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ORF307 – Optimization
9. Geometry and polyhedra



Ed Forum

• when doing convex piecewise linear minimization, how do we know how 
many pieces to split the curve into?


• We also discussed how to turn a vector norm problem into a LP problem, 
which I don't fully understand and will need to review.
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Today’s lecture
Geometry and polyhedra

3

• Simple example

• Polyhedra

• Corners: extreme points, vertices, basic feasible solutions

• Constructing basic solutions

• Existence and optimality of extreme points
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What kind of optimal  
solutions do we get?
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A simple example
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Polyhedra and linear algebra



Hyperplanes and halfspaces
Definitions
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Hyperplane Halfspace
28 2 Convex sets

a

x

aT x = b

x0

Figure 2.6 Hyperplane in R2, with normal vector a and a point x0 in the
hyperplane. For any point x in the hyperplane, x− x0 (shown as the darker
arrow) is orthogonal to a.

a

aT x ≥ b

aT x ≤ b

x0

Figure 2.7 A hyperplane defined by aT x = b in R2 determines two halfspaces.
The halfspace determined by aT x ≥ b (not shaded) is the halfspace extending
in the direction a. The halfspace determined by aT x ≤ b (which is shown
shaded) extends in the direction −a. The vector a is the outward normal of
this halfspace.
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{x | aTx = b}
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Polyhedron
Definition
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• Intersection of finite number of halfspaces


• Can include equalities

Polyhedron

solution set of a finite number of linear inequalities

aT1 x ≤ b1, aT2 x ≤ b2, . . . , aTmx ≤ bm

a1 a2

a3

a4

a5

• intersection of a finite number of halfspaces

• in matrix notation: Ax ≤ b if A is a matrix with rows aTi

• can include equalities: Fx = g is equivalent to Fx ≤ g, −Fx ≤ −g

Introduction 1–24

P = {x | aTi x ≤ bi, i = 1, . . . ,m} = {x | Ax ≤ b}

<latexit sha1_base64="CdMoNCLNPRseDWioEYDO0pCEt3k="></latexit>



Polyhedron
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Example

a3

a2
a5

a1

a4

x1

x2

P = {x | aTi x ≤ bi, i = 1, . . . ,m} = {x | Ax ≤ b}
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Convex set
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αx+ (1− α)y ∈ C
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Convex combinations
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The vector v = ↵1x1 + · · ·+ ↵kxk is a convex combination of the points.

<latexit sha1_base64="ABGQBsOLg++ninrThw8wJ+FgO/w="></latexit>

Ingredients :

• A collection of points C = {x1, . . . , xk}

• A collection of non-negative weights ↵i

• The weights ↵i sum to 1

<latexit sha1_base64="MJ5p6XNJZzptPZlf1g6RIT2quIw="></latexit>



Convex hull
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The convex hull is the set of all possible


convex combinations of the points.

<latexit sha1_base64="ED9uVSqbpUhay8yDHfPx4ZKT2mU="></latexit>
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Extreme points
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An extreme point of a set is one not on a  
straight line between any other points in the set.

Definition:

More formal definition:
The point x 2 P is an extreme point of P if
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Extreme points
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• General convex sets can have an infinite number of extreme points


• Polyhedra are convex sets with a finite number of extreme points



Vertices
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Basic feasible solution
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x̄
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{ai | i 2 I(x̄)} has n linearly independent vectors
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Assume we have a polytope P = {x | aTi x  bi, i = 1, . . . ,m}
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Degenerate basic feasible solutions

20

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

z

<latexit sha1_base64="8OV09/77OMFd6K/sUIsbARRqcc4="></latexit>

)HZPJ -LHZPISL +LNLULYH[L

x

y

z

<latexit sha1_base64="+rB0hkYUoRXGEh4uKYodLx8GDIA="></latexit>

True or False?

A solution x̄ is degenerate if |I(x̄)| > n
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An Equivalence Theorem
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Given a nonempty polyhedron P = {x | Ax  b}
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Equivalent theorem proof
Vertex —> Extreme point
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Vertex —> Extreme point
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Equivalent theorem proof
Extreme point —> Basic feasible solution

23

(proof by contraposition)
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(proof by contraposition)
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Equivalent theorem proof
Extreme point —> Basic feasible solution
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(proof by contraposition)
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Equivalent theorem proof
Extreme point —> Basic feasible solution
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(proof by contraposition)
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Equivalent theorem proof
Extreme point —> Basic feasible solution
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Basic feasible solution —> Vertex
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Left as exercise

Hint

+LÄUL c =
P

i2I(x) ai
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3D example
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One equality
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3D example
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Two equalities
<latexit sha1_base64="BXOhLcYZm24j+7AnBYlmxDe+0fY="></latexit>

(m = 2, n = 3)

<latexit sha1_base64="zLq5YqeNofSV9pJ0GJ5OWg+sOSU="></latexit>

)HZPJ MLHZPISL ZVS\[PVU x̄ OHZ n
SPULHYS` PUKLWLUKLU[ HJ[P]L JVUZ[YHPU[Z�

<latexit sha1_base64="RfCpvp5MYMe9Jz54NmVgL6PTwvg="></latexit>

n�m = 1 PULX\HSP[PLZ OH]L [V IL [PNO[! xi = 0

x1

x2

x3

<latexit sha1_base64="TAe7VzSF8niQprwKjv0NfC6JyXc="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x1 + x3 = 1

(1/2)x1 + x2 + (1/2)x3 = 1

x1, x2, x3 ≥ 0

--

-

Jm= 2 ⑳

& ⑳

X=0

x3=

*25 1 - Y2= 12



3D example
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Three equalities

<latexit sha1_base64="zLq5YqeNofSV9pJ0GJ5OWg+sOSU="></latexit>

)HZPJ MLHZPISL ZVS\[PVU x̄ OHZ n
SPULHYS` PUKLWLUKLU[ HJ[P]L JVUZ[YHPU[Z�

<latexit sha1_base64="bpHUGOPa7a1+b9IS7pMJJbIdNSk="></latexit>

n�m = 0 PULX\HSP[PLZ OH]L [V IL [PNO[! xi = 0

<latexit sha1_base64="Pc6/9IcDq33pdPIlfF64ZUkCfoA="></latexit>

(m = 3, n = 3)

x1

x2

x3

<latexit sha1_base64="0mrqK3BpiQrk6Tm3KLyLyJZBq+U="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x1 + x3 = 1

(1/2)x1 + x2 + (1/2)x3 = 1

2x1 = 1

x1, x2, x3 ≥ 0

Jm =3



Standard form polyhedra
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP
P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

Standard form polyhedron

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

Assumption

Interpretation
P is an (n�m)-dimensional surface

<latexit sha1_base64="w1lEJ105hAgOtHsZjB/xRzrhKO4="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

n = 3,m = 1

<latexit sha1_base64="Q1eQoT0hukYedziFxmafbeYKPTs="></latexit>

x742 +13 =1



Constructing a basic solution
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Two equalities
<latexit sha1_base64="BXOhLcYZm24j+7AnBYlmxDe+0fY="></latexit>

(m = 2, n = 3)

<latexit sha1_base64="RfCpvp5MYMe9Jz54NmVgL6PTwvg="></latexit>

n�m = 1 PULX\HSP[PLZ OH]L [V IL [PNO[! xi = 0

<latexit sha1_base64="TAe7VzSF8niQprwKjv0NfC6JyXc="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x1 + x3 = 1

(1/2)x1 + x2 + (1/2)x3 = 1

x1, x2, x3 ≥ 0

x1

x2

x3



Constructing a basic solution

32

Two equalities
<latexit sha1_base64="BXOhLcYZm24j+7AnBYlmxDe+0fY="></latexit>

(m = 2, n = 3)

<latexit sha1_base64="RfCpvp5MYMe9Jz54NmVgL6PTwvg="></latexit>

n�m = 1 PULX\HSP[PLZ OH]L [V IL [PNO[! xi = 0

<latexit sha1_base64="TAe7VzSF8niQprwKjv0NfC6JyXc="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x1 + x3 = 1

(1/2)x1 + x2 + (1/2)x3 = 1

x1, x2, x3 ≥ 0

<latexit sha1_base64="pV5BAKZpZ1g15uIIep9Bz0YiuvU="></latexit>

:L[ x1 = 0 HUK ZVS]L
<latexit sha1_base64="pa/ToIz5b1+k2myJd2nT55Vk4L0="></latexit>"
0 1

1 1/2

#"
x2

x3

#
=

"
1

1

#<latexit sha1_base64="U6g0YlRcM/dB9dsuwEHb0oWYLZI="></latexit>"
1 0 1

1/2 1 1/2

#2

64
x1

x2

x3

3

75 =

"
1

1

#

x1

x2

x3

·
Ex



Constructing a basic solution

32

Two equalities
<latexit sha1_base64="BXOhLcYZm24j+7AnBYlmxDe+0fY="></latexit>

(m = 2, n = 3)

<latexit sha1_base64="RfCpvp5MYMe9Jz54NmVgL6PTwvg="></latexit>

n�m = 1 PULX\HSP[PLZ OH]L [V IL [PNO[! xi = 0

<latexit sha1_base64="TAe7VzSF8niQprwKjv0NfC6JyXc="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V x1 + x3 = 1

(1/2)x1 + x2 + (1/2)x3 = 1

x1, x2, x3 ≥ 0

<latexit sha1_base64="pV5BAKZpZ1g15uIIep9Bz0YiuvU="></latexit>

:L[ x1 = 0 HUK ZVS]L
<latexit sha1_base64="pa/ToIz5b1+k2myJd2nT55Vk4L0="></latexit>"
0 1

1 1/2

#"
x2

x3

#
=

"
1

1

#<latexit sha1_base64="U6g0YlRcM/dB9dsuwEHb0oWYLZI="></latexit>"
1 0 1

1/2 1 1/2

#2

64
x1

x2

x3

3

75 =

"
1

1

#

x1

x2

x3

<latexit sha1_base64="WRjB/iHyK+rP4+SbafZQiMaZ4f4="></latexit>

(x2, x3) = (0.5, 1)

·

-
x(0
,
0
.

5
, 1)



Basic solutions
Standard form polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with



Basic solutions
Standard form polyhedra

33

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x PZ H IHZPJ ZVS\[PVU PM HUK VUS` PM

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

 Ax = b
 ;OLYL L_PZ[ PUKPJLZ B(1), . . . , B(m) Z\JO [OH[

¶ JVS\TUZ AB(1), . . . , AB(m) HYL SPULHYS` PUKLWLUKLU[
¶ xi = 0 MVY i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>



Basic solutions
Standard form polyhedra

33

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x PZ H IHZPJ ZVS\[PVU PM HUK VUS` PM

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

 Ax = b
 ;OLYL L_PZ[ PUKPJLZ B(1), . . . , B(m) Z\JO [OH[

¶ JVS\TUZ AB(1), . . . , AB(m) HYL SPULHYS` PUKLWLUKLU[
¶ xi = 0 MVY i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>

x PZ H IHZPJ MLHZPISL ZVS\[PVU PM x PZ H IHZPJ ZVS\[PVU HUK x � 0

<latexit sha1_base64="df+98hYlyvhUk5fNeo5uTY0jIIM="></latexit>



Constructing basic solution
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�� *OVVZL HU` m PUKLWLUKLU[ JVS\TUZ VM A! AB(1), . . . , AB(m)

�� 3L[ xi = 0 MVY HSS i 6= B(1), . . . , B(m)
�� :VS]L Ax = b MVY [OL YLTHPUPUN xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>



Constructing basic solution

34

�� *OVVZL HU` m PUKLWLUKLU[ JVS\TUZ VM A! AB(1), . . . , AB(m)

�� 3L[ xi = 0 MVY HSS i 6= B(1), . . . , B(m)
�� :VS]L Ax = b MVY [OL YLTHPUPUN xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables
<latexit sha1_base64="mb4z4YwhQ2i3QI1PINthJBqmmt4="></latexit>

AB =

⎡

⎢⎣AB(1) AB(2) . . . AB(m)

⎤

⎥⎦ , xB =

⎡

⎢⎢⎣

xB(1)

���
xB(m)

⎤

⎥⎥⎦
<latexit sha1_base64="+iRwBbBRY0GON+5ZERi161wiBtk="></latexit>

:VS]L ABxB = b



Constructing basic solution
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�� *OVVZL HU` m PUKLWLUKLU[ JVS\TUZ VM A! AB(1), . . . , AB(m)

�� 3L[ xi = 0 MVY HSS i 6= B(1), . . . , B(m)
�� :VS]L Ax = b MVY [OL YLTHPUPUN xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables
<latexit sha1_base64="mb4z4YwhQ2i3QI1PINthJBqmmt4="></latexit>

AB =

⎡

⎢⎣AB(1) AB(2) . . . AB(m)

⎤

⎥⎦ , xB =

⎡

⎢⎢⎣

xB(1)

���
xB(m)

⎤

⎥⎥⎦
<latexit sha1_base64="+iRwBbBRY0GON+5ZERi161wiBtk="></latexit>

:VS]L ABxB = b

0M xB � 0� [OLU x PZ H IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Existence and optimality of 
extreme points



Existence of extreme points
Example

36
No extreme points Extreme points



Existence of extreme points
Characterization

37

( WVS`OLKYVU P JVU[HPUZ H SPUL PM

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

9x 2 P HUK H UVUaLYV ]LJ[VY d Z\JO [OH[ x+ �d 2 P, 8� 2 R�

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>



Existence of extreme points
Characterization
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( WVS`OLKYVU P JVU[HPUZ H SPUL PM

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

, the following are equivalent.P]LU H WVS`OLKYVU P = {x | aTi x  bi, i = 1, . . . ,m}

<latexit sha1_base64="1FM8JX4t+UE3I5y3FDiiWEP7cQs="></latexit>

 P KVLZ UV[ JVU[HPU H SPUL
 P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
 n VM [OL ai ]LJ[VYZ HYL SPULHYS` PUKLWLUKLU[

<latexit sha1_base64="PtlBgpv51cSkz1T88susS5ieoSw="></latexit>

9x 2 P HUK H UVUaLYV ]LJ[VY d Z\JO [OH[ x+ �d 2 P, 8� 2 R�

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>



Existence of extreme points
Characterization

37

( WVS`OLKYVU P JVU[HPUZ H SPUL PM

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

Corollary 
Every nonempty bounded polyhedron has 

at least one basic feasible solution

, the following are equivalent.P]LU H WVS`OLKYVU P = {x | aTi x  bi, i = 1, . . . ,m}

<latexit sha1_base64="1FM8JX4t+UE3I5y3FDiiWEP7cQs="></latexit>

 P KVLZ UV[ JVU[HPU H SPUL
 P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
 n VM [OL ai ]LJ[VYZ HYL SPULHYS` PUKLWLUKLU[

<latexit sha1_base64="PtlBgpv51cSkz1T88susS5ieoSw="></latexit>

9x 2 P HUK H UVUaLYV ]LJ[VY d Z\JO [OH[ x+ �d 2 P, 8� 2 R�

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>



Optimality of extreme points

38

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

 P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
 ;OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU x?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

Then, there exists an optimal solution that is an extreme point of P .

<latexit sha1_base64="/rumuID6kKZ95jWGYvysGDtKw6s="></latexit>



Optimality of extreme points

38

Solution method: restrict search to extreme points.

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

 P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
 ;OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU x?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

Then, there exists an optimal solution that is an extreme point of P .

<latexit sha1_base64="/rumuID6kKZ95jWGYvysGDtKw6s="></latexit>
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How to search among basic feasible solutions?
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Idea
List all the basic feasible solutions, compare objective values and pick the best one.



How to search among basic feasible solutions?

39

Idea
List all the basic feasible solutions, compare objective values and pick the best one.

Intractable!
0M n = 1000 HUK m = 100� ^L OH]L 10143 JVTIPUH[PVUZ�

<latexit sha1_base64="xnXdcEGq5BLvIa7Q5hNO0rfP9M0="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

40

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



Geometry of linear optimization

Today, we learned to:


• Apply geometric and algebraic properties of polyhedra to characterize the 
“corners” of the feasible region. 

• Construct basic feasible solutions by solving a linear system.


• Recognize existence and optimality of extreme points.

41
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Next topics

43

More applications 

The simplex method


