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ORF522 – Linear and Nonlinear Optimization
11. Interior-point methods implementation



Ed forum

• We also said that we didn’t’ want to be exactly on the central path but remain in a neighborhood. What happens 
when we are directly on the central path? From the picture it looked like there would still be a newton step and 
a centering step so we’d be ok?


• What will happen to Newton's method if we get to a corner?


• What is the main advantage of using methods like primal dual path following vs simply taking very small positive 
tau, say 1e-6, and solving the problem? In such as case, do we still have the problem of potentially getting stuck 
in the corner?


• Newton's method relies on differentiability of the function that we want to set to zero. What can we do if a 
function is continuous but nondifferentiable? 


• When we take steps that are "mixtures" of Newton's direction and Central Path direction (σ<1), how can we 

guarantee that there exists α>0 such that we can make y+α y>0?


• Can the initialization of the central path method lead to non-convergence or can we just find any point in the 
interior of the feasible set?  
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Symmetric primal-dual problems

5

cTx

Ax ≤ b

<latexit sha1_base64="9unbuqgij6UpCfFAj368yjYcqgQ="></latexit>



Symmetric primal-dual problems

5

cTx

Ax ≤ b

<latexit sha1_base64="9unbuqgij6UpCfFAj368yjYcqgQ="></latexit>

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>



Symmetric primal-dual problems

5

Optimality conditions

Ax+ s− b = 0

AT y + c = 0

siyi = 0

s, y ≥ 0

<latexit sha1_base64="JGljbviwia/85llFDqYXlMwGBAA="></latexit>

cTx

Ax ≤ b

<latexit sha1_base64="9unbuqgij6UpCfFAj368yjYcqgQ="></latexit>

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>



Strict complementarity
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Main idea

7

S = diag(s)

Y = diag(y)

<latexit sha1_base64="NtRUT1gLCqwsU99QJhSlab+7ZgM="></latexit>

Optimality conditions

h(x, s, y) =







Ax+ s− b

AT y + c

SY 1






= 0

s, y ≥ 0

<latexit sha1_base64="YVsGqBWGtataW2jUC+9m966e2Vk="></latexit>

h(x, s, y) = 0

s, y > 0

<latexit sha1_base64="P6/JiW+LmCFyZGND+UpFVwBPsXI="></latexit>



Algorithm step
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Primal-dual path-following algorithm
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Path-following algorithm idea
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Today’s lecture
[Chapter 14, Nocedal and Wright][Chapter 22, Vanderbei]

• Mehrotra predictor-corrector algorithm


• Implementation details


• Homogeneous self-dual embedding


• Interior-point vs simplex
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Predictor-corrector algorithm



Main idea:
Predict and select centering parameter
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Select centering parameter
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Mehrotra correction
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Mehrotra predictor-corrector algorithm
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Mehrotra predictor-corrector algorithm
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Mehrotra predictor-corrector algorithm
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Implementation details
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Step 2 (Newton) and 4 (Corrected direction) solve equations of the form
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Simplified linear system

21

Coefficient matrix

Characteristics
B = A

T
S
−1

Y A

<latexit sha1_base64="YDvGFV8lcIvLc1hEc575kCUwxTo="></latexit>

A

S−1Z

B rank(A) = n

B ATA S−1Z

<latexit sha1_base64="H5Sfza3UAe+lEPIVkLVnaMSMu6c="></latexit>

O
Si
,go so

it Gidi

KK



Simplified linear system

21

Coefficient matrix

Characteristics
B = A

T
S
−1

Y A

<latexit sha1_base64="YDvGFV8lcIvLc1hEc575kCUwxTo="></latexit>

A

S−1Z

B rank(A) = n

B ATA S−1Z

<latexit sha1_base64="H5Sfza3UAe+lEPIVkLVnaMSMu6c="></latexit>

Cholesky factorizations

B = PLL
T
P

T

<latexit sha1_base64="HC36t9xDsKTUTWsjDQohL/PtuUE="></latexit>

P

O(n3)
O(n2)

<latexit sha1_base64="+DhxAJRyVsrckMdtAoAWKbRuE7E="></latexit>

⇒
THE

tf



Simplified linear system

21

Coefficient matrix

Characteristics
B = A

T
S
−1

Y A

<latexit sha1_base64="YDvGFV8lcIvLc1hEc575kCUwxTo="></latexit>

A

S−1Z

B rank(A) = n

B ATA S−1Z

<latexit sha1_base64="H5Sfza3UAe+lEPIVkLVnaMSMu6c="></latexit>

Cholesky factorizations

B = PLL
T
P

T

<latexit sha1_base64="HC36t9xDsKTUTWsjDQohL/PtuUE="></latexit>

P

O(n3)
O(n2)

<latexit sha1_base64="+DhxAJRyVsrckMdtAoAWKbRuE7E="></latexit>

O(n3)

<latexit sha1_base64="OSeXnSHfgjyeK7QzUP6klRX1ZEU="></latexit>

Per-iteration 
complexity

¥

*



Convergence

22

No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm



Convergence

22

No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice 30

<latexit sha1_base64="XetaElmpuFrcOgfExnJa4nC7oEs="></latexit>



Convergence

22

No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice 30

<latexit sha1_base64="XetaElmpuFrcOgfExnJa4nC7oEs="></latexit>

Theoretical iteration complexity

O(
√

n)

<latexit sha1_base64="L4h6tMmLzX/vTPs1BLhruzew9ZY="></latexit>



Convergence

22

No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice 30

<latexit sha1_base64="XetaElmpuFrcOgfExnJa4nC7oEs="></latexit>

Theoretical iteration complexity

O(
√

n)

<latexit sha1_base64="L4h6tMmLzX/vTPs1BLhruzew9ZY="></latexit>

Average iteration complexity

O(log n)

<latexit sha1_base64="cJ+nw1Eu0VahsvEsOvsLxlHxZO0="></latexit>



Convergence

22

No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice 30

<latexit sha1_base64="XetaElmpuFrcOgfExnJa4nC7oEs="></latexit>

Theoretical iteration complexity

O(
√

n)

<latexit sha1_base64="L4h6tMmLzX/vTPs1BLhruzew9ZY="></latexit>

Average iteration complexity

O(log n)

<latexit sha1_base64="cJ+nw1Eu0VahsvEsOvsLxlHxZO0="></latexit>

Operations

O(n3/2)

<latexit sha1_base64="/zoIFG4FCxJRRDH1W6KVlZWvov8="></latexit>

O(n3 log n)

<latexit sha1_base64="We9LZxhcQGK3AfxlarbCLvzZDrg="></latexit>

33.5555



Warm-starting

23

Interior-point methods are difficult to warm-start



Warm-starting

23

Interior-point methods are difficult to warm-start

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Previous solution [
.
U U

U -
-

-

w

Tin



Warm-starting

23

Interior-point methods are difficult to warm-start

x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Previous solution

Hard to make progress 
with long steps

Badly centered  
initial point



Homogeneous self-dual 
embedding



Optimality conditions

25

Optimality conditions
2

6

4

0

s

0

3

7

5
=

2

6

4

0 AT

−A 0

cT bT

3

7

5

"

x

y

#

+

2

6

4

c

b

0

3

7

5

s, y ≥ 0

<latexit sha1_base64="l5Yg0wfcgYZ3BxyFUzzOjt7T/Lw="></latexit>

(x?
, s

?
, y

?)

<latexit sha1_base64="bL+28AhRF0kl1L1zwWVHV+RVzsQ="></latexit>

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>



Optimality conditions

25

Optimality conditions
2

6

4

0

s

0

3

7

5
=

2

6

4

0 AT

−A 0

cT bT

3

7

5

"

x

y

#

+

2

6

4

c

b

0

3

7

5

s, y ≥ 0

<latexit sha1_base64="l5Yg0wfcgYZ3BxyFUzzOjt7T/Lw="></latexit>

(x?
, s

?
, y

?)

<latexit sha1_base64="bL+28AhRF0kl1L1zwWVHV+RVzsQ="></latexit>

What happens if the problem is infeasible?

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>



How do you detect infeasibility/unboundedness?

26

Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>

Ax+ s = b, s ≥ 0

AT y = 0, bT y < 0, y ≥ 0

<latexit sha1_base64="Z0R/diq+iN6+Thg+CBnSuqsTf/o="></latexit>

Alternatives (Farkas lemma) Write feasibility problem and dualize…
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The homogeneous self-dual embedding
Properties
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The homogeneous self-dual embedding
Properties

Always feasible

α = 0 ⇒ (0, 0)
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The homogeneous self-dual embedding
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(x̂, ŝ, ŷ) = (x?/τ, s?/τ, y?/τ)
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(x̂, ŝ, ŷ) = (x?/τ, s?/τ, y?/τ)

<latexit sha1_base64="trYEFEvjMvM9nAkkkvh9uDsMkK4="></latexit>

Feasibility

τ = 0,κ > 0

<latexit sha1_base64="Y1Mzba9yyg3zTFi9JsmCqJkbncw="></latexit>

cTx+ bT y < 0

<latexit sha1_base64="GFRGAnipgHJIX1DO0U0l204AhDA="></latexit>

Infeasibility
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Self-dual problem
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0

Qu = v

u, v ≥ 0
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Q QT
= −Q

<latexit sha1_base64="n/j+IUlRGsp9bCsP6T1S9bMGNZE="></latexit>

The dual is identical
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g(ν,λ, µ) =
u,v

L(u, v, ν,λ, µ) = ν
T (Qu− v)− λ

Tu− µT v
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Interior-point method for homogeneous self-dual embedding

31

Complementarity problem

Qu = v

uT v = 0

u, v ≥ 0

<latexit sha1_base64="ViN5grkdBO87FplV3YIkNSzAYJ8="></latexit>

h(u, v) =

"

Qu− v

UV 1

#

= 0

u, v ≥ 0

<latexit sha1_base64="qSukZpm6zUizbCXf0OkUAgsqxcs="></latexit>
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Interior-point methods can solve linear complementarity problems



Interior-point vs simplex
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−10x1 − 12x2 − 12x3

x1 + 2x2 + 2x3 ≤ 20

2x1 + x2 + x3 ≤ 20
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Example with real solver
CVXOPT (open-source)
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import numpy as np

import cvxpy as cp

c = np.array([-10, -12, -12])

A = np.array([[1, 2, 2],

              [2, 1, 2],

              [2, 2, 1]])

b = np.array([20, 20, 20])

n = len(c)

x = cp.Variable(n)

problem = cp.Problem(cp.Minimize(c @ x), 

                     [A @ x <= b, x >= 0])

problem.solve(solver=cp.CVXOPT, verbose=True)

Code Output

     pcost       dcost       gap    pres   dres   k/t

 0: -1.3077e+02 -2.3692e+02  2e+01  1e-16  6e-01  1e+00

 1: -1.3522e+02 -1.4089e+02  1e+00  2e-16  3e-02  4e-02

 2: -1.3599e+02 -1.3605e+02  1e-02  2e-16  3e-04  4e-04

 3: -1.3600e+02 -1.3600e+02  1e-04  1e-16  3e-06  4e-06

 4: -1.3600e+02 -1.3600e+02  1e-06  1e-16  3e-08  4e-08

Optimal solution found.

[The CVXOPT linear and quadratic cone program solvers, L. Vandenberghe 2010]

In [3]: x.value

Out[3]: array([3.99999999, 4.        , 4.        ])
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Average interior-point complexity
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Comparison between interior-point method and simplex
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Primal simplex

• Primal feasibility


• Zero duality gap

Dual feasibility

Dual simplex

• Dual feasibility


• Zero duality gap

Primal feasibility

Primal-dual interior-point

• Interior condition

• Primal feasibility


• Dual feasibility


• Zero duality gap
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Primal simplex

• Primal feasibility


• Zero duality gap

Dual feasibility

Dual simplex

• Dual feasibility


• Zero duality gap

Primal feasibility

Primal-dual interior-point

• Interior condition

Exponential worst-case complexity Polynomial worst-case complexity

• Primal feasibility


• Dual feasibility


• Zero duality gap

Requires feasible point Allows infeasible start

Can be warm-started Cannot be warm-started
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37

Dual simplex Interior-point (barrier)

• Small-to-medium problems


• Repeated solves with varying data
• Medium-to-large problems


• Sparse structured problems
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Which algorithm should I use?
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Dual simplex

How do solvers with multiple options decide?

Concurrent Optimization

Interior-point (barrier)

• Small-to-medium problems


• Repeated solves with varying data
• Medium-to-large problems


• Sparse structured problems

Why not both? (crossover)

Interior-point Few simplex steps

→
MOSER , KINSRD



Interior-point methods implementation

Today, we learned to:


• Apply Mehrotra predictor-corrector algorithm


• Exploit linear algebra to speedup computations


• Detect infeasibility/unboundedness with homogeneous self-dual embedding


• Analyze empirical complexity


• Compare interior-point and simplex methods
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Next lecture

• Introduction to nonlinear optimization
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