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ORF307 — Optimization
14. Duality II



Ed Forum

• how exactly do we apply Lagrange multipliers in the context of linear 
programming to find the best lower bounds? 

• can we interpret the primal as the dual problem and vice versa? Especially 
since they are solving for the same thing as stated in the Strong duality 
theorem.
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Recap



Weak and strong duality



Optimal objective values
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

p? PZ [OL WYPTHS VW[PTHS ]HS\L

<latexit sha1_base64="TXrK1G29fTKJzr82IEqZca+P75M="></latexit>

d? PZ [OL K\HS VW[PTHS ]HS\L

<latexit sha1_base64="XDOywE7hqz2G64ME9p2Yp9gV5wg="></latexit>

7YPTHS PUMLHZPISL! p? = +1
7YPTHS \UIV\UKLK! p? = �1

<latexit sha1_base64="BDsDEKO4Vhf0wm1vEEqgpCMkzGY="></latexit>

+\HS PUMLHZPISL! d? = �1
+\HS \UIV\UKLK! d? = +1

<latexit sha1_base64="S1jM2jtLe9z9zk9jo4djbTpPaGY="></latexit>



Weak duality
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Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
 (U` K\HS MLHZPISL y NP]LZ H SV^LY IV\UK VU [OL WYPTHS VW[PTHS ]HS\L
 (U` WYPTHS MLHZPISL x NP]LZ HU \WWLY IV\UK VU [OL K\HS VW[PTHS ]HS\L
 cTx+ bT y PZ [OL K\HSP[` NHW

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

0M x, y ZH[PZM`!
 x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
 y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality
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Corollaries

Unboundedness vs feasibility
 7YPTHS \UIV\UKLK �p? = �1� ) K\HS PUMLHZPISL �d? = �1�
 +\HS \UIV\UKLK �d? = +1� ) WYPTHS PUMLHZPISL �p? = +1�

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>

Optimality condition

;OLU x HUK y HYL VW[PTHS ZVS\[PVUZ [V [OL WYPTHS HUK K\HS WYVISLT YLZWLJ[P]LS`

<latexit sha1_base64="82kL+63gEVzxSDlCRpiXRZDLjJ8="></latexit>

0M x, y ZH[PZM`!
 x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
 y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT
 ;OL K\HSP[` NHW PZ aLYV� P�L�� cTx+ bT y = 0

<latexit sha1_base64="HARHS9ocTy4iPtwZEp2aG8sZfcI="></latexit>



Strong duality
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Theorem
0M H SPULHY VW[PTPaH[PVU WYVISLT OHZ HU VW[PTHS ZVS\[PVU� ZV KVLZ P[Z K\HS� HUK
[OL VW[PTHS ]HS\L VM WYPTHS HUK K\HS HYL LX\HS

<latexit sha1_base64="oWbeWUu2rS0eB6bkL80iJQORq/s="></latexit>

d⋆ = p⋆

<latexit sha1_base64="rhnP4KMn58uw0WtdEhbWlaNcyEE="></latexit>



Exception to strong duality
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Primal Dual

TPUPTPaL x

Z\IQLJ[ [V 0 · x ≤ −1

<latexit sha1_base64="K4ZyPt6cdY5S30G3yQl1M68wvHw="></latexit>

TH_PTPaL y

Z\IQLJ[ [V 0 · y + 1 = 0

y ≥ 0

<latexit sha1_base64="peUWeOTIwm/PY6SzEEdBI2okwxc="></latexit>

6W[PTHS ]HS\L PZ p? = +1

<latexit sha1_base64="wa+phOrI4Rh5qL/JgRrQguFNbrI="></latexit>

6W[PTHS ]HS\L PZ d? = �1

<latexit sha1_base64="eJYeIU3DOHCaEODuT8NttogEptI="></latexit>

Both primal and dual infeasible



Relationship between primal and dual

10

primal inf.

dual unb.

optimal values 
equal

exception primal unb.

dual inf

d? ÄUP[L

<latexit sha1_base64="1/wKDP4NEo6iVB2m5j9s4HMHfgw="></latexit>

d? = +1

<latexit sha1_base64="y/kOTV4vXgvsMy4DJ2J0Akvz9zE="></latexit>

d? = �1

<latexit sha1_base64="uHXKSKJUbz2X9DyYumDRvq5JM+k="></latexit>

p? = �1

<latexit sha1_base64="MvfLH0TzFqwK+AGySH+LwfWEzLY="></latexit>

p? = +1

<latexit sha1_base64="vbn6E8862eG8bLhgDSY69Xk8weE="></latexit>

p? ÄUP[L

<latexit sha1_base64="YxoPNuFL7J1jZsSJ6fSHhJ4tENk="></latexit>

 <WWLY�YPNO[ L_JS\KLK I` ^LHR K\HSP[`
 (1, 1) HUK (3, 3) WYV]LU I` ^LHR K\HSP[`
 (3, 1) HUK (2, 2) WYV]LU I` Z[YVUN K\HSP[`

<latexit sha1_base64="fxbu7bae9Gze9yWcCYp+MKGCr98="></latexit>



Example



Production problem
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TH_PTPaL x1 + 2x2

Z\IQLJ[ [V x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0

<latexit sha1_base64="95TU8gz4302m/yIMj8PNLi24JT0="></latexit>

Profits

Resources

Dualize
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="uklLXqE0yLOcy+rGdip0h+nEQy4="></latexit>

1. Transform in inequality form

c = (�1,�2)

A =

2

6666664

1 0

0 2

1 1

�1 0

0 �1

3

7777775

b = (100, 200, 150, 0, 0)

<latexit sha1_base64="dyaOqMkhq4TTcUBSAv6gVd8jcW4="></latexit>

2. Derive dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



Production problem
Dualized
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TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

c = (�1,�2)

A =

2

6666664

1 0

0 2

1 1

�1 0

0 �1

3

7777775

b = (100, 200, 150, 0, 0)

<latexit sha1_base64="dyaOqMkhq4TTcUBSAv6gVd8jcW4="></latexit>

<latexit sha1_base64="an8HcLkWoc1jafPB5Z62wEgc6TQ="></latexit>

TPUPTPaL 100y1 + 200y2 + 150y3
Z\IQLJ[ [V y1 + y3 − y4 = 1

2y2 + y3 − y5 = 2

y1, y2, y3, y4, y5 ≥ 0

Fill-in data Eliminate variables
TPUPTPaL 100y1 + 200y2 + 150y3
Z\IQLJ[ [V y1 + y3 ≥ 1

2y2 + y3 ≥ 2

y1, y2, y3 ≥ 0

<latexit sha1_base64="pLIuC4t5/faRMmrOD0+TuRXTVBw="></latexit>



Production problem
The dual
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TPUPTPaL 100y1 + 200y2 + 150y3
Z\IQLJ[ [V y1 + y3 ≥ 1

2y2 + y3 ≥ 2

y1, y2, y3 ≥ 0

<latexit sha1_base64="pLIuC4t5/faRMmrOD0+TuRXTVBw="></latexit>

Interpretation
<latexit sha1_base64="Nu3/lexXwXo8NAFWE/Y0gYreUck="></latexit>

 :LSS HSS `V\Y YLZV\YJLZ H[ H MHPY �TPUPT\T� WYPJL
 :LSSPUN T\Z[ IL TVYL JVU]LUPLU[ [OHU WYVK\JPUN!

¶ 7YVK\J[ 1 �WYPJL 1� ULLKZ 1⇥ YLZV\YJL 1 HUK 3�! y1 + y3 � 1

¶ 7YVK\J[ 2 �WYPJL 2� ULLKZ 2⇥ YLZV\YJL 2 HUK 1⇥ YLZV\YJL 3�! 2y2 + y3 � 2



Today’s agenda

• Two-person zero-sum games


• Farkas lemma


• Complementary slackness


• KKT conditions

15

More on duality



Two-person games



Rock paper scissors
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Rules
At count to three declare one of: Rock, Paper, or Scissors

Winners
Identical selection is a draw, otherwise:
• Rock beats (“dulls”) scissors

• Scissors beats (“cuts”) paper

• Paper beats (“covers”) rock

Extremely popular: world RPS society, USA RPS league, etc.



Two-person zero-sum game
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Two players make their choice independently

Rule

7SH`LY 1 WH`Z Aij [V WSH`LY 2

<latexit sha1_base64="jyn5PxonjunkDUz/5uUwMN/a1KY="></latexit>

A 2 Rm⇥n PZ [OL WH`VɈ TH[YP_

<latexit sha1_base64="zuxnMvNEnG/MFTYJWQnoouUc/vI="></latexit>

A =

⎡

⎢⎣
0 1 −1

−1 0 1

1 −1 0

⎤

⎥⎦

<latexit sha1_base64="xUm2F1IOxCENF75VxcWoqElgzHg="></latexit>

R

<latexit sha1_base64="b8wOfoKJl7/G6YfznQeIIg0ifJM="></latexit>

P

<latexit sha1_base64="/AyRInIbO7rC6GiikoCt/u57k6c="></latexit>

S

<latexit sha1_base64="07Lk6ac3S0476XPpYogjzw/3u/k="></latexit>

R

<latexit sha1_base64="b8wOfoKJl7/G6YfznQeIIg0ifJM="></latexit>

P

<latexit sha1_base64="/AyRInIbO7rC6GiikoCt/u57k6c="></latexit>

S

<latexit sha1_base64="07Lk6ac3S0476XPpYogjzw/3u/k="></latexit>

Rock, Paper, Scissors

 7SH`LY � �7�� JOVVZLZ H U\TILY i 2 {1, . . . ,m} �VUL VM m HJ[PVUZ�
 7SH`LY � �7�� JOVVZLZ H U\TILY j 2 {1, . . . , n} �VUL VM n HJ[PVUZ�

<latexit sha1_base64="ZGkMmYMl0rOXRUjnoswXDGotDp0="></latexit>



Mixed (randomized) strategies
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Deterministic strategies can be systematically defeated

Randomized strategies
 7� JOVVZLZ YHUKVTS` HJJVYKPUN [V KPZ[YPI\[PVU x!

 7� JOVVZLZ YHUKVTS` HJJVYKPUN [V KPZ[YPI\[PVU y!

<latexit sha1_base64="/l/TR58XV7hEw5maVf00WCZGUoQ="></latexit>

xi = WYVIHIPSP[` [OH[ 7� ZLSLJ[Z HJ[PVU i

<latexit sha1_base64="mgrm0lenZRCux4p/429Ealu46cA="></latexit>

<latexit sha1_base64="/1q/861UohA2qnOD294RL49owXw="></latexit>

yj = WYVIHIPSP[` [OH[ 7� ZLSLJ[Z HJ[PVU j

m∑

i=1

n∑

j=1

xiyjAij = xTAy

<latexit sha1_base64="dEnx31ZWcO+0SYnt5WOpSesbB+0="></latexit>

,_WLJ[LK WH`VɈ �MYVT 7� 7��� PM [OL` \ZL TP_LK�Z[YH[LNPLZ x HUK y�

<latexit sha1_base64="3F5FMPGy2ZLJRSbMKSsoMlK4FI8="></latexit>



Mixed strategies and probability simplex
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Pk = {p ∈ Rk | p ≥ 0, 1T p = 1}

<latexit sha1_base64="Rngmk+G+1BKN38GwljbA8OSyGWU="></latexit>

7YVIHIPSP[` ZPTWSL_ PU Rk

<latexit sha1_base64="t21pfOr3r+Y635owG0lezl2Faxg="></latexit>

Mixed strategy
For a game player, a mixed strategy is a distribution over all possible 
deterministic strategies. 
The set of all mixed strategies is the probability simplex x ∈ Pm, y ∈ Pn

<latexit sha1_base64="GzUnJfOHcqFCSFDQT3wjx7r0UAU="></latexit>



Optimal mixed strategies
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7�! VW[PTHS Z[YH[LN` x? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="4bjchu30HVCwL/TdKq9B4cTZfu0="></latexit>

TPUPTPaL max
y∈Pn

xTAy

Z\IQLJ[ [V x ∈ Pm

<latexit sha1_base64="A9LBW4kZslHD6O4tU9izFn2x+Ho="></latexit>

7�! VW[PTHS Z[YH[LN` y? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="w8ysxu8AdX9r2HwTsUPIUuZafvs="></latexit>

TH_PTPaL min
x∈Pm

xTAy

Z\IQLJ[ [V y ∈ Pn

<latexit sha1_base64="1upfjPAWL3Ng9Nd2UE3AQVf72N0="></latexit>

6W[PTHS Z[YH[LNPLZ x? HUK y? JHU IL JVTW\[LK \ZPUN SPULHY VW[PTPaH[PVU

<latexit sha1_base64="FE+zfFEh+sX9hr70uKNTONrPhY4="></latexit>

Inner problem over 
deterministic 

strategies (vertices)

TPUPTPaL max
j=1,...,n

(ATx)j

Z\IQLJ[ [V x ∈ Pm

<latexit sha1_base64="nvCyYmd/cTwvjVWcca+yJQDMP7w="></latexit>

TH_PTPaL min
i=1,...,m

(Ay)i

Z\IQLJ[ [V y ∈ Pn

<latexit sha1_base64="fsFempaBevVxQ4mZdGIe0O2vvQk="></latexit>



Minmax theorem

22

Theorem
max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>

Proof

TPUPTPaL t

Z\IQLJ[ [V ATx ≤ t1

1Tx = 1

x ≥ 0

<latexit sha1_base64="ap3pXy0lazketRQSdY8Z7NYhGhg="></latexit>

;OL VW[PTHS x? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="Wcvrguxd7L16sr54p4yuzYS0qjc="></latexit>

TH_PTPaL w

Z\IQLJ[ [V Ay ≥ w1

1T y = 1

y ≥ 0

<latexit sha1_base64="t74TMo3TOfrfhS5RubsMLSMSBKg="></latexit>

;OL VW[PTHS y? PZ [OL ZVS\[PVU VM

<latexit sha1_base64="ex213HzUzCLOZroZiebeTIMrDqM="></latexit>

The two LPs are duals and by strong duality the equality follows.



Nash equilibrium
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Consequence
;OL WHPY VM TP_LK Z[YH[LNPLZ (x?, y?) H[[HPUZ [OL 5HZO LX\PSPIYP\T VM [OL [^V�
WLYZVU TH[YP_ NHTL� P�L��

<latexit sha1_base64="aWT5eLBZWXRxTmsuOXicK93B7kg="></latexit>

xTAy⋆ ≥ x⋆TAy⋆ ≥ x⋆TAy, ∀x ∈ Pm, ∀y ∈ Pn

<latexit sha1_base64="wGPo/kTVQ437yvvWlHLpgfPsiTA="></latexit>

Theorem
max
y∈Pn

min
x∈Pm

xTAy = min
x∈Pm

max
y∈Pn

xTAy

<latexit sha1_base64="TrdN/eyPs8QS2WyReHI4zQshuTQ="></latexit>



Example
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A =

⎡

⎢⎣
4 2 0 −3

−2 −4 −3 3

−2 −3 4 1

⎤

⎥⎦

<latexit sha1_base64="iAdpggvOSmSXflj1HPGNhSr54us="></latexit>

min
i

max
j

Aij = 3 > −2 = max
j

min
i

Aij

<latexit sha1_base64="RQBoe/4PMcFlm28siTDhKPMzfY8="></latexit>

Optimal mixed strategies
x⋆ = (0.37, 0.33, 0.3), y⋆ = (0.4, 0, 0.13, 0.47)

<latexit sha1_base64="/kebxZJD0S9TnMrNSKVia6ww0WY="></latexit>

Expected payoff
x⋆TAy⋆ = 0.2

<latexit sha1_base64="lNSbBCRgt/vsss65gH4SreXoFFw="></latexit>

Optimal deterministic strategies



Farkas lemma



Feasibility of polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="H+VsDsuCwjAWhaXh6m7I/sgv1/U="></latexit>

/V^ [V ZOV^ [OH[ P PZ MLHZPISL&

<latexit sha1_base64="t6A50YwiecT68odiR9zMwt3l6Oo="></latexit>

,HZ`! ^L Q\Z[ ULLK [V WYV]PKL HU x 2 P � P�L�� H JLY[PÄJH[L

<latexit sha1_base64="0nUXP73e8Ml/j1f3VHd1joC682o="></latexit>

/V^ [V ZOV^ [OH[ P PZ PUMLHZPISL&

<latexit sha1_base64="OKzHvnkb7e/MGBU1SNs7m585jQo="></latexit>



Farkas lemma
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Theorem
.P]LU A HUK b� L_HJ[S` VUL VM [OL MVSSV^PUN Z[H[LTLU[Z PZ [Y\L!

<latexit sha1_base64="lqPo2bWtfcNc4O8XIlaUSIGVsIk="></latexit>

�� ;OLYL L_PZ[Z HU x ^P[O Ax = b� x � 0

�� ;OLYL L_PZ[Z H y ^P[O AT y � 0� bT y < 0

<latexit sha1_base64="SqxY0KKjAfSs/D+Y95HFhHbAjgo="></latexit>



Farkas lemma
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1. First alternative

b =
n∑

i=1

xiAi, xi ≥ 0, i = 1, . . . , n

<latexit sha1_base64="ZxA1j0wP0mzzaJbnECbXCHmKG4Q="></latexit>

A1

<latexit sha1_base64="FNvoOFbqNLJElR3NjilYdZRP/H0="></latexit>

A2

<latexit sha1_base64="KgrKK9KYvPH4kjMIdhPuNkOgpss="></latexit>

b

<latexit sha1_base64="OzSK7EZmpoXuJ+VzUHQsyBUqncI="></latexit>

2. Second alternative

yTAi ≥ 0, i = 1, . . . ,m, yT b < 0

<latexit sha1_base64="XPvKEIc3HVt7TVo5MELSsb/ZbyY="></latexit>

A1

<latexit sha1_base64="FNvoOFbqNLJElR3NjilYdZRP/H0="></latexit>

A2

<latexit sha1_base64="KgrKK9KYvPH4kjMIdhPuNkOgpss="></latexit>

b

<latexit sha1_base64="OzSK7EZmpoXuJ+VzUHQsyBUqncI="></latexit>

y

<latexit sha1_base64="KoB4NUJYVht9YOipvyMj2J0QdkU="></latexit>

;OL O`WLYWSHUL yT z = 0
ZLWHYH[LZ b MYVT A1, . . . , An

<latexit sha1_base64="dpxUXvoEbvTj6aGKpzP1L3IFQRk="></latexit>

<latexit sha1_base64="HaOzvZONUJgj7U2AlAmXfkkajKg="></latexit>

;OLYL L_PZ[Z H y ^P[O AT y � 0� bT y < 0

Geometric interpretation

b PZ PU [OL JVUL NLULYH[LK I` [OL
JVS\TUZ VM A

<latexit sha1_base64="wgxFXKXOpydgAkGVVX+fnvwKI5U="></latexit>

<latexit sha1_base64="IFNKPTKQKNqy1MTl3cfXO54ybJg="></latexit>

;OLYL L_PZ[Z HU x ^P[O Ax = b� x � 0



Farkas lemma
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<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

1 and 2 cannot be both true (easy)

x � 0� Ax = b HUK yTA � 0

<latexit sha1_base64="agBaNvKrrXuBEnT0BonIqvA1od8="></latexit>

yT b = yTAx ≥ 0

<latexit sha1_base64="ztSfiMQN7AjQZ6ZUx2ky7jrcq7s="></latexit>

Proof



Farkas lemma

30

1 and 2 cannot be both false (duality)

TPUPTPaL 0

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

y = 0 HS^H`Z MLHZPISL

<latexit sha1_base64="5F77GyMkjg8IA/CES6h5aHU3s2g="></latexit>

d⋆ ̸= −∞, p⋆ = d⋆

<latexit sha1_base64="q+cLFOx/fgcs4mcFiC6gZX7pcWw="></latexit>

Strong duality holds

Proof



Farkas lemma
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1 and 2 cannot be both false (duality)

TPUPTPaL 0

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

bT y � 0 MVY HSS y Z\JO [OH[ AT y � 0

<latexit sha1_base64="hlBGC6BYfDuZz9tv515pIGRxIJ0="></latexit>

(S[LYUH[P]L �! WYPTHS MLHZPISL p? = d? = 0

<latexit sha1_base64="cAqFky9lYPOlrCbDuOKd1o1JY0U="></latexit>

Proof



Farkas lemma
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1 and 2 cannot be both false (duality)

TPUPTPaL 0

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0
<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0OR

;OLYL L_PZ[Z y Z\JO [OH[ AT y � 0 HUK bT y < 0

<latexit sha1_base64="GFZi9qA90k0fG/GrKUhwn+YIE/s="></latexit>

(S[LYUH[P]L �! WYPTHS PUMLHZPISL p? = d? = +1

<latexit sha1_base64="MLRsWCXIaFjqmWCE9Z0XDqpI8CA="></latexit>

y PZ HU

<latexit sha1_base64="WVVAC7JRKrfFdXj2hSpT1w7gWL0="></latexit>

infeasibility  
certificate

Proof



Farkas lemma
Many variations
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<latexit sha1_base64="gwjpSqVZrOwjwy8mSLcvU2PeQhs="></latexit>

;OLYL L_PZ[Z x ^P[O Ax = b, x � 0

<latexit sha1_base64="ZHIOSMLxunk12VyVtwkV1epFk+o="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0
OR

OR

<latexit sha1_base64="7PB3PPOsaQ37kzHovYL2I4eUZ7c="></latexit>

;OLYL L_PZ[Z x ^P[O Ax  b, x � 0

<latexit sha1_base64="bk47nggmOIMPjpXoUhPzzynNOxE="></latexit>

;OLYL L_PZ[Z y ^P[O AT y � 0, bT y < 0, y � 0

OR

<latexit sha1_base64="mrX/D+pKeTJ/bL+o+gRrwzVPG/M="></latexit>

;OLYL L_PZ[Z x ^P[O Ax  b

<latexit sha1_base64="ncBPQxjRkQqSRzx3pVUtF5/6TkI="></latexit>

;OLYL L_PZ[Z y ^P[O AT y = 0, bT y < 0, y � 0



Complementary slackness



Optimality conditions
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

x HUK y HYL WYPTHS HUK K\HS VW[PTHS PM HUK VUS` PM

<latexit sha1_base64="46P1slWE8taueH8oWO77BQBe+AI="></latexit>

 x PZ WYPTHS MLHZPISL! Ax  b

 y PZ K\HS MLHZPISL! AT y + c = 0 HUK y � 0

 ;OL K\HSP[` NHW PZ aLYV! cTx+ bT y = 0

<latexit sha1_base64="r+QflLu5bGd/FCTa1gYnTUFHYeY="></latexit>

*HU ^L YLSH[L x HUK y �UV[ VUS` [OL VIQLJ[P]L�&

<latexit sha1_base64="BbjuDHO0Armg38bc7EHG3QIeXtQ="></latexit>



Complementary slackness
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Theorem

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

7YPTHS�K\HS MLHZPISL x� y HYL VW[PTHS PM HUK VUS` PM

<latexit sha1_base64="72haPqPGgcnAxmY+mVQAisPg3mI="></latexit>

yi(bi − aTi x) = 0, i = 1, . . . ,m

<latexit sha1_base64="rQuW9qi89f5Q0v8b3wsOIihZbqM="></latexit>

P�L�� H[ VW[PT\T� b�Ax HUK y OH]L H JVTWSLTLU[HY` ZWHYZP[` WH[[LYU!

<latexit sha1_base64="9wrLbmXVQhduTWQORUMLsleMvto="></latexit>

yi > 0 ) aTi x = bi

<latexit sha1_base64="zte0nvrorW6e8zWFKdLM3pqUn3Q="></latexit>

aTi x < bi ⇒ yi = 0

<latexit sha1_base64="zA3QkH6VcH1T/BE4VJYj040CCdo="></latexit>



Complementary slackness
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Proof
;OL K\HSP[` NHW H[ WYPTHS MLHZPISL x HUK K\HS MLHZPISL y JHU IL ^YP[[LU HZ

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (�AT y)Tx+ bT y = (b�Ax)T y =
mX

i=1

yi(bi � aTi x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

:PUJL HSS [OL LSLTLU[Z VM [OL Z\T HYL UVUULNH[P]L� [OL` T\Z[ HSS IL 0

<latexit sha1_base64="s3SP17mJgKpYNsyvGsZof/hgIMo="></latexit>

-VY MLHZPISL x HUK y JVTWSLTLU[HY` ZSHJRULZZ $ aLYV K\HSP[` NHW

<latexit sha1_base64="/KsdLYpThzGHBVrRC6/fHQlrLUM="></latexit>



Example
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TPUPTPaL −4x1 − 5x2

Z\IQLJ[ [V

⎡

⎢⎢⎢⎣

−1 0

2 1

0 −1

1 2

⎤

⎥⎥⎥⎦

[
x1

x2

]
≤

⎡

⎢⎢⎢⎣

0

3

0

3

⎤

⎥⎥⎥⎦

<latexit sha1_base64="qWvNkg9ZU/4DpEaDhOt4yEdiJWo="></latexit>

:LJVUK HUK MV\Y[O JVUZ[YHPU[Z HYL HJ[P]L H[ x

<latexit sha1_base64="fG09h8lEAnb2H1mIqQ/wTP/A94A="></latexit>

y = (0, y2, 0, y4)

<latexit sha1_base64="CeqRMyXXUpw6B4JvhQJ0khBe6Jg="></latexit>

AT y = −c ⇒
[
2 1

1 2

][
y2
y4

]
=

[
4

5

]

<latexit sha1_base64="CZqQiNF+vedpzdyPmZyjUKi5+iA="></latexit>

y2 ≥ 0, y4 ≥ 0

<latexit sha1_base64="JUP1Nj4zCb3shC3PcFB8Xl/rNRk="></latexit>

and

y = (0, 1, 0, 2) ZH[PZÄLZ [OLZL JVUKP[PVUZ HUK WYV]LZ [OH[ x PZ VW[PTHS

<latexit sha1_base64="QTTt+AwTsBKn6tbdFexfWvFDr/w="></latexit>

3L[»Z ZOV^ [OH[ MLHZPISL x = (1, 1) PZ VW[PTHS

<latexit sha1_base64="B81kFNdaBQXt2EvIfYJc7+1m1Ho="></latexit>

*VTWSLTLU[HY` ZSHJRULZZ PZ \ZLM\S [V YLJV]LY y? MYVT x?

<latexit sha1_base64="jO4Eqdmyb1CtHyin6EDOcN0h+rc="></latexit>



Geometric interpretation
,_HTWSL PU R2

<latexit sha1_base64="13bKbVbisGcSsCEFLrZdzsqmyPA="></latexit>
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x⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

a1

<latexit sha1_base64="/ejWg8DVgF65TRktZtAmGvqDF9I="></latexit>

a2

<latexit sha1_base64="UNixJ33oiXOhGMCghDYg192JaUo="></latexit>

−c

<latexit sha1_base64="dKCmff4E1I2iSUZKYZFxkIOe7v4="></latexit>

;̂ V HJ[P]L JVUZ[YHPU[Z H[ VW[PT\T! aT1 x? = b1, aT2 x
? = b2

<latexit sha1_base64="4HnmTUw334kxfNlo2Jg+Ekqyd4I="></latexit>

6W[PTHS K\HS ZVS\[PVU y ZH[PZÄLZ!

<latexit sha1_base64="abzYU/XrwnrVYLqUjfAW1HTOQjQ="></latexit>

AT y + c = 0, y ≥ 0, yi = 0 MVY i ̸= {1, 2}

<latexit sha1_base64="uCJ0h9ICiKq+sPyyniKppXX/pGY="></latexit>

0U V[OLY ^VYKZ� �c = a1y1 + a2y2 ^P[O y1, y2 � 0

<latexit sha1_base64="FIGKKB4mVaXR39lv6LCbZBOKpDQ="></latexit>



KKT Conditions



Lagrangian and duality
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Lagrangian
<latexit sha1_base64="lAqvM1P80QEAFn3zmcJt2al8J5M="></latexit>

L(x, y) = cTx+ yT (Ax� b)

Dual function
<latexit sha1_base64="c2Jy2XoG7OMiSmKTMVkYX2/Hi7M="></latexit>

g(y) = TPUPTPaL
x

�
cTx+ yT (Ax� b)

�

= �bT y +TPUPTPaL
x

�
c+AT y

�T
x

=

(
�bT y PM c+AT y = 0

�1 V[OLY^PZL

<latexit sha1_base64="QRVlOOEoRjpMVxCpKWz1I/EYzdA="></latexit>

rxL(x, y) = c+AT y = 0



Karush-Kuhn-Tucker conditions
Optimality conditions for linear optimization
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Primal feasibility
<latexit sha1_base64="XAdZSMhlhwHgrszBG2VPDb3VQWQ="></latexit>

Ax  b

Dual feasibility
<latexit sha1_base64="uDF5NoPQxc6/SHASmAdc/oBmXfg="></latexit>

rxL(x, y) = AT y + c = 0 HUK y � 0

Complementary slackness
<latexit sha1_base64="mN5/M4ulflYbyAIiEtZLNy1t6Rc="></latexit>

yi(Ax− b)i = 0, i = 1, . . . ,m



Karush-Kuhn-Tucker conditions
Solving linear optimization problems
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We can solve our optimization problem by solving a system of equations
<latexit sha1_base64="Cjs6/qZMxIQg3RA6MsVaKdfGOCo="></latexit>

rxL(x, y) = AT y + c = 0

b�Ax � 0

y � 0

yT (b�Ax) = 0

Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



Linear optimization duality

Today, we learned to:


• Interpret linear optimization duality using game theory


• Prove Farkas lemma using duality


• Geometrically link primal and dual solutions with complementary slackness


• Derive KKT optimality conditions
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Next lecture

• Sensitivity analysis
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