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ORF522 – Linear and Nonlinear Optimization
6. Numerical linear algebra and simplex implementation
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• Can we use a random pivot rule?  
Yes! Sometimes quadratic convergence. Not used in modern solvers though.


• How does the basis of the perturbed problem relate to the basis of the original problem?  
We cannot go easily back to the original problem basis! However, the solution will be very likely close.


• Do certain pivot rules not only avoid cycling but also have nice properties such as polynomial amortized time or some other sort of nice property in a 
"average" sense?  
Yes, Bland’s rule enjoys these properties in the average case.


• What happens with the perturbation approach if the matrix is ill-conditioned?  
Bad things… it could definitely give us a completely wrong solution.


• Any rule to pick M for the big-M method?  
If you keep the data symbolic, a simple rule is to consider M larger than any other number appearing in the algorithm. In this case, whenever it is compared 
to any number, it is larger. In general, simplex-like methods always work in two-phases and avoid the big-M “tuning” problem.


• Can you just remove the redundant constraints in case of degeneracy?  
Degeneracy for sure depends on the way the polyhedron is represented but it might not be always that easy. It does not only happen in case of redundant 
constraints (the ones that can be removed without changing the shape of the polytope). 


• Is there already some work done on the distribution of complexity for some class of linear programs, say, if we are searching on a probability simplex?  
Yes, there is interesting work about small perturbations and simplex complexity.


• Will the solver always go down the same route in its iterations for a given problem, or will it involve a random seed such that each execution is different? 
For a given problem, will we encounter cases such that one execution finishes very fast, while a repeated execution may exceed max iterations?  
If the solver is deterministic, it is always the same route. It is usually the case in common solvers.

[Gärtner, B., Henk, M., & Ziegler, G. M. (1998). Randomized simplex algorithms on Klee-Minty cubes. Combinatorica, 18(3), 349-372.]

[Kelner, J. A., & Spielman, D. A. (2006). A randomized polynomial-time simplex algorithm for linear programming. In Proc. of ACM symposium on Theory of computing]



Recap



An iteration of the simplex method

4

x B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="W4xxHz7TGeMiaXYUBUAt1I476AY="></latexit>

First part



An iteration of the simplex method

4

x B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="W4xxHz7TGeMiaXYUBUAt1I476AY="></latexit>

c̄j = cj − cTBB
−1Aj j ∈ N

c̄j ≥ 0 x
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Second part



Today’s agenda

• Numerical linear algebra


• Realistic simplex implementation


• Example


• Empirical complexity
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[Chapter 3, Bertsimas and Tsitsiklis] [Chapter 13, Nocedal and Wright]



Numerical linear algebra



Deeper look at complexity
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Complexity
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Basic examples

x, y ∈ R
n

x
T
y 2n− 1

x+ y αx n
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Complexity
Solving linear system
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Ax = b A ∈ R
n×n
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• Numerically unstable (divisions)


• You lose structure



Easy linear systems
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x = A−1b = (b1/a11, . . . , bn/ann)
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Other easy linear systems
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Sparse matrices
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Ax = b
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(Sparse) LU factorization
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(Sparse) LU solution
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Ax = b, ⇒ PrLUPcx = b
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Computational bottlenecks in the simplex method

20

c̄j = cj − cTBB
−1Aj j ∈ N

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

dB = −B−1Aj

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Solving linear systems



Computational bottlenecks in the simplex method

20

c̄j = cj − cTBB
−1Aj j ∈ N

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

dB = −B−1Aj

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Equivalent forms

pT = cTBB
−1

⇒ BT p = cB c̄j = cj − pTAj

BdB = −Aj

<latexit sha1_base64="C0cuVFWSFi17cexuOtBmw3buHIU="></latexit>

Solving linear systems



Computational bottlenecks in the simplex method

20

c̄j = cj − cTBB
−1Aj j ∈ N

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

dB = −B−1Aj

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Equivalent forms

pT = cTBB
−1

⇒ BT p = cB c̄j = cj − pTAj

BdB = −Aj

<latexit sha1_base64="C0cuVFWSFi17cexuOtBmw3buHIU="></latexit>

Same matrix to factor

BT p = cB , BdB = −Aj

<latexit sha1_base64="4TK0hIi/nSKeoKVJK2b8Pv4YI60="></latexit>

Solving linear systems



Computational bottlenecks in the simplex method

20

c̄j = cj − cTBB
−1Aj j ∈ N

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

dB = −B−1Aj

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Equivalent forms

pT = cTBB
−1

⇒ BT p = cB c̄j = cj − pTAj

BdB = −Aj

<latexit sha1_base64="C0cuVFWSFi17cexuOtBmw3buHIU="></latexit>

B ⇒ B = LU

Pr, Pc

<latexit sha1_base64="j5qI40fYMifjUC1OwVAdbjPFCe4="></latexit>

Same matrix to factor

BT p = cB , BdB = −Aj

<latexit sha1_base64="4TK0hIi/nSKeoKVJK2b8Pv4YI60="></latexit>

Solving linear systems



Basis update
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Û

<latexit sha1_base64="VkqPoHW+RF6cY0hK969hEx0tDLI="></latexit>



Basis update

21

B̄ = B + (Aj −Ai)e
T
i

<latexit sha1_base64="hKy1FUs3NvoPX2+6qSFq6drf2/Q="></latexit>

1

<latexit sha1_base64="BEZWTW2YxHt4BTPxEe1S9Kv0Sr4="></latexit>

Remarks

B

<latexit sha1_base64="Sh9U8rf8BHX+HxepBbrBic6fsLw="></latexit>

B̄ = LRŪ L R Ū

L−1B̄ = U + (L−1Aj − Uei)e
T
i = Û

Û RŪ

<latexit sha1_base64="g6McOHq4ceheV1bydCzdPJ9S0gw="></latexit>

O(n2)

<latexit sha1_base64="riSZZkFGvJJWPU8aDiL+kc+FsXc="></latexit>

Û

<latexit sha1_base64="VkqPoHW+RF6cY0hK969hEx0tDLI="></latexit>

wet .

In=L Kik Rs .
. -

O
-



Realistic (revised) simplex method

22

x

B =

h

AB(1) . . . , AB(m)

i

<latexit sha1_base64="mSACiHdDJz8SD+oy6LV6hQv66Yw="></latexit>

Iterations

BT p = cB O(m2)

c̄ = c− pTA

c̄ ≥ 0 x

j c̄j < 0

<latexit sha1_base64="Mv/dGIPJrRPpjzq8NYWRIqgNlUY="></latexit>



Realistic (revised) simplex method

23

Iterations (continued)

dj = 1 BdB = −Aj O(m2)

dB ≥ 0 −∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

i

y = x+ θ
?d

B̄ = B + (Aj −Ai)e
T
i O(m2)

<latexit sha1_base64="Mv/dGIPJrRPpjzq8NYWRIqgNlUY="></latexit>



Realistic (revised) simplex method

23

Iterations (continued)

dj = 1 BdB = −Aj O(m2)

dB ≥ 0 −∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

i

y = x+ θ
?d

B̄ = B + (Aj −Ai)e
T
i O(m2)

<latexit sha1_base64="Mv/dGIPJrRPpjzq8NYWRIqgNlUY="></latexit>

O(m2)

<latexit sha1_base64="Caue9pPsk/CeHZJ6Btf8YWkGa+8="></latexit>



Example



Example 

25

−10x1 − 12x2 − 12x3

x1 + 2x2 + 2x3 ≤ 20

2x1 + x2 + x3 ≤ 20

2x1 + 2x2 + x3 ≤ 20

x1, x2, x3 ≥ 0

<latexit sha1_base64="usNGG8DKhJ+RZwsB1VO0mjdZ3l0="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x
⋆ = (4, 4, 4)

<latexit sha1_base64="fVT4LpE+OSdaJW3i7JqndJF+ie8="></latexit>



Example 

25

−10x1 − 12x2 − 12x3

x1 + 2x2 + 2x3 ≤ 20

2x1 + x2 + x3 ≤ 20

2x1 + 2x2 + x3 ≤ 20

x1, x2, x3 ≥ 0

<latexit sha1_base64="usNGG8DKhJ+RZwsB1VO0mjdZ3l0="></latexit>

−10x1 − 12x2 − 12x3







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1



























x1

x2

x3

x4

x5

x6





















=







20

20

20







x ≥ 0

<latexit sha1_base64="pwvlE0EV3XEWZsW6hDn8EidWvEs="></latexit>

Standard form

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x
⋆ = (4, 4, 4)

<latexit sha1_base64="fVT4LpE+OSdaJW3i7JqndJF+ie8="></latexit>



Example

26

x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="GIZSzAxP0EwiwbSVaV/CjKtaKFM="></latexit>

Initialize

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

B =







1 0 0

0 1 0

0 0 1







<latexit sha1_base64="zdQKiWD6NL/V3QFvXQSbjzoORV0="></latexit>

Start

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>



Example

27

x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

B =







1 0 0

0 1 0

0 0 1







<latexit sha1_base64="zdQKiWD6NL/V3QFvXQSbjzoORV0="></latexit>

Iteration 1

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

{4, 5, 6}

<latexit sha1_base64="PnbNbNU5HbzJwA175laPtDuGxeo="></latexit>

c
T
x = 0

<latexit sha1_base64="KMrZpbPJGCvIk9IyFMRDG+rXves="></latexit>



Example

27

x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

B =







1 0 0

0 1 0

0 0 1







<latexit sha1_base64="zdQKiWD6NL/V3QFvXQSbjzoORV0="></latexit>

Iteration 1

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

{4, 5, 6}

<latexit sha1_base64="PnbNbNU5HbzJwA175laPtDuGxeo="></latexit>

Reduced costs
BT p = cB ⇒ p = cB = 0

<latexit sha1_base64="AvHQT9esQGtXoz5jA+/dF1j8Xpg="></latexit>

c̄ = c− pTA = c

<latexit sha1_base64="L2+eu6tKpW0XjFqEAKSovPG/6sE="></latexit>

c̄ = c

<latexit sha1_base64="RhRdBfLSw8mc56zyQUlXSRFe/wY="></latexit>

c
T
x = 0

<latexit sha1_base64="KMrZpbPJGCvIk9IyFMRDG+rXves="></latexit>



Example

27

x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

B =







1 0 0

0 1 0

0 0 1







<latexit sha1_base64="zdQKiWD6NL/V3QFvXQSbjzoORV0="></latexit>

Iteration 1

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
BdB = −Aj ⇒ dB = (−1,−2,−2)

<latexit sha1_base64="FcT6UHbYt1K7WulWW41yG5ySu10="></latexit>

d = (1, 0, 0,−1,−2,−2), j = 1

<latexit sha1_base64="YEvZpWo8h8+2zD9bbm+xHoW/a94="></latexit>

{4, 5, 6}

<latexit sha1_base64="PnbNbNU5HbzJwA175laPtDuGxeo="></latexit>

Reduced costs
BT p = cB ⇒ p = cB = 0

<latexit sha1_base64="AvHQT9esQGtXoz5jA+/dF1j8Xpg="></latexit>

c̄ = c− pTA = c

<latexit sha1_base64="L2+eu6tKpW0XjFqEAKSovPG/6sE="></latexit>

c̄ = c

<latexit sha1_base64="RhRdBfLSw8mc56zyQUlXSRFe/wY="></latexit>

c
T
x = 0

<latexit sha1_base64="KMrZpbPJGCvIk9IyFMRDG+rXves="></latexit>



Example

27

x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

B =







1 0 0

0 1 0

0 0 1







<latexit sha1_base64="zdQKiWD6NL/V3QFvXQSbjzoORV0="></latexit>

Iteration 1

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
BdB = −Aj ⇒ dB = (−1,−2,−2)

<latexit sha1_base64="FcT6UHbYt1K7WulWW41yG5ySu10="></latexit>

d = (1, 0, 0,−1,−2,−2), j = 1

<latexit sha1_base64="YEvZpWo8h8+2zD9bbm+xHoW/a94="></latexit>

{4, 5, 6}

<latexit sha1_base64="PnbNbNU5HbzJwA175laPtDuGxeo="></latexit>

Reduced costs
BT p = cB ⇒ p = cB = 0

<latexit sha1_base64="AvHQT9esQGtXoz5jA+/dF1j8Xpg="></latexit>

c̄ = c− pTA = c

<latexit sha1_base64="L2+eu6tKpW0XjFqEAKSovPG/6sE="></latexit>

c̄ = c

<latexit sha1_base64="RhRdBfLSw8mc56zyQUlXSRFe/wY="></latexit>

Step

x ← x+ θ
?d = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="iwhj0zbS164Lk2rr659Xa4RanHI="></latexit>

θ
⋆ = min

{i|di<0}
(−xi/di) = min{20, 10, 10}

<latexit sha1_base64="k/QkpSGXHvFxfY6JV7dxzNjQNuk="></latexit>

θ
⋆
= 10, i = 5

<latexit sha1_base64="uL+ePOPmba3Qinr4lAmxGzYjPyo="></latexit>

c
T
x = 0

<latexit sha1_base64="KMrZpbPJGCvIk9IyFMRDG+rXves="></latexit>



Example

28

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 2

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 0

0 2 0

0 2 1







<latexit sha1_base64="9bSzuoHaCADvwiGcvkXe3Nqi3FU="></latexit>

{4, 1, 6}

<latexit sha1_base64="JQ1TeNCxoeZx9+n69R1YEKeXJQw="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example

28

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 2

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Reduced costs

BT p = cB ⇒ p = (0,−5, 0)

<latexit sha1_base64="xCljv/W5J7TDJb5hlVGdhCHRWCE="></latexit>

c̄ = c− pTA = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="WVev985Y/UpmcY30HLUs6zO02jQ="></latexit>

c̄ = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="8i10wu0rJFyNnvT3Bg9HUOXOU7Y="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 0

0 2 0

0 2 1







<latexit sha1_base64="9bSzuoHaCADvwiGcvkXe3Nqi3FU="></latexit>

{4, 1, 6}

<latexit sha1_base64="JQ1TeNCxoeZx9+n69R1YEKeXJQw="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example

28

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 2

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
BdB = −Aj ⇒ dB = (−1.5,−0.5,−1)

<latexit sha1_base64="YQoIEPcycK7U1vR75oqfUoGOrqQ="></latexit>

d = (−0.5, 1, 0,−1.5, 0,−1), j = 2

<latexit sha1_base64="LLCoBIIaVgoJ04EOG4cJ7RZuQeY="></latexit>

Reduced costs

BT p = cB ⇒ p = (0,−5, 0)

<latexit sha1_base64="xCljv/W5J7TDJb5hlVGdhCHRWCE="></latexit>

c̄ = c− pTA = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="WVev985Y/UpmcY30HLUs6zO02jQ="></latexit>

c̄ = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="8i10wu0rJFyNnvT3Bg9HUOXOU7Y="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 0

0 2 0

0 2 1







<latexit sha1_base64="9bSzuoHaCADvwiGcvkXe3Nqi3FU="></latexit>

{4, 1, 6}

<latexit sha1_base64="JQ1TeNCxoeZx9+n69R1YEKeXJQw="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example

28

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 2

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
BdB = −Aj ⇒ dB = (−1.5,−0.5,−1)

<latexit sha1_base64="YQoIEPcycK7U1vR75oqfUoGOrqQ="></latexit>

d = (−0.5, 1, 0,−1.5, 0,−1), j = 2

<latexit sha1_base64="LLCoBIIaVgoJ04EOG4cJ7RZuQeY="></latexit>

Reduced costs

BT p = cB ⇒ p = (0,−5, 0)

<latexit sha1_base64="xCljv/W5J7TDJb5hlVGdhCHRWCE="></latexit>

c̄ = c− pTA = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="WVev985Y/UpmcY30HLUs6zO02jQ="></latexit>

c̄ = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="8i10wu0rJFyNnvT3Bg9HUOXOU7Y="></latexit>

Step

x ← x+ θ
?d = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="iwhj0zbS164Lk2rr659Xa4RanHI="></latexit>

θ
⋆ = min

{i|di<0}
(−xi/di) = min{6.66, 20, 0}

<latexit sha1_base64="DZyXrWJRPH7zNzdaZ4TBOK9DrX4="></latexit>

θ
⋆
= 0, i = 6

<latexit sha1_base64="hSPKnM4e9dBXjc15kp2QTeKLpiU="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 0

0 2 0

0 2 1







<latexit sha1_base64="9bSzuoHaCADvwiGcvkXe3Nqi3FU="></latexit>

{4, 1, 6}

<latexit sha1_base64="JQ1TeNCxoeZx9+n69R1YEKeXJQw="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example

29

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 3

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 2

0 2 1

0 2 2







<latexit sha1_base64="0LoGVbpmKqUwP5ksw9OLpsABvzQ="></latexit>

{4, 1, 2}

<latexit sha1_base64="e/gyfG1nlNYLANU7ka3NPx1dSNY="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example

29

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 3

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Reduced costs

BT p = cB ⇒ p = (0, 2,−7)

<latexit sha1_base64="AH5nZLsGTkugEzgX7/I0qJjUdpA="></latexit>

c̄ = c− pTA = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="KW5Ivfsr71Nr/fecsq40Cxanr9c="></latexit>

c̄ = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="r9Oyr10s7k3OUAo2Y7WJiNGFQic="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 2

0 2 1

0 2 2







<latexit sha1_base64="0LoGVbpmKqUwP5ksw9OLpsABvzQ="></latexit>

{4, 1, 2}

<latexit sha1_base64="e/gyfG1nlNYLANU7ka3NPx1dSNY="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example

29

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 3

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
BdB = −Aj ⇒ dB = (−2.5,−1.5, 1)

<latexit sha1_base64="77SrQ/dd5dI+qkYwsxDAVT9aDPM="></latexit>

d = (−1.5, 1, 1,−2.5, 0, 0), j = 3

<latexit sha1_base64="s0vH36icHUdmPzve1AN2/xJ45JI="></latexit>

Reduced costs

BT p = cB ⇒ p = (0, 2,−7)

<latexit sha1_base64="AH5nZLsGTkugEzgX7/I0qJjUdpA="></latexit>

c̄ = c− pTA = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="KW5Ivfsr71Nr/fecsq40Cxanr9c="></latexit>

c̄ = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="r9Oyr10s7k3OUAo2Y7WJiNGFQic="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 2

0 2 1

0 2 2







<latexit sha1_base64="0LoGVbpmKqUwP5ksw9OLpsABvzQ="></latexit>

{4, 1, 2}

<latexit sha1_base64="e/gyfG1nlNYLANU7ka3NPx1dSNY="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 3

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
BdB = −Aj ⇒ dB = (−2.5,−1.5, 1)

<latexit sha1_base64="77SrQ/dd5dI+qkYwsxDAVT9aDPM="></latexit>

d = (−1.5, 1, 1,−2.5, 0, 0), j = 3

<latexit sha1_base64="s0vH36icHUdmPzve1AN2/xJ45JI="></latexit>

Reduced costs

BT p = cB ⇒ p = (0, 2,−7)

<latexit sha1_base64="AH5nZLsGTkugEzgX7/I0qJjUdpA="></latexit>

c̄ = c− pTA = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="KW5Ivfsr71Nr/fecsq40Cxanr9c="></latexit>

c̄ = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="r9Oyr10s7k3OUAo2Y7WJiNGFQic="></latexit>

Step

x ← x+ θ
?d = (4, 4, 4, 0, 0, 0)

<latexit sha1_base64="5DA7uXloNK/gt8p/5eep/q4Svhw="></latexit>

θ
⋆ = min

{i|di<0}
(−xi/di) = min{4, 6.67}

<latexit sha1_base64="RW3AyH1FZ87K+lxa+PlTtMeioyc="></latexit>

θ
⋆
= 4, i = 4

<latexit sha1_base64="yFkS027UMeXLAq5AKTcNIwvWa8s="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

B =







1 1 2

0 2 1

0 2 2







<latexit sha1_base64="0LoGVbpmKqUwP5ksw9OLpsABvzQ="></latexit>

{4, 1, 2}

<latexit sha1_base64="e/gyfG1nlNYLANU7ka3NPx1dSNY="></latexit>

c
T
x = −100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>



Example
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 4

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

x = (4, 4, 4, 10, 0, 0)

<latexit sha1_base64="dBdjcQMEabATFEbunVlrOxlrIMw="></latexit>

B =







2 1 2

2 2 1

1 2 2







<latexit sha1_base64="weqhlVRw+D27GAUKmxDchcbrFRA="></latexit>

{3, 1, 2}

<latexit sha1_base64="v97cl854IiMscmYCA6XENjO9IKA="></latexit>

c
T
x = −136

<latexit sha1_base64="/8rG6kp215gTnNhWYbRyR2KxG6o="></latexit>



Example
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 4

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Reduced costs

BT p = cB ⇒ p = (−3.6,−1.6,−1.6)

<latexit sha1_base64="bfX34k4n5TZX+Kn0xflSLv8VJ+A="></latexit>

c̄ = c− pTA = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="kGliUv1l0J1rNEHpKWgUKd+cFnA="></latexit>

c̄ = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="tdMI6+2flw88l0H9mGaDVx5Lyho="></latexit>

x = (4, 4, 4, 10, 0, 0)

<latexit sha1_base64="dBdjcQMEabATFEbunVlrOxlrIMw="></latexit>

B =







2 1 2

2 2 1

1 2 2







<latexit sha1_base64="weqhlVRw+D27GAUKmxDchcbrFRA="></latexit>

{3, 1, 2}

<latexit sha1_base64="v97cl854IiMscmYCA6XENjO9IKA="></latexit>

c
T
x = −136

<latexit sha1_base64="/8rG6kp215gTnNhWYbRyR2KxG6o="></latexit>



Example

30

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 4

c = (−10,−12,−12, 0, 0, 0)

A =







1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1







b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Reduced costs

BT p = cB ⇒ p = (−3.6,−1.6,−1.6)

<latexit sha1_base64="bfX34k4n5TZX+Kn0xflSLv8VJ+A="></latexit>

c̄ = c− pTA = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="kGliUv1l0J1rNEHpKWgUKd+cFnA="></latexit>

c̄ = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="tdMI6+2flw88l0H9mGaDVx5Lyho="></latexit>

x = (4, 4, 4, 10, 0, 0)

<latexit sha1_base64="dBdjcQMEabATFEbunVlrOxlrIMw="></latexit>

B =







2 1 2

2 2 1

1 2 2







<latexit sha1_base64="weqhlVRw+D27GAUKmxDchcbrFRA="></latexit>

{3, 1, 2}

<latexit sha1_base64="v97cl854IiMscmYCA6XENjO9IKA="></latexit>

c
T
x = −136

<latexit sha1_base64="/8rG6kp215gTnNhWYbRyR2KxG6o="></latexit>

c̄ ≥ 0

<latexit sha1_base64="ijclSmonD/OQO8nKQtGafc9w7k0="></latexit>

Optimal

x
?

<latexit sha1_base64="n+pdIDw6y+3a5qtpE45q45umSwg="></latexit>

x
? = (4, 4, 4, 10, 0, 0)

<latexit sha1_base64="0K29R+FkBV1B9P63WizuW8ws9bs="></latexit>



Simplex tableau implementation

31

Can we solve LPs by hand?

−cT
B
xB c̄1 . . . c̄n

xB(1) | |

B−1A1 . . . B−1An

xB(1) | |

<latexit sha1_base64="s7IlvN8ulY/pNkmbEpq09iJ9TQM="></latexit>
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<latexit sha1_base64="s7IlvN8ulY/pNkmbEpq09iJ9TQM="></latexit>

Minus 
cost
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−cT
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<latexit sha1_base64="s7IlvN8ulY/pNkmbEpq09iJ9TQM="></latexit>
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31

Can we solve LPs by hand?

−cT
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Simplex tableau implementation

31

Can we solve LPs by hand?

People did it before computers were invented!

Nobody does it anymore…

−cT
B
xB c̄1 . . . c̄n

xB(1) | |

B−1A1 . . . B−1An

xB(1) | |

<latexit sha1_base64="s7IlvN8ulY/pNkmbEpq09iJ9TQM="></latexit>

Reduced costs

Basic 
variables

Minus 
cost



Empirical complexity



Example with real solver
GLPK (open-source)

33

import numpy as np

import cvxpy as cp

c = np.array([-10, -12, -12])

A = np.array([[1, 2, 2],

              [2, 1, 2],

              [2, 2, 1]])

b = np.array([20, 20, 20])

n = len(c)

x = cp.Variable(n)

problem = cp.Problem(cp.Minimize(c @ x), 

                     [A @ x <= b, x >= 0])

problem.solve(solver=cp.GLPK, verbose=True)

Code

Output

GLPK Simplex Optimizer, v4.65

6 rows, 3 columns, 12 non-zeros

*     0: obj =   0.000000000e+00 inf =   0.000e+00 (3)

*     3: obj =  -1.360000000e+02 inf =   0.000e+00 (0)

OPTIMAL LP SOLUTION FOUND



Average simplex complexity

34

cTx

Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs
n

3n

<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>



Average simplex complexity

34

cTx

Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs

O(n)

<latexit sha1_base64="dP1iEstl2TPrgAbKajwuZ4k8Mfc="></latexit>
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<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>



Average simplex complexity

34

cTx

Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs

O(nn2) = O(n3)

<latexit sha1_base64="B+0spzl7Ai/ITKC5AgzC1nGXgnI="></latexit>
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<latexit sha1_base64="dP1iEstl2TPrgAbKajwuZ4k8Mfc="></latexit>
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<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>



Numerical linear algebra and simplex implementation

Today, we learned to:


• Identify the pros and cons of different methods to solve a linear system 

• Derive the computational complexity of the factor-solve method


• Implement a “realistic” version of the simplex method 

• Empirically analyze the average complexity of the simplex method

35

cosi EET Fa



Next lecture

• Linear optimization duality

36


