
Bartolomeo Stellato — Fall 2020

ORF522 – Linear and Nonlinear Optimization
3. Geometry and polyhedra



Ed forum
Questions and notes
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Today’s agenda
Readings [Chapter 2, Bertsimas and Tsitsiklis]

• Polyhedra and linear algebra


• Corners: extreme points, vertices, basic feasible solutions


• Constructing basic solutions


• Existence and optimality of extreme points
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Polyhedra and linear algebra



Hyperplanes and halfspaces
Definitions
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Polyhedron
Definition
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• Intersection of finite number of halfspaces


• Can include equalities

a1
a2

a3

a4

a5

P = {x | aT
i
x ≤ bi, i = 1, . . . ,m} = {x | Ax ≤ b}
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Convex set
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Convex combinations
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Convex combination
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Convex combinations
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Convex combination

Convex hull
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Linear independence
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Geometrical interpretation of linear optimization
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Example of linear optimization
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−x1 − x2

2x1 + x2 ≤ 3

x1 + 4x2 ≤ 5

x1 ≥ 0, x2 ≥ 0
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Optimal solutions tend to be at a “corner” of the feasible set
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Corners of linear optimization



Extreme points
Definition
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Extreme points
Convex sets
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• Convex sets can have an infinite number of extreme points


• Polyhedra are convex sets with a finite number of extreme points



Vertices
Definition
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Basic feasible solution
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P = {x | aT
i
x ≤ bi, i = 1, . . . ,m}
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Basic feasible solution
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P = {x | aT
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Degenerate basic feasible solutions
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x̄ |I(x̄)| > n
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Degenerate basic feasible solutions
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Equivalence
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P = {x | Ax ≤ b}
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Constructing basic solutions



Standard form polyhedra
Definition
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Basic solutions
Standard form polyhedra
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P = {x | Ax = b, x ≥ 0}
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Basic solutions
Standard form polyhedra
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Constructing basic solution
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m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)
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Existence and optimality of 
extreme points



Existence of extreme points
Example
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Existence of extreme points
Characterization
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Existence of extreme points
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Existence of extreme points
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Optimality of extreme points
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Optimality of extreme points
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We only need to search between extreme points
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How to search among basic feasible solutions?

29



How to search among basic feasible solutions?

29

Idea

List all the basic feasible solutions, compare objective values and pick the best one.



How to search among basic feasible solutions?

29

Idea

List all the basic feasible solutions, compare objective values and pick the best one.

Intractable!

n = 1000 m = 100 10
143
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Clint



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

30

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



Geometry of linear optimization

Today, we learned to:


• Apply geometric and algebraic properties of polyhedra to characterize the 
“corners” of the feasible region. 

• Construct basic feasible solutions by solving a linear system.


• Recognize existence and optimality of extreme points.
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Next lecture

• Iterations


• Convergence


• Complexity
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The simplex method


