
Bartolomeo Stellato — Fall 2020

ORF522 – Linear and Nonlinear Optimization
12. Introduction to nonlinear optimization



Anonymous questionnaire

2

Best aspects

Things to improve

• Instructor should go slower/write in some parts 

• Please ask me to interrupt at any point over the lecture


• You can also ask on Ed forum to repeat/go over some unclear parts


• Happy to clarify concepts in the office hours 

• More worked examples/precepts that are different than the homework 

• We could have some practice problems during AI office hours


• Happy to review material from the lecture during my office hours

• Lecture slides


• Ed forum questions + answers at the beginning of the class



Today’s lecture
[Chapter 2-4 and 6, B and V] [Chapter A, B, H-H and L]
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References for this part of the course (all available online)

• J. Nocedal and S. Wright, “Numerical Optimization”


• S. Boyd and L. Vandenberghe, “Convex Optimization”


• L. Vandenberghe, “UCLA 236C lecture notes”


• Y. Nesterov, “Introductory lectures to convex optimization”


• J. B. Hiriart-Hrruty and C. Lemarechal, “Fundamentals of Convex analysis”


• A. Beck, “First-order methods in optimization”

• Nonlinear optimization


• Examples


• Convex analysis review


• Convex optimization



What if the problem is no longer 
linear?



Nonlinear optimization
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x = (x1, . . . , xn)

<latexit sha1_base64="LLntmws9UiDijDE3N/MU9MDxj1o="></latexit>

f : R
n

→ R

<latexit sha1_base64="EqVgSbp/wu4xEYC05hBTPQl4rk0="></latexit>

gi : R
n
→ R

<latexit sha1_base64="ZdMHF9HMYj//4we8nYlArkaRb2o="></latexit>

Variables

Nonlinear objective function

Nonlinear constraints functions

f(x)

gi(x) ≤ 0, i = 1, . . . ,m

<latexit sha1_base64="3dFOyHb0z/+Q1qJNI6PNX5X5Nmk="></latexit>

<latexit sha1_base64="d+xFyLpjyc6DWTN0oDJRepnhw70="></latexit>

C = {x | gi(x) ≤ 0, i = 1, . . . ,m}

Feasible set



Small example
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<latexit sha1_base64="IJ4q+Ly6DZdjM18a7YU3FiPTOs0="></latexit>

x
⋆

Feasible set is  
no longer a polyhedron

<latexit sha1_base64="Fj645zYLaxMp07YM5gJZPmST2wE="></latexit>

C

Contour plot has curves 
(no longer lines)

<latexit sha1_base64="Ftkq4+TPzCLgj2r89ONAfiFenoQ="></latexit>

0.5x2

1
+ 0.25x2

2

e
x1 − 2− x2 ≤ 0

(x1 − 1)2 + x2 − 3 ≤ 0

x1 ≥ 0

x2 ≥ 1



Integer optimization
It’s still nonlinear optimization
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f(x)

sin(πx) = 0

<latexit sha1_base64="8/ysatmc77ov7Sm6JFXh+lBI/ZE="></latexit>

0 1 2 3 4 5 6 7 8 9 10
x

−1.0

−0.5

0.0

0.5

1.0

si
n
(π
x
)

<latexit sha1_base64="Ezv0s0C3taSMXIIKjjspnUu126M="></latexit>

f(x)

x ∈ Z



We cannot solve most nonlinear 
optimization problems
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Examples of (solvable) nonlinear 
optimization



Regression
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f(z) = α+ βz m (zi, yi)

<latexit sha1_base64="8WEr42fU6MLpFagjgtr8ykrAJ+o="></latexit>

Ax ≈ b

<latexit sha1_base64="71lorvch4l5XXMf67s1ArntQbSg="></latexit>

A =









1 z1

1 zm









, x =

[

α

β

]

, b =









y1

ym









<latexit sha1_base64="qQLiqHcAxLex1ostE+7k/bX7bDM="></latexit>

<latexit sha1_base64="8JcXmL2HFQfcE2CZkFsvv2sDQtw="></latexit>

‖Ax− b‖
Goal

<latexit sha1_base64="Vi5gSkdnU0W58jP4IsOF24DFFZM="></latexit>

1 ∞ =⇒
<latexit sha1_base64="+QxBhrs95+U73fIFjs7H3MubAkM="></latexit>

‖Ax− b‖2
2
=

∑

i

(f(zi)− yi)
2

<latexit sha1_base64="I6MES6ZOYhlH6tUoY8sLsZcVvgg="></latexit>

2 =⇒



Sparse regression
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<latexit sha1_base64="R802yWj5tfwii6uUHCuyx1U0DIE="></latexit>

‖Ax− b‖2
2

card(x) ≤ k

Regressor selection
<latexit sha1_base64="6OMDjsydV6k618OdB32zuIxelZ4="></latexit>

A

<latexit sha1_base64="06fm0g6Lxh5HPY6W5UbnGwjm51E="></latexit>

x

<latexit sha1_base64="bi5kdHernzfpkB25hsTCVyvUAoI="></latexit>

b

<latexit sha1_base64="UBwcapdn13AAPXzuBt5As+eDdqU="></latexit>

≈

<latexit sha1_base64="XL5aoighpeCscTbf12NJTL/XheE="></latexit>

x

more robust(very hard)

Regularized regression (lasso)
<latexit sha1_base64="rPI8nl8WX1iASU0kB9+JtSwsBjQ="></latexit>

‖Ax− b‖2
2
+ γ‖x‖1

Regularized regression (ridge)
<latexit sha1_base64="VIrVNqHjCJeBQ0BGY9oOBTJudJ0="></latexit>

‖Ax− b‖2
2
+ γ‖x‖2

2

Add regularization to the objective



Lasso vs ridge regression
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Regularized regression (lasso)
<latexit sha1_base64="rPI8nl8WX1iASU0kB9+JtSwsBjQ="></latexit>

‖Ax− b‖2
2
+ γ‖x‖1

Regularized regression (ridge)
<latexit sha1_base64="VIrVNqHjCJeBQ0BGY9oOBTJudJ0="></latexit>

‖Ax− b‖2
2
+ γ‖x‖2

2

10
−2

10
−1

10
0

10
1

10
2

10
3

γ

−2

−1

0

1

2

3

10
−2

10
−1

10
0
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1
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2
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3

γ

−2

−1

0

1

2

3

Regularization paths



Portfolio optimization
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<latexit sha1_base64="O2Mq3sCi00+BtoFOV3ltmKQ/Yww="></latexit>

pi i

Returns
<latexit sha1_base64="Ek28bVWqCeVg4jBKMdEW/eKfWTs="></latexit>

p
T
x

<latexit sha1_base64="6csAjKbW7hmKD2+5fyK0ohM0Z/0="></latexit>

p µ Σ

Portfolio optimization
<latexit sha1_base64="VogGWAwsF1JWbmXk/TsKJzzA+gY="></latexit>

µ
T
x− γx

T
Σx

1
T
x = 1

x ≥ 0

Expected 
return

Risk

Risk-aversion  
parameter

<latexit sha1_base64="FaAZeKm/J5b8DzVpmOLMNI9sc7A="></latexit>

xi i

<latexit sha1_base64="VyJjwYwM1KdpEJNtlnndtcEdTA0="></latexit>

n



Convex analysis review



Extended real-value functions
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<latexit sha1_base64="cLYOoAObqeT3ZtTO2YVg6hOOPgg="></latexit>

f(x) domf

<latexit sha1_base64="wXwGG3q0CScgQEyEq7fXasilC6w="></latexit>

f̃(x) =

{

f(x) x ∈ domf

∞ x /∈ domf

Extended-value extension

No need to explicitly define domain
<latexit sha1_base64="Uwc7vMzxDVCJfWiHjrclDESBSTk="></latexit>

domf̃ = {x | f̃(x) < ∞}



Indicator functions
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<latexit sha1_base64="uFzPblfuxVwVjyG2HMP2DXgWCmw="></latexit>

f(x)

x ∈ C

Indicator function

Constrained form Unconstrained form

<latexit sha1_base64="uHc1HhrGRqmi9n6o3zomH4De2pQ="></latexit>

IC(x) =

{

0 x ∈ C

∞ x /∈ C

<latexit sha1_base64="Aluo0wu8DfCBGqlGGLvKHjJ/mho="></latexit>

f(x) + IC(x)



Convex set
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αx+ (1− α)y ∈ C

<latexit sha1_base64="HVp2+y++UwIx80CeeBDjJdV9cMY="></latexit>

x, y ∈ C α ∈ [0, 1]

<latexit sha1_base64="3jBFVtbNU9fwWJb27JezHXmIvPw="></latexit>

Definition

Convex Not convex

Examples Examples
<latexit sha1_base64="XqaZMOV+JBiCEZsY8Lx4xjX6+B8="></latexit>

R
n

<latexit sha1_base64="EJy7LuhJh4nW7g26jWrPpAe3bns="></latexit>

Z
n



Convex combinations
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Convex combination

α1x1 + · · ·+ αkxk x1, . . . , xk α1, . . . ,αk

<latexit sha1_base64="DR6UO1IZWco3FokYftIQgzpOGB4="></latexit>

αi ≥ 0,
P

k

i=1
αi = 1

<latexit sha1_base64="IXS2ebO/tp5jhHedt7zBj3Jm6OA="></latexit>

Convex hull
<latexit sha1_base64="V9sQclH9jmB6dLQpyiyaOCTasM4="></latexit>

convC =

{

k
∑

i=1

αixi | xi ∈ C, αi ≥ 0, i = 1, . . . , k, 1
T
α = 1

}



Cones

19

Cone
<latexit sha1_base64="CbZEpYUwNTCIcd7+x06vlPLE8gs="></latexit>

x ∈ C =⇒ tx ∈ C t ≥ 0

Convex cone
<latexit sha1_base64="t5lDK2VIdgURnGcii/v4/Qk5xzE="></latexit>

x1, x2 ∈ C =⇒ t1x1 + t2x2 ∈ C t1, t2 ≥ 0

<latexit sha1_base64="2LOuxMJFE/EfrazBdvaGOPzTiMI="></latexit>

x1

<latexit sha1_base64="qrcVLED28e6h6OZEp4/pDYhJAro="></latexit>

x2
<latexit sha1_base64="tzgX9+0fCWPv4fwpevnbhEFQEho="></latexit>

0



Conic combinations
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Conic combination

α1x1 + · · ·+ αkxk x1, . . . , xk α1, . . . ,αk

<latexit sha1_base64="DR6UO1IZWco3FokYftIQgzpOGB4="></latexit>

<latexit sha1_base64="XwaeasvGZ+1A/keCBPmBCLoQKRg="></latexit>

αi ≥ 0

Conic hull

00

<latexit sha1_base64="PS+4YFpjjJC4Hsjkb033YELj0p4="></latexit>

{

k
∑

i=1

αixi | xi ∈ C, αi ≥ 0, i = 1, . . . , k

}



Cones
Examples
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Nonnegative orthant

Norm-cone

Positive semidefinite cone

<latexit sha1_base64="uVo1aOySLsrvPXMmq0jfSKaIfLs="></latexit>

R
n

+ = {x ∈ R
n | x ≥ 0}

<latexit sha1_base64="FPhdTu+E/EBzBXLO9noGRwC0A9U="></latexit>

{(x, t) | ‖x‖ ≤ t}
<latexit sha1_base64="FiR1KyEImovKiof9WzgHnd0Wxa0="></latexit>

2

<latexit sha1_base64="I/yfAbQOOZl+Zn51lFM0CNLQfrU="></latexit>

S
n

+ = {X ∈ S
n | zTXz ≥ 0, z ∈ R

n}



Normal cone
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<latexit sha1_base64="B/wZpwSgsr6Z3iNfeb44wrKT8QA="></latexit>

C x ∈ C

<latexit sha1_base64="nD4xtTw6lo75kYyKxnpEYegj0Fg="></latexit>

NC(x) =
{

g | gT (y − x) ≤ 0, y ∈ C
}

<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>

x
<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>

x

<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)
<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)

<latexit sha1_base64="icz1uaBw5CjJN4q/mpWQmKPwQPc="></latexit>

NC(x)

<latexit sha1_base64="R0hZ/sI/80rFTX1L3s8BW3qjDbY="></latexit>

x ∈ intS



Gradient
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<latexit sha1_base64="z1sLYwycuoKSWPuCxVOP14OK16E="></latexit>

Df(x)ij =
∂fi(x)

∂xj

, i = 1, . . . ,m, j = 1, . . . , n

Derivative

First-order approximation

<latexit sha1_base64="JZEiKfRlppXsLay6vwcCjm9IwwQ="></latexit>

y

<latexit sha1_base64="IYglJoWK7ALaUIa+bRbmipIfS1c="></latexit>

f(y) ≈ f(x) +∇f(x)T (y − x)

Gradient

<latexit sha1_base64="aghP6PvDoYOK/Qcmhiu3kdZml8M="></latexit>

∇f(x) = Df(x)T

<latexit sha1_base64="J4I/EYS8aMnXRM9AsPLF909o6rM="></latexit>

f : R
n
→ R

Example
<latexit sha1_base64="A9Fb+A6gyJ6wb0eUGCbyPkvul6Y="></latexit>

f(x) = (1/2)xTPx+ qTx

rf(x) = Px+ q

<latexit sha1_base64="eq0ZSDlF16mtVdaFsL8jsqirW6k="></latexit>

f(x) : Rn
→ R

m



Hessian
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Hessian matrix (second derivative)

<latexit sha1_base64="4xDnxDY0KKXhpPQm6uX9Q09EiXI="></latexit>

∇
2f(x)ij =

∂2f(x)

∂xi∂xj

, i = 1, . . . ,m, j = 1, . . . , n

<latexit sha1_base64="rbgbJah1Q44iyvVT5JbUd+LRJNc="></latexit>

f(x) : Rn
→ R

Second-order approximation
<latexit sha1_base64="fy23B5wQ9HLroOZZZIhaRqtA7ZI="></latexit>

f(y) ≈ f(x) +∇f(x)T (y − x) + (1/2)(y − x)T∇2f(x)(y − x)
<latexit sha1_base64="sQEilU1M6v/j7B7BNj1qiJqrTQE="></latexit>

y

Example
<latexit sha1_base64="PfUfGgI9zLKXhUXl2As1qqZDPo8="></latexit>

f(x) = (1/2)xTPx+ qTx

r
2f(x) = P



Convex optimization



Convex functions
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Convex function
<latexit sha1_base64="kgPuRPIXZsEURbO+0Wt18CIyzoc="></latexit>

x, y ∈ R
n
, α ∈ [0, 1]

<latexit sha1_base64="9LK/4DeUJV0rY3JggQusaf+bat4="></latexit>

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y)

<latexit sha1_base64="cX8H4Se/dPEEwfZRG+Rnii7Gw5s="></latexit>

f(αx+ (1− α)y)

<latexit sha1_base64="0Wrey/YngVHx6UEpjMgQBsNrYcY="></latexit>

αf(x) + (1− α)f(y)

<latexit sha1_base64="agZSb3Cyd4sVe8phz+jVLeSUIvE="></latexit>

(x, f(x))

<latexit sha1_base64="RSLpldtlP8BCiRA1k8apjFiAzCY="></latexit>

(y, f(y))

Concave function
<latexit sha1_base64="3A9GSjj4N6cUyHhlJNjYm++BhuM="></latexit>

f −f



Convex conditions

27

First-order

<latexit sha1_base64="HVhJfc16Lxcp3FK/Gra7fqAxmMI="></latexit>

f(y) ≥ f(x) +∇f(x)T (y − x)

<latexit sha1_base64="6e8E85zgHZFI4JBatGx9quTo/6Y="></latexit>

x, y ∈ domf

<latexit sha1_base64="P4PE7HiaYrCl8CDJulZggHMWiIo="></latexit>

(x, f(x))

<latexit sha1_base64="/DnJG8OVprOTeveAco+QmbVEfgw="></latexit>

f(x) +∇f(x)T (y − x)

<latexit sha1_base64="X5HvsnUBJOSZzjQXnyF6VqC/mHc="></latexit>

f(y)

<latexit sha1_base64="wnn+8lyHdt8BIyreypcO7Y/asvU="></latexit>

f

domf

Second-order

<latexit sha1_base64="TLAbg/gMcNUORgoSl1P5+lNTEkw="></latexit>

∇
2f(x) " 0

<latexit sha1_base64="0OSkWxffy8QYnDzOszR6NRKeC1U="></latexit>

x ∈ domf

<latexit sha1_base64="1LKUVz73pth6rXKjek8yfHg9Oow="></latexit>

f f

domf



Verifying convexity
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Basic definition (inequality)

First and second order conditions (gradient, hessian)
Hard!

Convex calculus (directly construct convex functions)

• Library of basic functions that are convex/concave


• Calculus rules or transformations that preserve convexity
Easy!



Disciplined Convex Programming
Convexity by construction

29

General composition rule

Only sufficient  
condition

More details and examples in ORF523

Check your functions at https://dcp.stanford.edu/

<latexit sha1_base64="APVOfxOT+zEpWGlpR58xiWLtvgg="></latexit>

h(f1(x), f2(x), . . . , fk(x)) h i

h i fi
h i fi
fi



Convex optimization problems

30

f : R
n

→ R

<latexit sha1_base64="EqVgSbp/wu4xEYC05hBTPQl4rk0="></latexit>

gi : R
n
→ R

<latexit sha1_base64="ZdMHF9HMYj//4we8nYlArkaRb2o="></latexit>

Convex objective function

Convex constraints functions

f(x)

gi(x) ≤ 0, i = 1, . . . ,m

<latexit sha1_base64="3dFOyHb0z/+Q1qJNI6PNX5X5Nmk="></latexit>

<latexit sha1_base64="d+xFyLpjyc6DWTN0oDJRepnhw70="></latexit>

C = {x | gi(x) ≤ 0, i = 1, . . . ,m}

Convex feasible set



Modelling software for convex optimization

31

Modelling tools simplify the formulation of convex optimization problems 


• Construct problems using library of basic functions


• Verify convexity by general composition rule 


• Express the problem in input format required by a specific solver

Examples

• CVX, YALMIP (Matlab)


• CVXPY (Python)


• Convex.jl (Julia)



Solving convex optimization problems
CVXPY

32

x = cp.Variable(n)

objective = cp.Minimize(cp.norm(A*x - b))

constraints = [0 <= x, x <= 1]

problem = cp.Problem(objective, constraints)

# The optimal objective value is returned by `problem.solve()`.

result = problem.solve()

# The optimal value for x is stored in `x.value`.

print(x.value)

<latexit sha1_base64="wyNwmdnZv6DSKUaCTQmvIVWCkqI="></latexit>

‖Ax− b‖2

0 ≤ x ≤ 1



Local vs global minima (optimizers)
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<latexit sha1_base64="uFzPblfuxVwVjyG2HMP2DXgWCmw="></latexit>

f(x)

x ∈ C

<latexit sha1_base64="2hfuLDQV5r8N8+HVlldiQLUXxPM="></latexit>

f(y) ≥ f(x), ∀y ∈ C

<latexit sha1_base64="pwLEWXYlQV+abkgi9m88KKuhm0E="></latexit>

x
<latexit sha1_base64="nNkFWYo22TJ+W2foipiFQZWJ22U="></latexit>

f(y) � f(x), 8y
kx� yk2  R

<latexit sha1_base64="BRw1uNnTLwTt8vbEb6UWvV0NvX0="></latexit>

x



Optimality and convexity
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For a convex optimization problem, any local minimum is a global minimum

Theorem

<latexit sha1_base64="2hfuLDQV5r8N8+HVlldiQLUXxPM="></latexit>

f(y) ≥ f(x), ∀y ∈ C

<latexit sha1_base64="pwLEWXYlQV+abkgi9m88KKuhm0E="></latexit>

x

<latexit sha1_base64="nNkFWYo22TJ+W2foipiFQZWJ22U="></latexit>

f(y) � f(x), 8y
kx� yk2  R

<latexit sha1_base64="BRw1uNnTLwTt8vbEb6UWvV0NvX0="></latexit>

x



Optimality and convexity
Proof (contradiction)

35

which contradicts the local optimum definition.

<latexit sha1_base64="GCmSFbvN+pXywXKN8oP/DiOF6v0="></latexit>

f f(y) ≤ (1− α)f(x) + αf(z) < f(x)

<latexit sha1_base64="1KHawCgxqqpmfDpaol3e4u4bu9o="></latexit>

x

<latexit sha1_base64="n4+lokzryJcpFrXF+2iVm1ISTVI="></latexit>

f x f
<latexit sha1_base64="cK/L0rIKqnQGsv6a1lFk967qMjo="></latexit>

f(y) � f(x), 8y kx� yk2  R
<latexit sha1_base64="rJR1hF47CsYxUEPWFlchrSMqgW0="></latexit>

z kz � xk > R f(z) < f(x)

<latexit sha1_base64="ENqQQ25sxD7DpT51FV3D26CZHMA="></latexit>

y = (1� α)x+ αz α =
R

2kz � xk2
<latexit sha1_base64="m/qlpLRub8ikzRUNfb31kDaY6Og="></latexit>

ky � xk2 = αkz � xk2 = R/2 < R
y

<latexit sha1_base64="DCsGKpcxoSkQAWYJVSjqhgq0YmM="></latexit>

x

<latexit sha1_base64="W58nGouYje6vaLPPoJTdyFjG564="></latexit>

z

<latexit sha1_base64="DiDQMDBDoE/3x8gJ6DJxyxu+dpQ="></latexit>

y

<latexit sha1_base64="7nBHm5Jj2s++nuzE9NuXS0lSJBY="></latexit>

R



R. Tyrrell Rockafellar, in SIAM Review, 1993

"...in fact, the great watershed in optimization 
isn't between linearity and nonlinearity, but 
convexity and nonconvexity."

36



Nonlinear optimization
Topics of this part of the course

37

Conditions to characterize minima

Algorithms to find (local) minima

(if applied to convex problems, they find global minima)



Introduction to nonlinear optimization

Today, we learned to:


• Define nonlinear optimization problems


• Understand convex analysis fundamentals (sets, cones, functions, and 
gradients)


• Verify convexity and construct convex optimization problems


• Define convex optimization problems in CVXPY


• Understand the importance of convexity vs nonconvexity in optimization

38



Next lecture

• Optimality conditions in nonlinear optimization

39


