64="uGFostr6aKBpuf49FH4eP/Ay4V0="></latexit>

yk+1 = Rt∂(−g)(y
k) ⇐⇒ yk+1 + t∂(−g)(yk+1) = yk

⇐⇒ yk+1 + t(b−Axk+1) = yk, 0 ∈ ∂f(xk+1) +AT yk+1

<latexit sha1_base64="7JcvsaZJ0+1KMtwTg3P3WnkflJU="></latexit>

0 2 ∂f(xk+1) +AT (yk + t(Axk+1 � b))

=) xk+1 2 argmin
x

f(x) + (yk)T (Ax� b) + (t/2)kAx� bk2 = argmin
x

Lt(x, y
k)

<latexit sha1_base64="qDyTOScHwgEMQRIlGUYPFmfrLsg="></latexit>

xk+1 Lt(x, y
k+1)

<latexit sha1_base64="SuDHSGol4dqsh4kpQaMPCACD6dI="></latexit>

∂(−g)(y) = b−Ax x 0 ∈ ∂f(x) +AT y



Method of multipliers (augmented Lagrangian method)
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<latexit sha1_base64="ZcwIO+fjItsVRL9ZnwrWg+xnGg4="></latexit>

xk+1
∈ argmin

x

Lt(x, y
k)

yk+1 = yk + t(Axk+1
− b)

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

f(x)

Ax = b

<latexit sha1_base64="W3zB8ZLPRmAyaLDYdW2wGextDGQ="></latexit>

g(y) = −(f∗(−AT y) + yT b)

Primal

Dual

<latexit sha1_base64="pa15O5x+0aXSTxd9lzQI0gyd1RQ="></latexit>

yk+1 = Rt∂(−g)(y
k)

Properties
<latexit sha1_base64="aKBDKClSh87qmqL0h4s7qjbC5Qo="></latexit>

f t > 0
f L

f∗ g (1/µ)
R∂(−g)

f > argmin ∈ =
f L A

Iterates



Method of multipliers dual update
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<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

f(x)

Ax = b

Optimality conditions (primal and dual feasibility)
<latexit sha1_base64="EbxEbT+vU0Yocof9B1CvuBuy0YQ="></latexit>

Ax− b, ∂f(x) +AT y ∋ 0

<latexit sha1_base64="ZcwIO+fjItsVRL9ZnwrWg+xnGg4="></latexit>

xk+1
∈ argmin

x

Lt(x, y
k)

yk+1 = yk + t(Axk+1
− b)

<latexit sha1_base64="E7ok2EGvR+HUjSGYSVG9rbTEQqY="></latexit>

x
k+1

<latexit sha1_base64="GosmQuKZ4uD/6ZxCM53K2F+bS78="></latexit>

0 ∈ ∂f(xk+1) +AT yk + tAT (Axk+1
− b)

= ∂f(xk+1) +AT yk+1

<latexit sha1_base64="P4Cwys9xHfFPrAl5HFvSz8FHZYI="></latexit>

(xk+1
, y

k+1)

dual feasible

<latexit sha1_base64="58KHq80BAitkWE9qdXd/hEiB4m0="></latexit>

Axk
− b → 0



Forward-backward splitting



Operator splitting
Main idea

19

We would like to solve
<latexit sha1_base64="vqndtvFvwTwL/46bd01qLHxV/Tg="></latexit>

0 ∈ F (x) F

Split the operator
<latexit sha1_base64="6rQVFVh+MNf5k26cUXdQ8FBndPQ="></latexit>

F = A+B, A B

Solve by evaluating
<latexit sha1_base64="ExPUikKhXjAZAJS5W+snzAjX5bs="></latexit>

RA = (I +A)−1

RB = (I +B)−1
or

<latexit sha1_base64="yCTwZbpPAjCZdSftEBsiFLKP6VI="></latexit>

CA = 2RA − I

CB = 2RB − I

<latexit sha1_base64="PWycfs3Op5PX+DS4LhxzBVdjces="></latexit>

RA RB RF



Forward-backward splitting

20

Goal
<latexit sha1_base64="G72cWdyl5bYFEs18JpXrVDQJXzU="></latexit>

x 0 ∈ A(x) +B(x)

Rewrite optimality condition
<latexit sha1_base64="SiB3nCCjrMeQru/8Sb9tBovAKOs="></latexit>

0 2 (A+B)(x) () 0 2 t(A+B)(x)

() 0 2 (I + tB)(x)� (I � tA)(x)

() (I + tB)(x) 3 (I � tA)(x)

() x = (I + tB)−1(I � tA)(x)

() x = RtB(I � tA)(x)

Iterations
<latexit sha1_base64="Vmy+VrNkcIbjhRypq+VPP/o7xZM="></latexit>

x
k+1 = RtB(I − tA)(x)



Properties

Forward-backward splitting

21

Iterations

forward stepresolvent

Properties
<latexit sha1_base64="c43qK4lqPT5WsLUvCc2875aawNo="></latexit>

RtB 1/2
A µ I − 2µA
⇒ I − tA t ∈ (0, 2µ)

A B

<latexit sha1_base64="sEfpEpT9znVDh4oNFdxplGLeE7Y="></latexit>

x
k+1 = RtB(I − tA)(xk)



Proximal gradient descent as forward-backward splitting

22

<latexit sha1_base64="0TMeqJF4q08zLhSg89NmAxSTfEM="></latexit>

f L

g

<latexit sha1_base64="3K0OrSH3RAcIOJzagZGb2cnB7HY="></latexit>

f(x) + g(x)

<latexit sha1_base64="dzu/JcmJbwaLu04UJUfDzgRN2Kg="></latexit>

rf (1/L) ∂g

<latexit sha1_base64="yuU6+gnS0nQvgdXDs+ffhRa5fkc="></latexit>

xk+1 = Rt∂g(I � trf)(xk)

= proxtg(x
k
� trf(xk))

Proximal gradient descent

Remarks
<latexit sha1_base64="qNXWZWO5EUt/fU35vaow9T+AXKc="></latexit>

t ∈ (0, 2/L)
f g

g = IC



Example: Lasso with linear convergence
Iterative Soft Thresholding Algorithm (ISTA)

23

<latexit sha1_base64="dvWS/7/DZKLUHYSt7z/nIgMwipo="></latexit>

x
k+1 = Sλt

(

x
k
− tA

T (Axk
− b)

)

<latexit sha1_base64="fzjH/UISLYOYST0Rzdx9SfMa+hY="></latexit>

(1/2)‖Ax− b‖2
2
+ λ‖x‖1

<latexit sha1_base64="9tWD6vd4wqPKBdOXNCPJAw5yoko="></latexit>

f(x)
<latexit sha1_base64="5bvc1mron/a8QvF2Mu95ZLZueMs="></latexit>

g(x)

Proximal gradient descent

Example
<latexit sha1_base64="vy911K4lZ6y+qbJqFlZyHDsEJYg="></latexit>

A ∈ R
500×300randomly  

generated

linear convergence

<latexit sha1_base64="qmd1UYAFJDwoHQXwzNPDDpR32F4="></latexit>

) r
2f = ATA � 0

<latexit sha1_base64="P0n4JBXHJqaqRNUlJXv7SABIjN8="></latexit>

⇒ f

0 200 400 600 800 1000
k

10−6

10−4

10−2

100

102

(f
−

f
?
)/
f
?

Subgradient 0.001/
√

k + 1

Subgradient 0.01/(k + 1)

ISTA t = 0.001



Example: Lasso without linear convergence
Iterative Soft Thresholding Algorithm (ISTA)

24

<latexit sha1_base64="dvWS/7/DZKLUHYSt7z/nIgMwipo="></latexit>

x
k+1 = Sλt

(

x
k
− tA

T (Axk
− b)

)

<latexit sha1_base64="fzjH/UISLYOYST0Rzdx9SfMa+hY="></latexit>

(1/2)‖Ax− b‖2
2
+ λ‖x‖1

<latexit sha1_base64="9tWD6vd4wqPKBdOXNCPJAw5yoko="></latexit>

f(x)
<latexit sha1_base64="5bvc1mron/a8QvF2Mu95ZLZueMs="></latexit>

g(x)

Proximal gradient descent

Example

randomly  
generated

sublinear convergence

<latexit sha1_base64="DeCRiH9h7DUc4cbNtbQ8qgATWkE="></latexit>

A ∈ R
300×500

<latexit sha1_base64="GywuUa+Qz6Lim9gA0/vVbdii63M="></latexit>

) r
2f = ATA ⌫ 0

<latexit sha1_base64="1PmXDlCX1ckJW+tosQJgv/nxbj8="></latexit>

⇒ f

0 200 400 600 800 1000
k

10−6

10−4

10−2

100

102

(f
−
f
?
)/
f
?

Subgradient 0.0005/
√

k + 1

Subgradient 0.005/(k + 1)

ISTA t = 0.001



Douglas-Rachford splitting



Operator splitting
Main idea

26

We would like to solve
<latexit sha1_base64="vqndtvFvwTwL/46bd01qLHxV/Tg="></latexit>

0 ∈ F (x) F

Split the operator
<latexit sha1_base64="6rQVFVh+MNf5k26cUXdQ8FBndPQ="></latexit>

F = A+B, A B

Solve by evaluating
<latexit sha1_base64="ExPUikKhXjAZAJS5W+snzAjX5bs="></latexit>

RA = (I +A)−1

RB = (I +B)−1
or

<latexit sha1_base64="yCTwZbpPAjCZdSftEBsiFLKP6VI="></latexit>

CA = 2RA − I

CB = 2RB − I

<latexit sha1_base64="PWycfs3Op5PX+DS4LhxzBVdjces="></latexit>

RA RB RF



Splitting Cayley iterations

27

Key result

<latexit sha1_base64="PyBY7X9epagQiiRCTrECNdwhd/4="></latexit>

0 ∈ A(x) +B(x) ⇐⇒ CACB(z) = z, x = RB(z)

Goal
<latexit sha1_base64="L067s7Vzx2fEYeRLEoXtYGssJFE="></latexit>

CA CB RA+B



Splitting Cayley iterations
Proof of key result

28

<latexit sha1_base64="xuLiKdZyvuBv+tCcpF4mdh2VsMI="></latexit>

CACB(z) = z

<latexit sha1_base64="ysIOkYZXYibPRvX0m4+zUyszzgM="></latexit>

x = RB(z)

z̃ = 2x− z

x̃ = RA(z̃)

z = 2x̃− z̃

<latexit sha1_base64="oyIDprNnpnsA93kggGMYyiU959o="></latexit>

x̃ = x

<latexit sha1_base64="rfw2uuww4bMK6w0/3NU6DYWLrX4="></latexit>

2x = z + z̃

last 
equation

<latexit sha1_base64="DHFbuuAbOWd2tVG1L+Hr9SGlGeU="></latexit>

x = RB(z)

<latexit sha1_base64="V1mZpJPqomZUQnPr13PJe/79yIM="></latexit>

x = RB(z) z ∈ x+B(x)
<latexit sha1_base64="TcYMnJ/E32t8fgjvLQN46MxaEs8="></latexit>

x̃ = RA(z̃) z̃ ∈ x̃+A(x̃) = x+A(x)

<latexit sha1_base64="qKJ4h5U3MdZDMBWCpyCd04W34pY="></latexit>

z + z̃ ∈ 2x+A(x) +B(x)
<latexit sha1_base64="4nEACaYQEKnj14nXiEgs68/LENY="></latexit>

0 ∈ A(x) +B(x)

Note the arguments also holds the other way but we do not need it



Peaceman-Rachford and Douglas Rachford splitting

29

Peaceman-Rachford splitting

<latexit sha1_base64="lnvy5HxslkczzuoS1StohlTkW9c="></latexit>

CA CB

<latexit sha1_base64="W0vBIEC0cH5S7xEcsl4qe47dTZs="></latexit>

w
k+1 = CACB(w

k)

Douglas-Rachford splitting (averaged iterations)

<latexit sha1_base64="Zd7hSXGjob1ea/TScODc9O1XMCQ="></latexit>

0 ∈ A(x) +B(x)
A B CACB

<latexit sha1_base64="I/JAAB/h/ZFqBvipFvQBubsm80o="></latexit>

wk+1 = (1/2)(I + CACB)(w
k)



Douglas-Rachford splitting
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Iterations

Last update (averaging) follows from:
<latexit sha1_base64="hFlJYsn8YUyN4XX0WJPvpSnOiJc="></latexit>

wk+1 = (1/2)wk + (1/2)(2xk+1
− w̃k+1)

= (1/2)wk + xk+1
− (1/2)(2zk+1

− wk)

= wk + xk+1
− zk+1

<latexit sha1_base64="I/JAAB/h/ZFqBvipFvQBubsm80o="></latexit>

wk+1 = (1/2)(I + CACB)(w
k)

<latexit sha1_base64="abrCVRmdJLKs3HIFh1lyYyEWPa8="></latexit>

z
k+1 = RB(w

k)

w̃
k+1 = 2zk+1

− w
k

x
k+1 = RA(w̃

k+1)

w
k+1 = w

k + x
k+1

− z
k+1



DR iterations

Simplified iterations of Douglas-Rachford splitting
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1 Swap iterations and counter
<latexit sha1_base64="wxq+5wxjIJ1RSvgeLjJDvAAm+Jw="></latexit>

w
k+1 = w

k +RA(2z
k
− w

k)− z
k

z
k+1 = RB(w

k+1)

<latexit sha1_base64="iIjWegAaVV2C6H4FkVzdNU+dbS8="></latexit>

x
k+1

<latexit sha1_base64="Y+bf7F6wdUumvCpnu5KZYgTVZq4="></latexit>

x
k+1 = RA(2z

k
− w

k)

w
k+1 = w

k + x
k+1

− z
k

z
k+1 = RB(w

k+1)

<latexit sha1_base64="DEPG8z5/JZKjwZV/gcgG0dgQJ08="></latexit>

x
k+1 = RA(2z

k
− w

k)

z
k+1 = RB(w

k + x
k+1

− z
k)

w
k+1 = w

k + x
k+1

− z
k

<latexit sha1_base64="eZ0/d9485O4ciXALHj5s+iv3pq4="></latexit>

w
k+1

<latexit sha1_base64="GgZkA/ZhyCr93/8b4+oSQrY70l0="></latexit>

u
k
= w

k
− z

k

<latexit sha1_base64="oljhzM0uC0PKxhT8yjbC67oEukg="></latexit>

x
k+1 = RA(z

k
− u

k)

z
k+1 = RB(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1

<latexit sha1_base64="Eqr8cK4y3IAtjJK9Jm18+v1eTnk="></latexit>

z
k+1 = RB(w

k)

w
k+1 = w

k +RA(2z
k+1

− w
k)− z

k+1



Douglas-Rachford splitting
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Remarks
<latexit sha1_base64="FCbQN04kQqJu9G333Vpl66iZbAA="></latexit>

A B

A B RA RB

Simplified iterations

running sum of 
residuals

Interpretation as 
integral control<latexit sha1_base64="UTUS6YSCkpN86HqO0tD7llnwzkU="></latexit>

u
k

<latexit sha1_base64="nbON1zmuadLEll4UiCuqSLYJdko="></latexit>

x
k+1

− z
k+1<latexit sha1_base64="oljhzM0uC0PKxhT8yjbC67oEukg="></latexit>

x
k+1 = RA(z

k
− u

k)

z
k+1 = RB(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1



Alternating Direction Method of 
Multipliers



Douglas-Rachford splitting in optimization
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<latexit sha1_base64="8qd/eqC5wxoqvIxGnpNSy8bhGa4="></latexit>

f(x) + g(x)

<latexit sha1_base64="LbYleEY3cgslLJTD1hJk6WJsFY4="></latexit>

0 ∈ ∂f(x) + ∂g(x)

Optimality conditions

Problem Problem

Optimality conditions

<latexit sha1_base64="2jd2+OwhRHiIz/wlW0kkNA+oB3w="></latexit>

λf(x) + λg(x)<latexit sha1_base64="wvViYufN/tt4+fGGMGl5K9sFiSg="></latexit>

λ > 0

<latexit sha1_base64="8zBqIXFi5tgoznFOnPl9nKT6jbY="></latexit>

0 ∈ λ∂f(x) + λ∂g(x)
<latexit sha1_base64="4cWQpgut/1Mp07zO/oHp7SGrxOM="></latexit>

A(x)
<latexit sha1_base64="nD6UZg8WNouDB2E1MK6oHgdGFIQ="></latexit>

B(x)

Douglas-Rachford splitting Proximal operators
<latexit sha1_base64="OYVFsUpUNyqFjDoBRn2rKcgo+mI="></latexit>

x
k+1 = Rλ∂f (z

k
− u

k)

z
k+1 = Rλ∂g(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1

<latexit sha1_base64="nt6n0/GZ2/kyuwapf1FuYlA+gxY="></latexit>

x
k+1 = proxλf (z

k
− u

k)

z
k+1 = proxλg(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1



Alternating direction method of multipliers (ADMM)
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<latexit sha1_base64="3K0OrSH3RAcIOJzagZGb2cnB7HY="></latexit>

f(x) + g(x)

Proximal iterations
ADMM iterations

<latexit sha1_base64="yo721PCSi5Z1GHzMP3aEbyaCOP4="></latexit>

xk+1 = argmin
x

�

λf(x) + (1/2)kx� zk + ukk2
�

zk+1 = argmin
z

�

λg(x) + (1/2)kz � xk+1 � ukk2
�

uk+1 = uk + zk+1 � xk+1

<latexit sha1_base64="nt6n0/GZ2/kyuwapf1FuYlA+gxY="></latexit>

x
k+1 = proxλf (z

k
− u

k)

z
k+1 = proxλg(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1

Remarks
<latexit sha1_base64="wdwPUGz6TXqurW9EUvfEAQyX0wQ="></latexit>

λ > 0

λ



ADMM and the Augmented Lagrangian
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Augmented Lagrangian

<latexit sha1_base64="P+SxTC5kXl0AWqvaUYVnA+Y6tZw="></latexit>

f(x) + g(z)

Ax+Bz = c
(more generic form)

scaled  
dual variable

<latexit sha1_base64="d1IP6z+sq1Q4KOskWDhknTV0k/E="></latexit>

t = 1/λ

<latexit sha1_base64="iaJkLbcWPhMdA8E/WxicoM2WVCU="></latexit>

u = y/t

Rewritten ADMM iterations
<latexit sha1_base64="cTfV3ViZCEiahXsUh/xDRJtV9xQ="></latexit>

xk+1 = argmin
x

Lt(x, z
k, uk)

zk+1 = argmin
z

Lt(x
k+1, z, uk)

uk+1 = uk +Axk+1 +Bzk+1
− c

<latexit sha1_base64="66PT8//H3/BNztt2YqzF5qnLZtk="></latexit>

f(x) + g(z) + yT (Ax+Bz � c) + (t/2)kAx+Bz � ck2 =

= f(x) + g(z) + (t/2)kAx+Bz � c+ uk2 � (t/2)kuk2 = Lt(x, z, u)



Comparison with method of multipliers
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Method of Multipliers

<latexit sha1_base64="MM6A8BM/6G2abm2aVTntcWexdRI="></latexit>

f(x)

Ax = b

<latexit sha1_base64="yJDqUknYhFdwNJSm03vkaTg2NK4="></latexit>

xk+1
∈ argmin

x

Lt(x, y
k)

uk+1 = uk +Axk+1
− b

ADMM

<latexit sha1_base64="P+SxTC5kXl0AWqvaUYVnA+Y6tZw="></latexit>

f(x) + g(z)

Ax+Bz = c

<latexit sha1_base64="cTfV3ViZCEiahXsUh/xDRJtV9xQ="></latexit>

xk+1 = argmin
x

Lt(x, z
k, uk)

zk+1 = argmin
z

Lt(x
k+1, z, uk)

uk+1 = uk +Axk+1 +Bzk+1
− c

Remarks
<latexit sha1_base64="hqEoTCnTT9glpf3RIL5vWJiwmL4="></latexit>

uk+1

f g argmin

f g



Examples



Constrained optimization
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<latexit sha1_base64="AYV+RpcOHD8LiFa3eVdRLpnFNKg="></latexit>

f(x)

x ∈ C

<latexit sha1_base64="ruXcpab5P7GpIFuOLAXOld399iE="></latexit>

g(x) = IC(x)

<latexit sha1_base64="nt6n0/GZ2/kyuwapf1FuYlA+gxY="></latexit>

x
k+1 = proxλf (z

k
− u

k)

z
k+1 = proxλg(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1

ADMM iterates
<latexit sha1_base64="sdYtyRs428bYN8zcua2myepReD0="></latexit>

x
k+1 = proxλf (z

k
− u

k)

z
k+1 = ΠC(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1

<latexit sha1_base64="PJLsOAhAXZ/Ra1RVQYzCpYsX7B8="></latexit>

proxλf ΠC

f



Linear/Quadratic Optimization
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<latexit sha1_base64="KASEfkrTzCFFw0ZPguu91XtSPCQ="></latexit>

(1/2)xTPx+ qTx

Ax = b

x ≥ 0

<latexit sha1_base64="ZnwtFapMQ4bssTYvHZ35m4q6RhU="></latexit>

A ∈ R
m×n

ADMM iterations
<latexit sha1_base64="ciB0LEEs2QVMDLWsaPuRZWFE01Y="></latexit>

xk+1 = argmin
{x|Ax=b}

�

λf(x) + (1/2)kx� zk + ukk2
�

zk+1 = (xk+1 + uk)+

uk+1 = uk + xk+1 � zk+1

<latexit sha1_base64="+EAs0szqXvrtof9d6fbmAmUHVOI="></latexit>

f(x) = (1/2)xTPx+ qTx

dom f = {x | Ax = b}

g(z) = IR+
(z)



Linear/Quadratic Optimization
Rewriting prox
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Equality constrained QP

Optimality conditions
<latexit sha1_base64="fce+KLPYPl7N5TxpabxgO9EyuBc="></latexit>

[

λP + I AT

A 0

][

xk+1

ν

]

=

[

−λq + zk − uk

b

]

<latexit sha1_base64="jXpstQ+57k8GgTKflW++GN9c/Hw="></latexit>

O((n+m)3)

<latexit sha1_base64="euNVFT9YP4Oofru2pqyh47gwIFo="></latexit>

xk+1 = (λ/2)xTPx+ λqTx+ (1/2)‖x− zk + uk‖2

Ax = b



Linear/Quadratic Optimization
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<latexit sha1_base64="P0BVmuqPgvS+Af6bZrXyTihE6DM="></latexit>

xk+1 =

"

λP + I AT

A 0

#"

xk+1

ν

#

=

"

−λq + zk − uk

b

#

zk+1 = (xk+1 + uk)+

uk+1 = uk + xk+1
− zk+1

<latexit sha1_base64="KASEfkrTzCFFw0ZPguu91XtSPCQ="></latexit>

(1/2)xTPx+ qTx

Ax = b

x ≥ 0

Iterations

Remarks
<latexit sha1_base64="f2kdPvfgEsIISUgcaF0Uu+YaolY="></latexit>

O((n+m)2)

y = λu



Find point at the intersection of two sets

43

<latexit sha1_base64="J35LmCvK/RNfiw4qoyzFpARnLYw="></latexit>

x

x ∈ C ∩D

<latexit sha1_base64="L5jNE1fQRkDtsKqaL5pKgdzHQVc="></latexit>

x
k+1 = ΠC(z

k
− u

k)

z
k+1 = ΠD(xk+1 + u

k)

u
k+1 = u

k + x
k+1

− z
k+1

• Much more robust convergence than simple alternating projections


• Useful when projections are cheap


• Similar to Dykstra’s alternating projections 

• It can be used to solve optimization problems  
[Conic Optimization via Operator Splitting and Homogeneous Self-Dual 
Embedding, O’Donoghue, Chu, Parikh, Boyd]

Remarks



Matrix decomposition
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<latexit sha1_base64="6RRb5pv5qKI3y2Huvz0vsLvCiPc="></latexit>

M ∈ R
m×n

<latexit sha1_base64="UtNzB7nYfbfeuQQr2bPBRmBtEVE="></latexit>

‖L‖∗ + γ‖S‖1

L+ S = M

<latexit sha1_base64="nW8IrrVIUna6yVdkxlLcBxJof3I="></latexit>

kLk∗ =
Pn

i=1
σi(L) 1

1 kSk1 =
P

i,j |Sij |

[Robust Principal Component Analysis?, Candes et al.]

ADMM Iterations
<latexit sha1_base64="vX7t5a51CsyqhWYQdxLcTrKXb24="></latexit>

L
k+1 = proxλk·k∗

(M − S
k�1

−W
k)

S
k+1 = proxλγk·k1

(M − L
k+1 +W

k)

W
k+1 = W

k +M − L
k+1

− S
k+1



Matrix decomposition
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Explicit iterations
<latexit sha1_base64="vX7t5a51CsyqhWYQdxLcTrKXb24="></latexit>

L
k+1 = proxλk·k∗

(M − S
k�1

−W
k)

S
k+1 = proxλγk·k1

(M − L
k+1 +W

k)

W
k+1 = W

k +M − L
k+1

− S
k+1

<latexit sha1_base64="iJc6DaZoyH8K9B7wbh6czxqBxaY="></latexit>

L
k+1 = STλ(M − S

k−1
−W

k)

S
k+1 = Sλγ(M − L

k+1 +W
k)

W
k+1 = W

k +M − L
k+1

− S
k+1

<latexit sha1_base64="0cawMNNNZsJ4SPnOfgFHiR1vc4s="></latexit>

Sτ (Xi) = (1− τ/|Xi|)+Xi

STτ (X) = U(Σ− τI)+V
T X = UΣV T

Note it involves an SVD!



Matrix decomposition surveillance example
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[Robust Principal Component Analysis?, Candes et al.]

<latexit sha1_base64="2s2VDOtE8fNjOGnAWjY3ByhCzRs="></latexit>

M

<latexit sha1_base64="U2fPUexBgT3PUjWVyafrPcKCs70="></latexit>

Ŝ

<latexit sha1_base64="rr+O+gY+f0GVO0mlKxq3tZGRboY="></latexit>

L̂



Distributed optimization



Consensus optimization

48

Goal solve

<latexit sha1_base64="sdYtyRs428bYN8zcua2myepReD0="></latexit>

x
k+1 = proxλf (z

k
− u

k)

z
k+1 = ΠC(x

k+1 + u
k)

u
k+1 = u

k + x
k+1

− z
k+1

Constrained ADMM

Rewrite as consensus problem
<latexit sha1_base64="K+hp2EOqXojqo1XXSldaJvft0YY="></latexit>

N∑

i=1

fi(xi)

x ∈ C

<latexit sha1_base64="xTrtoGh949uW0xeFB7kU4nKmX98="></latexit>

C = {(x1, . . . , xN ) | x1 = x2 = · · · = xN}
Consensus set

<latexit sha1_base64="nViXqcpBG+KIA3NsSDEAnwOfmcA="></latexit>

xk+1

i = proxλfi
(zk − uk)

zk+1 = (1/N)
NX

i=1

(xk+1

i + uk
i )

uk+1

i = uk
i + xk+1

i − zk+1

separable

averaging

<latexit sha1_base64="R6DICvq4B3yVql4YSoKjylsqfqA="></latexit>

f(x) =
N∑

i=1

fi(x)



Distributed consensus optimization
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<latexit sha1_base64="nViXqcpBG+KIA3NsSDEAnwOfmcA="></latexit>

xk+1

i = proxλfi
(zk − uk)

zk+1 = (1/N)
NX

i=1

(xk+1

i + uk
i )

uk+1

i = uk
i + xk+1

i − zk+1

<latexit sha1_base64="2P9wHD2w31fj0P/Fc5QSnv6vSjU="></latexit>

z
k+1

= x̄
k+1

+ ū
k

rewrite

average <latexit sha1_base64="X9uEucqKoKOrU9etJzhQWUYX+Pk="></latexit>

ū
k+1

= ū
k
+ x̄

k+1
− z

k+1

<latexit sha1_base64="Oq2F/njgl9Sc8JrRHURRyQYHAPU="></latexit>

ū
k+1

= 0

<latexit sha1_base64="VzcEKzCPedrZ/qcrgUo3byvXLpE="></latexit>

z
k+1

= x̄
k+1

Simplified distributed iterations

<latexit sha1_base64="GaED/aYt1P7m5oAHBv4kIR43DQo="></latexit>

prox

xi x̄

<latexit sha1_base64="Ag75pQ5tzSIFb5y37G217MBJbp4="></latexit>

x
k+1

i = proxλfi
(x̄k

− u
k)

u
k+1

i = u
k
i + x

k+1

i − x̄
k+1



Global exchange problem
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<latexit sha1_base64="N/OBWvqGPBwrYQENo2dTjyUA8MQ="></latexit>

N∑

i=1

fi(xi)

N∑

i=1

xi = 0

<latexit sha1_base64="eBszrl/313xEyju7CNmEaKrs4Pw="></latexit>

xi ∈ R
n

<latexit sha1_base64="RH9phkX5J5AMCJMd8LprmAOST8I="></latexit>

(xi)j > 0 < 0 i

fi

ADMM iterations
<latexit sha1_base64="yg8HddY6dUwoCUJXfhbFhuj5bbM="></latexit>

x
k+1

i = proxλfi
(xk

i − x̄
k
− u

k)

u
k+1 = u

k + x̄
k+1

proximal exchange 
algrithm



Summary of ADMM
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Convergence

Applications

• [Proximal Algorithms, Parikh and Boyd]


• [Distributed Optimization and Statistical Learning via the Alternating Direction Method of Multipliers,          

     Boyd, Parikh, Chu, Peleato, Eckstein]

Surveys

Machine learning, control, finance, parallel computing, 
advertising, imaging, robotics, etc…

<latexit sha1_base64="xnnerNBi3l2fsDXhpkBa5f1c/ls="></latexit>

λ 1/ρ
f g



Operator splitting algorithms

Today, we learned to:


• Apply the proximal point method to the “multiplier to residual” mapping obtaining the 
Method of Multipliers (Augmented Lagrangian)


• Derive proximal gradient from forward-backward splitting


• Split operators to obtain simpler averaged iterations with Douglas-Rachford splitting


• Rewrite Douglas-Rachford splitting for optimization problems obtaining the Alternating 
Directions Method of Multipliers


• Apply ADMM to various examples


• Develop distributed algorithms

52



Next lecture

• Acceleration schemes

53


