
Bartolomeo Stellato — Fall 2020

ORF522 – Linear and Nonlinear Optimization
8. Linear optimization duality



Ed forum

• I am wondering is there a general intepretation of the practical meaning of the Dual Problem to its 
Primal ?


• Is it always possible to find an interpretation of the dual problem?


• Also the dual of dual is primal, they should be mathematically related. Can you please explain this 
if you remember?


• Can the strong duality be deduced at some point in the primal simplex algorithm  or do we need 
both primal and dual simplex to run to check the strong duality? 


• I'm still not to sure why dual is important to LP problems compared to convex problems


•  If primal optimal solution x is unique, would we also have a unique optimal solution y in the dual?


• When do we decide whether we want to solve the primal or the dual? 
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Recap



Relationship between primal and dual
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primal inf.


dual unb.

optimal values 

equal

exception
primal unb.


dual inf

d
?
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Today’s agenda

• Two-person zero-sum games


• Farkas lemma


• Complementary slackness


• Dual simplex method
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Readings: [Chapter 4, Bertsimas, Tsitsiklis][Chapter 11, Vanderbei]



Two-person zero-sum games



Rock paper scissors
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Rules

At count to three declare one of: Rock, Paper, or Scissors

Winners

Identical selection is a draw, otherwise:
• Rock beats (“dulls”) scissors


• Scissors beats (“cuts”) paper


• Paper beats (“covers”) rock

Extremely popular: world RPS society, USA RPS league, etc.



Two-person zero-sum game
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Two players make their choice independently

Rule

1 Aij 2

<latexit sha1_base64="jyn5PxonjunkDUz/5uUwMN/a1KY="></latexit>

A ∈ R
m×n

<latexit sha1_base64="zuxnMvNEnG/MFTYJWQnoouUc/vI="></latexit>

A =







0 1 −1

−1 0 1

1 −1 0
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Rock, Paper, Scissors

i ∈ {1, . . . ,m} m

j ∈ {1, . . . , n} n

<latexit sha1_base64="ZGkMmYMl0rOXRUjnoswXDGotDp0="></latexit>



Mixed (randomized) strategies
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Deterministic strategies can be systematically defeated

Randomized strategies

x

y

<latexit sha1_base64="/l/TR58XV7hEw5maVf00WCZGUoQ="></latexit>

xi = i
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m∑

i=1

n∑

j=1

xiyjAij = xTAy

<latexit sha1_base64="dEnx31ZWcO+0SYnt5WOpSesbB+0="></latexit>

x y
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Mixed strategies and probability simplex
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Pk = {p ∈ R
k | p ≥ 0, 1

T p = 1}

<latexit sha1_base64="Rngmk+G+1BKN38GwljbA8OSyGWU="></latexit>

R
k

<latexit sha1_base64="t21pfOr3r+Y635owG0lezl2Faxg="></latexit>

Mixed strategy

For a game player, a mixed strategy is a distribution over all possible 
deterministic strategies. 

The set of all mixed strategies is the probability simplex x ∈ Pm, y ∈ Pn

<latexit sha1_base64="GzUnJfOHcqFCSFDQT3wjx7r0UAU="></latexit>



Optimal mixed strategies
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x
?
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max

y∈Pn

xTAy

x ∈ Pm
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min
x∈Pm

xTAy

y ∈ Pn
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Inner problem over 
deterministic 

strategies (vertices)

max
j=1,...,n

(AT
x)j

x ∈ Pm

<latexit sha1_base64="nvCyYmd/cTwvjVWcca+yJQDMP7w="></latexit>

min
i=1,...,m

(Ay)i

y ∈ Pn

<latexit sha1_base64="fsFempaBevVxQ4mZdGIe0O2vvQk="></latexit>



Minmax theorem
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Theorem

max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>

Proof

t

ATx ≤ t1

1
Tx = 1

x ≥ 0

<latexit sha1_base64="ap3pXy0lazketRQSdY8Z7NYhGhg="></latexit>

x
?
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w

Ay ≥ w1

1
T y = 1

y ≥ 0
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The two LPs are duals and by strong duality the equality follows.



Nash equilibrium
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Consequence

(x?
, y

?)

<latexit sha1_base64="aWT5eLBZWXRxTmsuOXicK93B7kg="></latexit>

xTAy⋆ ≥ x⋆TAy⋆ ≥ x⋆TAy, ∀x ∈ Pm, ∀y ∈ Pn

<latexit sha1_base64="wGPo/kTVQ437yvvWlHLpgfPsiTA="></latexit>

Theorem

max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>



Example
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A =







4 2 0 −3

−2 −4 −3 3

−2 −3 4 1







<latexit sha1_base64="iAdpggvOSmSXflj1HPGNhSr54us="></latexit>

min
i

max
j

Aij = 3 > −2 = max
j

min
i

Aij

<latexit sha1_base64="RQBoe/4PMcFlm28siTDhKPMzfY8="></latexit>

Optimal mixed strategies

x
⋆ = (0.37, 0.33, 0.3), y

⋆ = (0.4, 0, 0.13, 0.47)

<latexit sha1_base64="/kebxZJD0S9TnMrNSKVia6ww0WY="></latexit>

Expected payoff

x⋆TAy⋆ = 0.2

<latexit sha1_base64="lNSbBCRgt/vsss65gH4SreXoFFw="></latexit>



Farkas lemma



Feasibility of polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="H+VsDsuCwjAWhaXh6m7I/sgv1/U="></latexit>

P
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x ∈ P
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P
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Farkas lemma
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Theorem

A b

<latexit sha1_base64="lqPo2bWtfcNc4O8XIlaUSIGVsIk="></latexit>

x Ax = b x ≥ 0

y AT y ≥ 0 bT y < 0

<latexit sha1_base64="SqxY0KKjAfSs/D+Y95HFhHbAjgo="></latexit>



Farkas lemma
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1. First alternative

b =

n∑

i=1

xiAi, xi ≥ 0, i = 1, . . . , n

<latexit sha1_base64="ZxA1j0wP0mzzaJbnECbXCHmKG4Q="></latexit>
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2. Second alternative

yTAi ≥ 0, i = 1, . . . ,m, yT b < 0
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yT z = 0

b A1, . . . , An

<latexit sha1_base64="dpxUXvoEbvTj6aGKpzP1L3IFQRk="></latexit>

Geometric interpretation

b

A

<latexit sha1_base64="wgxFXKXOpydgAkGVVX+fnvwKI5U="></latexit>



Farkas lemma
Proof
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1 and 2 cannot be both true (easy)

x ≥ 0 Ax = b yTA ≥ 0

<latexit sha1_base64="agBaNvKrrXuBEnT0BonIqvA1od8="></latexit>

yT b = yTAx ≥ 0

<latexit sha1_base64="ztSfiMQN7AjQZ6ZUx2ky7jrcq7s="></latexit>

1 and 2 cannot be both false (duality)

0

Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

−bT y

AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

y = 0

<latexit sha1_base64="5F77GyMkjg8IA/CES6h5aHU3s2g="></latexit>

d⋆ != −∞, p⋆ = d⋆

<latexit sha1_base64="q+cLFOx/fgcs4mcFiC6gZX7pcWw="></latexit>

bT y ≥ 0 y AT y ≥ 0

<latexit sha1_base64="hlBGC6BYfDuZz9tv515pIGRxIJ0="></latexit>

p? = d? = 0

<latexit sha1_base64="cAqFky9lYPOlrCbDuOKd1o1JY0U="></latexit>

y AT y ≥ 0 bT y < 0
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y

<latexit sha1_base64="WVVAC7JRKrfFdXj2hSpT1w7gWL0="></latexit>

infeasibility  
certificate



Complementary slackness



Optimality conditions
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Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0
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x y
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x Ax ≤ b

y AT y + c = 0 y ≥ 0

cTx+ bT y = 0

<latexit sha1_base64="r+QflLu5bGd/FCTa1gYnTUFHYeY="></latexit>

x y
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Complementary slackness
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Theorem

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>
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y ≥ 0
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yi > 0 ⇒ aT
i
x = bi
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aT
i
x < bi ⇒ yi = 0

<latexit sha1_base64="zA3QkH6VcH1T/BE4VJYj040CCdo="></latexit>



Complementary slackness
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Proof

x y

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (−AT y)Tx+ bT y = (b−Ax)T y =

mX

i=1

yi(bi − aT
i
x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

0

<latexit sha1_base64="s3SP17mJgKpYNsyvGsZof/hgIMo="></latexit>

x y

<latexit sha1_base64="/KsdLYpThzGHBVrRC6/fHQlrLUM="></latexit>



Geometric interpretation
R

2

<latexit sha1_base64="13bKbVbisGcSsCEFLrZdzsqmyPA="></latexit>
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x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>
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−c
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aT
1
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= b1, aT
2
x?

= b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

y

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 i "= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

−c = a1y1 + a2y2 y1, y2 ≥ 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>

−c a1 a2

<latexit sha1_base64="tSqXV1++joblfQpsbC47TVy85ig="></latexit>



Example
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−4x1 − 5x2










−1 0

2 1

0 −1

1 2











[

x1

x2

]
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0

3

0

3











<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

x

<latexit sha1_base64="fG09h8lEAnb2H1mIqQ/wTP/A94A="></latexit>

y = (0, y2, 0, y4)

<latexit sha1_base64="CeqRMyXXUpw6B4JvhQJ0khBe6Jg="></latexit>

AT y = −c ⇒

[

2 1

1 2

][

y2

y4

]

=

[

4

5

]

<latexit sha1_base64="CZqQiNF+vedpzdyPmZyjUKi5+iA="></latexit>

y2 ≥ 0, y4 ≥ 0

<latexit sha1_base64="JUP1Nj4zCb3shC3PcFB8Xl/rNRk="></latexit>

and

y = (0, 1, 0, 2) x

<latexit sha1_base64="QTTt+AwTsBKn6tbdFexfWvFDr/w="></latexit>

x = (1, 1)

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>

y
?

x
?
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The dual simplex



Optimality conditions 
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x y

<latexit sha1_base64="46P1slWE8taueH8oWO77BQBe+AI="></latexit>

x Ax = b x ≥ 0

y AT y + c ≥ 0

cTx+ bT y = 0

<latexit sha1_base64="Bst+kjA607fglv59erz7Vdxf00E="></latexit>

Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>



Primal and dual basic feasible solutions
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Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

B

<latexit sha1_base64="+f3V2kLX3ZDfMvhkEx9iaVsPftc="></latexit>

Ax = b, x ≥ 0 ⇒ xB = B−1b ≥ 0

<latexit sha1_base64="FyZS2yNmcyq7tdSnyzxPuMkpnvc="></latexit>

Reduced costs

cTx+ bT y = cBxB − bTB−T cB = cBxB − cT
B
B−1b = 0

<latexit sha1_base64="8HrrLLF2EHBLUHVdc0/5qkg1djo="></latexit>

(by construction)

AT y + c ≥ 0

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

y = −B−T cB ⇒ c−ATB−T cB ≥ 0

<latexit sha1_base64="cKExBOYbqvXGnuq2mwfBG7sW0Oo="></latexit>



The primal (dual) simplex method
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Primal problem Dual problem

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Primal simplex

• Primal feasibility


• Zero duality gap

Dual feasibility

Dual simplex

• Dual feasibility


• Zero duality gap

Primal feasibility



Feasible dual directions
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B =

h

AB(1) . . . AB(m)

i

<latexit sha1_base64="DtiCD7lzxM7K8+0+Zzj7YIxXXoo="></latexit>

Conditions

y

<latexit sha1_base64="w19+ly4tlaI6ECLM3xAot5xHta8="></latexit>

P = {y | AT y + c ≥ 0}

<latexit sha1_base64="o4Gtl9J13U+KzAy1FRIrVqtivGY="></latexit>

y + θd

<latexit sha1_base64="IqMWA56RjQTVFQC07Nv3wcXanDg="></latexit>

d

<latexit sha1_base64="GW+lSNxO6xoTsv8RwkvoBK24b3U="></latexit>

c̄ = AT y + c ≥ 0

<latexit sha1_base64="2IHf+7HinUA1lJARW331XnjkWVc="></latexit>

Reduced cost change

A
T
d = z

<latexit sha1_base64="GjYssetYE2iV6dIhYTd6Hq/Dwxg="></latexit>

(subspace restriction)

c+AT (y + θd) ≥ 0 ⇒ c̄+ θz ≥ 0

<latexit sha1_base64="A4gUouSDcmOctQQKSM58+2hNloA="></latexit>



Feasible directions
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Computation

A
T
d = z

<latexit sha1_base64="GjYssetYE2iV6dIhYTd6Hq/Dwxg="></latexit>

Subspace restriction

B
T
d = zB

N
T
d = zN

<latexit sha1_base64="PSc5eN3AUKqB91bVndW8anrZX9k="></latexit>

Nonbasic indices
zN = N

T
d = N

T
B

−T
ej

<latexit sha1_base64="q1fxEZCDIQlcDniayEDjVTiDWzk="></latexit>

Basic indices
zB = ej

<latexit sha1_base64="uvXnnrTm58oGyOGrc9IDaL1Po9o="></latexit>

d B
T
d = ej

<latexit sha1_base64="YXyhde0MFSoJGxb4QhXzuigrRbQ="></latexit>

B(`) = j

<latexit sha1_base64="liEfmArKAJIPz3zrNz9qDTHNojE="></latexit>

Non-negativity of reduced costs (non-degenerate assumption)

c̄B = 0 zB ≥ 0

c̄N > 0 ∃θ > 0 c̄N + θzN ≥ 0

<latexit sha1_base64="5R74HRRBSWeCdGeW5QX8Ct5/qHw="></latexit>



Stepsize
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How far can we go?

θ
⋆
= max{θ | θ ≥ 0 c̄+ θz ≥ 0}

<latexit sha1_base64="Vnv829pvvUgBGNsUCCmJ2Q6rYDw="></latexit>

Unbounded

z ≥ 0 θ
?
= ∞

<latexit sha1_base64="VuwIIe2GtIQWcE2t6smZnNADZ/4="></latexit>

Bounded

zi < 0 i

<latexit sha1_base64="y9xXfNgGQYJTaAuSQRVeSlUWhDc="></latexit>

θ
⋆
= min

{i|zi<0}

(

−

c̄i

zi

)

= min
{i∈N |zi<0}

(

−

c̄i

zi

)

<latexit sha1_base64="vlku8BP0U6i23dsDeGEUl0TwoFU="></latexit>

zi ≥ 0, i ∈ B

<latexit sha1_base64="NOw6vK0NwX+AtmEhNiv4L67Mpr4="></latexit>



Moving to a new basis
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Next reduced cost
c̄+ θ

⋆
z

<latexit sha1_base64="ugPW35KWUinc5YklxSMt5DK17GM="></latexit>

i /∈ {B(1), . . . , B(m)} θ
? = −

c̄i
zi

<latexit sha1_base64="f3IECYph/Z5cC7PY6KTvb6lxWPw="></latexit>

c̄i + θ
⋆
zi = 0

<latexit sha1_base64="COz4anA6ojHzcbszaIPl8mqvY+I="></latexit>

New basis

B̄ =

[

AB(1) . . . AB(ℓ−1) Ai AB(ℓ+1) . . . AB(m)

]

<latexit sha1_base64="/qjFbqJwFRSujFcs8WM0iRj9E7w="></latexit>

New solution

x = B̄
−1

b

<latexit sha1_base64="qtQh4quSi7ba0l9HDkftSDeuGFI="></latexit>



Dual simplex method
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Iterations

y AT y + c ≥ 0

B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="Phu23T+Ph7Frx+b6nOchy+8MXVc="></latexit>

BxB = b O(m2)

x xB xi = 0, i /∈

x ≥ 0 x

j xj < 0

<latexit sha1_base64="RGjUI9JhvNjGGhf/8DMGPiO2UmQ="></latexit>



Dual simplex method
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Iterations (continued)

zj = 1 BT d = ej zN = NT d O(m2)

zN ≥ 0 +∞

θ
? = min

{i∈N |zi<0}

✓

−
c̄i
zi

◆

i

y + θ
?d

B̄ = B + (Ai −Aj)e
T
j O(m2)

<latexit sha1_base64="7N6HcbKXrV3ZXpqWnLB5CikRK0I="></latexit>

Remark: reduced costs nonnegative               dual objective non-decreasing 



Example
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x1 + x2

x1 + 2x2 ≥ 2

x1 ≥ 1

x1, x2 ≥ 0

<latexit sha1_base64="a76uyQUEikj4s5vhxCmrQ4fnE/I="></latexit>

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Primal Dual c = (1, 1, 0, 0)

A =

"

−1 −2 1 0

−1 0 0 1

#

b = (−2,−1)

<latexit sha1_base64="Luvj4zC1+dTtZDN+SSsZWuAsNwE="></latexit>

{3, 4}

<latexit sha1_base64="tHR08DmI/WPTO0a2SDGePdnl9tc="></latexit>

Initialize

y = (0, 0)

<latexit sha1_base64="StqTIbYAY3TtPkAqHprwlr9tPA0="></latexit>



Iteration 1

Example
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{3, 4}

<latexit sha1_base64="tHR08DmI/WPTO0a2SDGePdnl9tc="></latexit>

c = (1, 1, 0, 0)

A =

"

−1 −2 1 0

−1 0 0 1

#

b = (−2,−1)

<latexit sha1_base64="Luvj4zC1+dTtZDN+SSsZWuAsNwE="></latexit>

B =

"

1 0

0 1

#

<latexit sha1_base64="V2r4b8skLtusA9OB4MJ0NZpW2L8="></latexit>

y = (0, 0)

<latexit sha1_base64="StqTIbYAY3TtPkAqHprwlr9tPA0="></latexit>

−bT y = 0

<latexit sha1_base64="IcVmwL77IJmuimt71anx8tUTbFA="></latexit>

x = (0, 0,−2,−1)

<latexit sha1_base64="MpHK5CAjyD0JD9YYn17HjfULlmU="></latexit>

Primal solution

BxB = b ⇒ xB = (−2,−1)

<latexit sha1_base64="8kuuZ4Yb/f1SltGQ+5YC/jeo9no="></latexit>

Direction

zN = NT d = (−1,−2)

<latexit sha1_base64="PD1hIg18AFbJWQblu9dNRSzaHTE="></latexit>

BT d = ej ⇒ d = (1, 0)

<latexit sha1_base64="N8T8wUaZcUQMiyKGVgU/WBhUoMo="></latexit>

z = (−1,−2, 1, 0), j = 3

<latexit sha1_base64="TpToBD1UcfNlTq7cUlaGIJFBqCg="></latexit>

Step
θ
⋆ = min

{i|zi<0}
(−c̄i/zi) = {1, 0.5}

<latexit sha1_base64="0s3xU5bre2cy8GYtjHhLgLg+jDM="></latexit>

θ
⋆
= 0.5, i = 2

<latexit sha1_base64="oU9os1tjlReDu+izulciTUD16qI="></latexit>

y ← y + θ
?d = (0.5, 0)

<latexit sha1_base64="/HMzo4t6qNGc+1dqDEs75niR5ug="></latexit>

c̄ = c+AT y = (1, 2, 0, 0)

<latexit sha1_base64="qUmskkXKoHp2BKZdql7cSprrN60="></latexit>



Iteration 2

Example
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{2, 4}

<latexit sha1_base64="By0rTGheJ2Z70fDGfDMJ20PtMJA="></latexit>

B =

"

−2 0

0 1

#

<latexit sha1_base64="nbG+lLYkumItYycSLed8aCsVMjM="></latexit>

−bT y = 1

<latexit sha1_base64="t9EIg/QF57z/R3jFxHNnncDjgqo="></latexit>

x = (0, 1, 0,−1)

<latexit sha1_base64="toXxEgpAq4BWcgtu4MMdiBfCve0="></latexit>

Primal solution

BxB = b ⇒ xB = (1,−1)

<latexit sha1_base64="pDVhwizuNHpA8h6L2ltsLEd8aSQ="></latexit>

Direction

zN = NT d = (−1, 0)

<latexit sha1_base64="3TQLehj2dHIvWtxUg1U8lfuI8IU="></latexit>

BT d = ej ⇒ d = (0, 1)

<latexit sha1_base64="d9equNL+a4Ew/o0Zv8cAM+Q3/xk="></latexit>

z = (−1, 0, 0, 1), j = 4

<latexit sha1_base64="gzF/zZXnsuJ5slXpSKk477yuUNA="></latexit>

y = (0.5, 0)

<latexit sha1_base64="0TixQdOfM4kw7u/9Ap/zFlgDrYc="></latexit>

c = (1, 1, 0, 0)

A =

"

−1 −2 1 0

−1 0 0 1

#

b = (−2,−1)

<latexit sha1_base64="Luvj4zC1+dTtZDN+SSsZWuAsNwE="></latexit>

c̄ = c+AT y = (0.5, 0, 0.5, 0)

<latexit sha1_base64="pOa89XxPa/ap8Yge/YILIuoH8eA="></latexit>

Step
θ
⋆ = min

{i|zi<0}
(−c̄i/zi) = {0.5}

<latexit sha1_base64="g24PvlpPALnYyZ5HFoSPoGtTlFI="></latexit>

θ
⋆
= 0.5, i = 1

<latexit sha1_base64="9lvDr51OABLDShh4nIGnI81xl4w="></latexit>

y ← y + θ
?d = (0.5, 0.5)

<latexit sha1_base64="YDs3DcF0C1kwbRtrkxHN6JHvP1o="></latexit>



Iteration 3

Example
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{1, 2}

<latexit sha1_base64="sWawzXJ9rhv2wlixFeATdiLrg3k="></latexit>

B =

"

−1 −2

−1 0

#

<latexit sha1_base64="RwRET2wK5GvkjhGCqCMXQhD5nW4="></latexit>

−bT y = 1.5

<latexit sha1_base64="QZxq94SCP18sAqn++etv0UDrvE0="></latexit>

x = (1, 1.5, 0, 0)

<latexit sha1_base64="QAVpbBSQExOmioZzkPrA/sWlqnU="></latexit>

Primal solution

BxB = b ⇒ xB = (1, 1.5)

<latexit sha1_base64="SF6tjm5nSt9vqSrAqQ/UFEidM7g="></latexit>

y = (0.5, 0.5)

<latexit sha1_base64="3rBaX3+w6SO+/kCbuiQmsAeS1xE="></latexit>

c = (1, 1, 0, 0)

A =

"

−1 −2 1 0

−1 0 0 1

#

b = (−2,−1)

<latexit sha1_base64="Luvj4zC1+dTtZDN+SSsZWuAsNwE="></latexit>

c̄ = c+AT y = (0, 0, 0.5, 0.5)

<latexit sha1_base64="JIcY4ho96FtcqtaHcLllWNyB5+8="></latexit>

x ≥ 0

<latexit sha1_base64="8zZhIawi9+AmWcA0Wmk9IIL1z/E="></latexit>

Optimal solution

x
? = (1, 1.5, 0, 0)

<latexit sha1_base64="peSxFyyaHJiPqrJ59HvIv0Z4D3o="></latexit>



Equivalence and symmetry
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The dual simplex is equivalent to the primal simplex applied to the dual problem.

Dual problem

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

bT y

AT y + c = w

w ≥ 0

<latexit sha1_base64="s0mHPB247RDPhhHOkmz/wKxcA7A="></latexit>

Symmetrized dual

w ≥ 0

<latexit sha1_base64="3OsEgDhisoU9L91QkJ75/rry/v0="></latexit>



Dual simplex efficiency
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Sequence of problems with varying feasible region

y

<latexit sha1_base64="DXR+CBm9RymZyS4iD7eh9CUtcwM="></latexit> <latexit sha1_base64="a04uZxm05dgvCjMLEkMTae8dl2E="></latexit>

Often applied in mixed-integer optimization to solve subproblems 
(more later in the course…)



Linear optimization duality

Today, we learned to:


• Interpret linear optimization duality using game theory


• Prove Farkas lemma using duality


• Geometrically link primal and dual solutions with complementary slackness


• Implement the dual simplex method

42



Next lecture

• Sensitivity analysis

43


