
Bartolomeo Stellato — Spring 2024

ORF307 – Optimization
6. Constrained least squares



Ed Forum

• What is the difference between control and estimation?


• What is the definition of pareto frontier? Why can’t you do better?
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Recap



Multi-objective least squares
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<latexit sha1_base64="+iB8Fr0F506G68x+y0gN8KhvXGQ="></latexit>

.VHS JOVVZL n�]LJ[VY x Z\JO [OH[
k UVYT ZX\HYLK VIQLJ[P]LZ HYL ZTHSS

<latexit sha1_base64="VQ18wyX3Gs01twr39zkhDK2j/Q8="></latexit>

J1 = kA1x� b1k2

���
Jk = kAkx� bkk2

<latexit sha1_base64="gUf+LBHZfJjYdJSUg2ugtn7nQHA="></latexit>

Ai HYL mi ⇥ n TH[YPJLZ HUK bi HYL mi�]LJ[VYZ MVY i = 1, . . . , k

<latexit sha1_base64="GqZuaEQfH7Wuc42XCpCHUdNPfR4="></latexit>

*V\SK JOVVZL x [V TPUPTPaL
HU` VUL Ji� I\[ ^L ^HU[
[PL THRL [OLT HSS ZTHSS

<latexit sha1_base64="n67EzhI/97CuMTHMgcIKehXx414="></latexit>

Ji HYL [OL VIQLJ[P]LZ PU H T\S[P�VIQLJ[P]L ��JYP[LYPVU� VW[PTPaH[PVU WYVISLT



Weighted sum objective
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<latexit sha1_base64="34K/FkPa1KdX4UdfarveVjCU2b4="></latexit>

*OVVZL WVZP[P]L ^LPNO[Z �1, . . . ,�k HUK MVYT ^LPNO[LK Z\T VIQLJ[P]L
<latexit sha1_base64="UiuUXLozNoHWnmB5yPX5nyGYpBc="></latexit>

J = �1J1 + · · ·+ �kJk

= �1kA1x� b1k2 + · · ·+ �kkAkx� bkk2
<latexit sha1_base64="5ltmY+5eN+RvGZF/dSFCFaIeKY4="></latexit>

*OVVZL x [V TPUPTPaL J

<latexit sha1_base64="QMmKbGW2DSfF8J3MYO/UySzOh7A="></latexit>

 6M[LU �1 = 1 HUK J1 PZ [OL WYPTHY` VIQLJ[P]L
 0U[LYWYL[H[PVU �i PZ OV^ T\JO ^L JHYL HIV\[ Ji
ILPUN ZTHSS� YLSH[P]L [V J1

Primary objective

Bi-criterion optimization
<latexit sha1_base64="On6QLJViwRZ4PiAea5EEpt8YbGg="></latexit>

J1 + λJ2 = ∥A1x− b1∥2 + λ∥A2x− b2∥2



Optimal trade-off curve
Bi-criterion problem
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<latexit sha1_base64="tQ8rRturieqxHRIS1AgoVvSzGbg="></latexit>

x⋆(λ)
<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)

<latexit sha1_base64="/wF6ZLFyYarUAF7WH8cxQ8+QDe8="></latexit>

7HYL[V VW[PTHS x?(�)
<latexit sha1_base64="z2GYhMM8ysVhmKeC4xvUDiKGfEI="></latexit>

;OLYL PZ UV WVPU[ z [OH[ ZH[PZÄLZ

with one of the inequalities holding strictly
<latexit sha1_base64="qqzeIA5EmpI1eIhWBuLSznWSoL4="></latexit>

�UV V[OLY WVPU[ ILH[Z x? VU IV[O VIQLJ[P]LZ�

<latexit sha1_base64="ljvvIJGW7KkD6wive4M7sp9SZs8="></latexit>

J1(z) ≤ J1(x
⋆(λ)) HUK J2(z) ≤ J2(x

⋆(λ))

Optimal trade-off curve
<latexit sha1_base64="wKCjchV4lPP0rPiuZnEJ+kMNnpY="></latexit>

(J1(x
⋆(λ)), J2(x

⋆(λ)), λ > 0



Optimal trade-off curve
Example
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<latexit sha1_base64="rO+/3DhIQ8jtL6YADFaw662UZCI="></latexit>

TPUPTPaL J1(x) + λJ2(x)
<latexit sha1_base64="rkS5g146adn6D3D6wM9PbA9rfQQ="></latexit>

�A1, A2 HYL IV[O 10⇥ 5�

Trade-off curve



• Linearly constrained least squares


• Solving the constrained least squares problem


• Portfolio optimization

8

Today’s lecture
Constrained least squares



Linearly constrained least 
squares



Least squares with equality constraints
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<latexit sha1_base64="C1owEls9lJZyWtok7SwZG+/EVvo="></latexit>

TPUPTPaL ∥Ax− b∥2

Z\IQLJ[ [V Cx = d

<latexit sha1_base64="1Ldq8p6fC0BEWZ6TnaLl497UHww="></latexit>

 m⇥ n TH[YP_ A� m�]LJ[VY b
 p⇥ n TH[YP_ C� p�]LJ[VY d

The (linearly) constrained least squares problem is Problem data

objective 
functionequality 

constraints

<latexit sha1_base64="AdTqyaaolkJN7HC5xXQFGQmMOgw="></latexit>

x? PZ H ZVS\[PVU PM
<latexit sha1_base64="xhGtiSjv/xkV2ziXf2rViE+OdJk="></latexit>

 Cx? = d
 kAx? � bk2  kAx� bk2
MVY HU` x ZH[PZM`PUN Cx = d

<latexit sha1_base64="MfcerVkOJRE26gNKU6CfTOApR8A="></latexit>

x PZ MLHZPISL PM Cx = d
Definitions Interpretations

<latexit sha1_base64="TBGWT2JOVBFFUY4Q546cddo3OsM="></latexit>

 *VTIPUL ZVS]PUN SPULHY LX\H[PVUZ
^P[O SLHZ[ ZX\HYLZ�

 3PRL H IP�VIQLJ[P]L SLHZ[ ZX\HYLZ
^P[O 1 ^LPNO[ VU ZLJVUK VIQLJ[P]L�
kCx� dk2�



Optimal advertising with budget
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<latexit sha1_base64="GecEGOdJRvwNtSHtrxgpwa8KYSU="></latexit>

m KLTVNYHWOPJ NYV\WZ
^L ^HU[ [V HK]LY[PZL [V

<latexit sha1_base64="x823lNQ/cx2LFDpo0pkWPlk/HLA="></latexit>

vdes PZ [OL m�]LJ[VY
VM KLZPYLK ]PL^Z�PTWYLZZPVUZ

<latexit sha1_base64="Zm/z3nTEU0ZCFLpavDP4rOSB7qw="></latexit>

n HK]LY[PZPUN JOHUULSZ
�^LI W\ISPZOLYZ� YHKPV� WYPU[� L[J��

<latexit sha1_base64="Jr58CtB06/HsyHiyFXH7umTTrC0="></latexit>

s PZ [OL n�]LJ[VY
VM W\YJOHZLZ

<latexit sha1_base64="xJHOI/jhZW2kJuFZGXvlFepSaAI="></latexit>

m⇥ n TH[YP_ A NP]LZ
KLTVNYHWOPJ YLHJO VM JOHUULSZ

<latexit sha1_base64="GoPPPeScCbZuxNAASHqrpI2p3kw="></latexit>

Aij PZ [OL U\TILY VM ]PL^Z
MVY NYV\W i HUK KVSSHY ZWLU[
VU JOHUULS j (1000/$)

<latexit sha1_base64="IMy+AI5Lt/KXG8OSA/nKrebhATU="></latexit>

v = As

Views across 
demographic groups

Goal
<latexit sha1_base64="MKgPRxBNe3ckFSwpyU9Hre1UZrw="></latexit>

TPUPTPaL ∥As− vdes∥2

Z\IQLJ[ [V 1T s = B
allocated 
budget



Optimal advertising with budget
Results
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<latexit sha1_base64="Fj+tt5Dnm4IUWbfPIws4eQBksYo="></latexit>

m = 10 NYV\WZ� n = 3 JOHUULSZ
<latexit sha1_base64="juTjvcLS9NTB37lDXUBAUl2kEJg="></latexit>

KLZPYLK ]PL^Z ]LJ[VY vdes = (103)1

<latexit sha1_base64="MKgPRxBNe3ckFSwpyU9Hre1UZrw="></latexit>

TPUPTPaL ∥As− vdes∥2

Z\IQLJ[ [V 1T s = B
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Scaled least squares

Optimal constrained least squares

<latexit sha1_base64="WyDUHkRJdFxCkZEOX0Oidx5Yygc="></latexit>

VW[PTHS ZWLUKPUN s? = (315, 110, 859)
<latexit sha1_base64="X8pMg7Vn+sTHPLXvg+zq0hirWAw="></latexit>

94: 16.10%
<latexit sha1_base64="IkjD8FqLRhLEv8UHrpUw6cGkQs8=">AAAD1HicbVJLaxRBEO5kfcT1lejRS2MSiKLLzOJqEIRALvEQieAmgcwaanpqd5v0Y+zuWXdp56J49Tf4a7zq1X9j97pgJrGgofi+qur6qiovBbcuSX4vLbeuXL12feVG++at23furq7dO7S6Mgz7TAttjnOwKLjCvuNO4HFpEGQu8Cg/24380QSN5Vq9c7MSBxJGig85Axeg09WXBi0DgQUVCNZR+6GCAFFboiq4GtEN+z6zDg </latexit>

YLZJHSLK SLHZ[ ZX\HYLZ ZWLUKPUN s? = (50, 80, 1154)
<latexit sha1_base64="DIpUAZL0UzVuaE0+0YLckniNmDA="></latexit>

94: 23.85%

<latexit sha1_base64="oEyb0odELhzn8/MDrMVRQ5v9f5E="></latexit>

I\KNL[ B = 1284



Least norm problem
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<latexit sha1_base64="XtallXy7h8e6vnoc8QA7p/5y9Q4="></latexit>

:WLJPHS JHZL VM JVUZ[YHPULK SLHZ[ ZX\HYLZ WYVISLT ^P[O A = I HUK b = 0

<latexit sha1_base64="68nCcWE2jHFafrBDroYVaqU+yPA="></latexit>

TPUPTPaL ∥x∥2

Z\IQLJ[ [V Cx = d

Find the smallest vector that satisfies a set of linear equations

<latexit sha1_base64="C1owEls9lJZyWtok7SwZG+/EVvo="></latexit>

TPUPTPaL ∥Ax− b∥2

Z\IQLJ[ [V Cx = d



Force sequence
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Unit mass on frictionless 
surface, initially at rest

<latexit sha1_base64="BNJkjdHug+Yjg103/w3cfu6kdRo="></latexit>

10�]LJ[VY f NP]LZ [OL MVYJLZ HWWSPLK MVY VUL ZLJVUK LHJO
Final velocity and position (Newton’s laws)

<latexit sha1_base64="5xmhuw/V3D6Pbxjpe+bKBmktxJ0="></latexit>

vfin = f1 + f2 + · · ·+ f10

pfin = (19/2)f1 + (17/2)f2 + · · ·+ (1/2)f10

<latexit sha1_base64="aUrUzK/W8vFvO6pMobHylqLi2Pw="></latexit>

ft

<latexit sha1_base64="+M4D52VhdnSGq3gfjnv67ZRCy1w="></latexit>

pinit, vinit = 0

Goal
<latexit sha1_base64="5nDOUDjZ4GWlU8k68Rt508Iqx3w="></latexit>

3L[»Z ÄUK f Z\JO [OH[ vfin = 0 HUK pfin = 1

<latexit sha1_base64="ztorhFw94Dd0No87MNOtxYTl62A="></latexit>

pfin = 1



Least norm force sequence
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Bang-bang solution
<latexit sha1_base64="AhGa3oqQ2OjYM0Fs/UjtEEh+XzI="></latexit>

fbb = (1,−1, 0, . . . , 0)
<latexit sha1_base64="wzoGcS6k5mTPMU4n+9gCv4f0wEs="></latexit>

∥fbb∥2 = 2

Least norm solution
<latexit sha1_base64="FBqJRUy5ekOOb6aPtZtu3D2kmQk=">AAAEWXicbVPdThNBFN5CVax/IFfGm4kEY0wsu00QvTAh4QZjMJhQIGEqzm5P25H52czM1tZhb3wMX8aX8Mb4Mp5ZGmCLc9PT7zvf+d80F9y6OP7TWFhs3rp9Z+lu6979Bw8fLa88PrS6MBl0My20OU6ZBcEVdB13Ao5zA0ymAo7Ss53AH43BWK7VgZvm0JNsqPiAZ8whdLr8i6Yw5MozY9i09EKULSpTPfGSKy75dyjJc0Lo+Y </latexit>

TPUPTPaL ∥f∥2

Z\IQLJ[ [V
[

1 1 . . . 1

19/2 17/2 . . . 1/2

]
f =

[
0

1

]

<latexit sha1_base64="uNrbqaZ3C4TYmYWyXHub8M5i42M="></latexit>

∥f ln∥2 = 0.012
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Much cheaper effort!

<latexit sha1_base64="7L2OxNacI1PNr2P/TWK2WYCtp28="></latexit>

-PUK f [OH[ IYPUNZ [V pfin = 1� vfin = 0



Solving the constrained least 
squares problem



Optimality conditions via calculus
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Lagrangian function
<latexit sha1_base64="hk+KmYv92+YId1MRlkvACajRoBw="></latexit>

L(x, z) = f(x) + z1(c
T
1 x− d1) + · · ·+ zp(c

T
p x− dp)

Optimality conditions
<latexit sha1_base64="MMhhspVHLOiUWatHTZhjcAIYfqE="></latexit>

@L

@xi
(x?, z) = 0, i = 1, . . . , n,

@L

@zi
(x?, z) = 0, i = 1, . . . , p

<latexit sha1_base64="9eUNIvKFVLQgXp12P0mICs9aQug="></latexit>

TPUPTPaL f(x) = ∥Ax− b∥2

Z\IQLJ[ [V Cx = d

<latexit sha1_base64="EXRTZHUSaU0Doo1dPIQv2jURqnk="></latexit>

TPUPTPaL f(x) = ∥Ax− b∥2

Z\IQLJ[ [V cTi x = di, i = 1, . . . , p



Optimality conditions via calculus
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<latexit sha1_base64="h9zs2yQskVMp9RquIo1IWWuLYtY="></latexit>

L(x, z) = xTATAx− 2(AT b)Tx+ bT b+ z1(c
T
1 x− d1) + · · ·+ zp(c

T
p x− dp)

(we already knew)
<latexit sha1_base64="S4YLl73OcUJXPYQxYhIWiYsRKJg=">AAAGnXicbZTPThsxEMaXtqQ0/QftsYdaBSRaQbSJSttLKySESiVAVCKARELk9U4SC6+92N50k9W+TZ+m1/bSt6m9jZTYYS8M3/cbz3jsOEoZVToM/y7du/9gufZw5VH98ZOnz56vrr04VyKTBNpEMCEvI6yAUQ5tTTWDy1QCTiIGF9HNvvUvRiAVFfxMj1PoJnjAaZ8SrI3UW/3S6UtMik6KpaaYoaNyFk96tNzKrztKY7mNJm </latexit>

@L

@zi
(x?, z) = cTi x� di = 0

Optimality conditions Vector form
<latexit sha1_base64="n1osfcW5yoHhci2f2wllSOHIPtg="></latexit>

Cx = d

<latexit sha1_base64="/S1uxMxTYKuaz1FGBz14h0txWws="></latexit>

2ATAx⋆ − 2AT b+ CT z = 0

Karush-Kuhn-Tucker (KKT) conditions
<latexit sha1_base64="E8Q/2LXfMtIWC8LqKP/WoFdU8A0="></latexit>[
2ATA CT

C 0

][
x⋆

z

]
=

[
2AT b

d

]
<latexit sha1_base64="4vsQDP/xVg23hMVcH4y/DpAn2Ss="></latexit>

�ZX\HYL ZL[ VM n+ p
SPULHY LX\H[PVUZ�

<latexit sha1_base64="8Uf0HVG+2VlpjpeYIxtvoWsjN5k="></latexit>

5V[L 22; LX\H[PVUZ HYL L_[LUZPVU VM UVYTHS LX\H[PVUZ
[V JVUZ[YHPULK SLHZ[ ZX\HYLZ

<latexit sha1_base64="UNDiPA4w2bg+y7gQDvupwmN5QNI="></latexit>

@L

@xi
(x?, z) = 2

nX

j=1

(ATA)ijx
?
j � 2(AT b)i +

pX

j=1

zj(cj)i = 0



Invertibility of KKT matrix
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<latexit sha1_base64="E8Q/2LXfMtIWC8LqKP/WoFdU8A0="></latexit>[
2ATA CT

C 0

][
x⋆

z

]
=

[
2AT b

d

]

<latexit sha1_base64="jtcJMt9xIhSTc4CHNVEZdr5lYVM="></latexit>

p  n �C PZ ^PKL�
<latexit sha1_base64="jg6Kv4xak0wekENN05ImoWW6NVQ="></latexit>

m+ p ≥ n

([
A

C

]
PZ [HSS

)

The KKT matrix is invertible if and only if 
<latexit sha1_base64="uMRl2BhvdAzTMlfaQaAcnlHG7jY="></latexit>

 C OHZ SPULHYS` PUKLWLUKLU[ YV^Z


"
A

C

#
OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ

<latexit sha1_base64="/wLgqjbiCusQ+HAraD9PySLa87c="></latexit>

�[Y\L ^OLU A OHZ SPULHYS` PUKLW� JVSZ�

<latexit sha1_base64="9KlyuJgdzVPBlJtHMpUW+M1ZIyE="></latexit>

*VTWSL_P[` �^P[O p  n  m�
<latexit sha1_base64="PYDtUd+EKtMS1NRqJXoC8PYm9AE="></latexit>

 -HJ[VY � ZVS]L! 2mn2 + (2/3)(n+ p)3 + 2(n+ p)2 ⇡ 2mn2

 :VS]L NP]LU H UL^ b �WYLMHJ[VYLK�! 2mn+ 2(n+ p)2 ⇡ 2mn

same as  
unconstrained

no longer positive 
definite in general



Optimality from KKT solution
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<latexit sha1_base64="lHWPfkStH02PeMQIfphhardOs4w="></latexit>

-VY x? HUK z? Z\JO [OH[
<latexit sha1_base64="gHeWMs1Z/YlNn2iSyZJSjmDvp4Y="></latexit>

2ATAx⋆ + CT z⋆ = 2AT b, Cx⋆ = d

<latexit sha1_base64="ZPrAHQYoBMsJiT3eotGXoJz0FHU="></latexit>

kAx� bk2 = k(Ax�Ax?) + (Ax? � b)k2

= kA(x� x?)k2 + kAx? � bk2 + 2(x� x?)TAT (Ax? � b)

<latexit sha1_base64="Fb2gsaqRDAEWIGjAqXtYx+jR5zc="></latexit>

.P]LU H MLHZPISL x HUK z� ^L JHU ^YP[L [OL VIQLJ[P]L �Q\Z[ HZ SLHZ[ ZX\HYLZ�

<latexit sha1_base64="qZs6MzjM+wv3Gp+9GS+zTS8qwtw="></latexit>

>L JHU L_WHUK SHZ[ [LYT� \ZPUN 2AT (Ax? � b) = �CT z? HUK Cx = Cx? = d
<latexit sha1_base64="/TvcTpGQFVEyEqsWdQusD7bS7p8="></latexit>

2(x� x?)TAT (Ax? � b) = �(x� x?)TCT z? = �(C(x� x?))T z? = 0

<latexit sha1_base64="yFOzVCanZXNgpgwY87ACsWOPyTM="></latexit>

∥Ax− b∥2 = ∥A(x− x⋆)∥2 + ∥Ax⋆ − b∥2 ≥ ∥Ax⋆ − b∥2
<latexit sha1_base64="5CLczJHKz0hsr7Ut0ATwYsjapvc="></latexit>

x? PZ VW[PTHS



Portfolio optimization



Portfolio allocation weights
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<latexit sha1_base64="u0FuvuzcUK3q+rpT1Vd9hfFt3JA="></latexit>

>L ^HU[ [V PU]LZ[ V KVSSHYZ PU n KPɈLYLU[ HZZL[Z �Z[VJRZ� IVUKZ� ����
<latexit sha1_base64="jjJD1JjWMTs623Z3v99Gj+kA+XU="></latexit>

V]LY WLYPVKZ t = 1, . . . , T

Portfolio allocation weights
<latexit sha1_base64="tBhy7rW97XDzyv0zy5RNDjOXM6o="></latexit>

n�]LJ[VY w NP]LZ [OL MYHJ[PVU VM V\Y [V[HS WVY[MVSPV OLSK PU LHJO HZZL[
Properties

<latexit sha1_base64="OjYSGpgibcN/lIqzg0M7flzmGAc="></latexit>

 V wj KVSSHY ]HS\L OVSK PU HZZL[ j
 1Tw = 1 �UVYTHSPaLK�
 wj < 0 TLHUZ ZOVY[ WVZP[PVUZ �`V\ IVYYV^�
�T\Z[ IL YL[\YULK H[ [PTL T �

 ,_HTWSL! w = (�0.2, 0.0, 1.2)

<latexit sha1_base64="HnVIfgBv4spEa6f18coNFMQ6JQ8="></latexit>

:OVY[ WVZP[PVU
VM 0.2V VU HZZL[ �

<latexit sha1_base64="ZFOwnLtL4uBFNRCQqwlwNwmo9s4="></latexit>

/VSK 1.2V
PU HZZL[ �

<latexit sha1_base64="9qhmzIUh2Rl84zEYv3Xx1A+e73w="></latexit>

+VU»[ OVSK HU`
VM HZZL[ �



Leverage, long-only portfolios, and cash
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Leverage
<latexit sha1_base64="6U7KEA3njlKbe1p+mlVCd1mfpdk="></latexit>

L = |w1|+ · · ·+ |wn| = ∥w∥1

Uniform portfolio
<latexit sha1_base64="l+PdK4p4uxpFFfL5kHqQXMjshiM="></latexit>

w = 1/n

Risk free asset
<latexit sha1_base64="GyUKxVVH4BimAkS9akKsoRXk2AU="></latexit>

>L VM[LU HZZ\TL HZZL[ n PZ ¹YPZR�MYLL¹ �L�N�� JHZO�
<latexit sha1_base64="vkwLVzuvZXR5gulHzpWu9MnJKks="></latexit>

PM w = en� P[ TLHUZ [OL WVY[MVSPV PZ HSS JHZO

<latexit sha1_base64="brH4fNv5D1ZmJ+aEK5FfpnJbtyk="></latexit>

L = 1 ^OLU HSS ^LPNO[Z HYL UVUULNH[P]L �¸SVUN VUS` WVY[MVSPV¹�



Return over a period
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Asset returns
<latexit sha1_base64="TePxH7kdP5hiscH6C/lOw0Axrm8="></latexit>

L_HTWSL! r̃t = (0.01,�0.023, 0.02)<latexit sha1_base64="jVHKjz6LvRg5Mth4Fbqd3AOFeXI="></latexit>

r̃t PZ [OL �MYHJ[PVUHS� YL[\YU
VM LHJO HZZL[ V]LY WLYPVK t (often expressed as percentage)

Total portfolio value 
after a period

<latexit sha1_base64="iMGW9czokLJCnxwX4io1U9ZgDwo="></latexit>

Vt+1 = Vt + Vtr̃
T
t w = Vt(1 + rt)

Portfolio return

<latexit sha1_base64="OvJJ2QHDPryVqHsSKZf/xI04DX4="></latexit>

0[ PZ [OL �MYHJ[PVUHS� YL[\YU
MVY [OL LU[PYL WVY[MVSPV V]LY WLYPVK t

<latexit sha1_base64="/7Z2t5CVEjUNfXKyBZ2jXq/39DM="></latexit>

rt = r̃Tt w



Return matrix
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<latexit sha1_base64="viyboD9gQHP7ZIicfAct8vfGz9Q="></latexit>

R PZ [OL T ⇥ n TH[YP_ VM HZZL[ YL[\YUZ

AAPL GOOG MMM US $
Mar 1, 2016
Mar 2, 2016
Mar 3, 2016

<latexit sha1_base64="rNnWapY/nS/ihiVaBqjaTKGwyBg="></latexit>

R =

⎡

⎢⎣
0.00219 0.0006 −0.00113 0.00005

0.00744 −0.00894 −0.00019 0.00005

0.01488 −0.00215 0.00433 0.00005

⎤

⎥⎦

<latexit sha1_base64="kU6igZosBGqVUc8AecDbGgLzZr4="></latexit>

/VSK JVUZ[HU[ WVY[MVSPV
^P[O ^LPNO[Z w V]LY T WLYPVKZ

<latexit sha1_base64="f/X52UkKe1l7vYb/RzgVaqUnndY="></latexit>

Rtj PZ [OL YL[\YU VM HZZL[ j PU WLYPVK t

Rows interpretation
<latexit sha1_base64="1GvgLx87ovg28Gk4hguQ9FDr8gQ="></latexit>

9V^ t PZ r̃t PZ [OL HZZL[
YL[\YU ]LJ[VY V]LY WLYPVK t

Columns interpretation
<latexit sha1_base64="hpaxg4qnaAlN18mO3Zkc/bvtZ5M="></latexit>

*VS\TU j PZ [PTL ZLYPLZ
VM HZZL[ j YL[\YUZ

<latexit sha1_base64="ZGNcMEdpVEkzlwcukc1GKG99iaQ="></latexit>

5V[L� 0M n[O HZZL[ YPZR�MYLL�
[OL SHZ[ JVS\TU VM R PZ µrf1�
^OLYL µrf PZ [OL YPZR�MYLL
WLY�WLYPVK PU[LYLZ[ YLH[L

Portfolio returns (time series)
<latexit sha1_base64="+WJt8zb53ZS5nUvvf3tMQ3Z9aCY="></latexit>

r = Rw �T �]LJ[VY�



Returns over multiple periods
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<latexit sha1_base64="5kCt8J0uZR0nYxDhHlaasOBgy3Y="></latexit>

r PZ [PTL ZLYPLZ T �]LJ[VY VM WVY[MVSPV YL[\YUZ

risk 
(standard deviation)

<latexit sha1_base64="rbpJyr3YvxQp7uK0bjkUg0diE74="></latexit>

std(r) = ∥r − avg(r)1∥/
√
T

average return  
(or just return)

<latexit sha1_base64="s+kAXeA1MHUOXdKTJ5p4S1jkCoc="></latexit>

avg(r) = 1T r/T

Total portfolio value
<latexit sha1_base64="VJk2+8s9pDncMOh1T0oZan1iMlU="></latexit>

VT+1 = V1(1 + r1) · · · (1 + rT )

⇡ V1 + V1(r1 + · · ·+ rT )

= V1 + Tavg(r)V1

<latexit sha1_base64="if8ppU6nREgZOtMFRmyyVVZ5Rlo="></latexit>

�MVY |rt| ZTHSS� L�N��  0.01
PNUVYL OPNOLY VYKLY [LYTZ�

<latexit sha1_base64="M4DR5wvC970xlUnUvFHpdLbRYXs="></latexit>

-VY OPNO WVY[MVSPV ]HS\L ^L ULLK SHYNL avg(r)



Annualized return and risk
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Mean return and and risk are often expressed in  
annualized form (per year)

<latexit sha1_base64="XXzC7bqazLkDW0vvJs0XTGjS74U="></latexit>

.P]LU P [YHKPUN WLYPVKZ WLY `LHY �P�L�� 250 KH`Z�
<latexit sha1_base64="R8J3gj2Wooyl1lqOn6s/Bih8qs4="></latexit>

HUU\HSPaLK YL[\YU = Pavg(r), HUU\HSPaLK YPZR =
√
P std(r)



Portfolio optimization
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<latexit sha1_base64="fi54qKlX2JNKcZFzVf/s8PtT5VA="></latexit>

/V^ ZOHSS ^L JOVVZL [OL WVY[MVSPV ^LPNO[ ]LJ[VY w&

Goals
<latexit sha1_base64="ADC3GD9Y69HbvsffTTvTPfHf34g="></latexit>

avg(r)
High (mean) return Low risk

<latexit sha1_base64="vy05kOvvTfnjq+kw4hV6kHq/f9Y="></latexit>

std(r)

Data
<latexit sha1_base64="8eqCsZlJyxUMTVkyPFXX7Xt+hjA="></latexit>

 >L RUV^ YLHSPaLK HZZL[ YL[\YUZ I\[ UV[ M\[\YL VULZ
 6W[PTPaH[PVU� >L JOVVZL w [OH[ ^V\SK OH]L ^VYRLK ^LSS PU [OL WHZ[
 ;Y\L NVHS� /VWL P[ ^PSS ^VYR ^LSS PU [OL M\[\YL �Q\Z[ SPRL KH[H Ä[[PUN�



Portfolio optimization
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<latexit sha1_base64="EuYLIpuh01Kokzv3GpqPFIFkbJ8="></latexit>

*OVZL n�]LJ[VY w [V ZVS]L
Minimize risk given a target return

<latexit sha1_base64="57AagQxAnzYc52KEhUlYf3zOEYM="></latexit>

TPUPTPaL std(Rw)2 = (1/T )∥Rw − ρ1∥2

Z\IQLJ[ [V 1Tw = 1

avg(Rw) = ρ

(past) portfolio 
returns time series

(past) target 
mean return

<latexit sha1_base64="kDusctplhnaZG8yhVIvnwJ8PJDA="></latexit>

:VS\[PVUZ w HYL 7HYL[V VW[PTHS
<latexit sha1_base64="K7SUzYy+k/1YXdGw7D6QmtdzkVk="></latexit>

6\Y X\LZ[PVU
^OH[ ^V\SK OH]L ILLU [OL ILZ[ JVUZ[HU[ HSSVJH[PVU w�

OHK ^L RUV^U M\[\YL YL[\YUZ&



Example allocations
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<latexit sha1_base64="H4x7LpVXEET8xnc+/3MlKdtQ+/o="></latexit>

(UU\HS YL[\YU 1% �YPZR�MYLL HZZL[ OHZ 1% YL[\YU�
<latexit sha1_base64="lgnRXrPOeCxmKCM516qrdX6co80="></latexit>

w = (0.00, 0.00, 0.00, . . . , 0.00, 0.00, 1.00)

<latexit sha1_base64="kuogSS8KnYNBgUzVyyd0x1ZRS4M="></latexit>

(UU\HS YL[\YU 13%
<latexit sha1_base64="YJ92/urJ7aj1vNAGN8fBcuaf2VQ="></latexit>

w = (0.02,−0.07,−0.05, . . . ,−0.03, 0.06, 0.56)

<latexit sha1_base64="lONmCUDuqhF8qY2ZjEW4JOXZJ8o="></latexit>

(UU\HS YL[\YU 25%
<latexit sha1_base64="ybL7zWv6E4ZeFTVi5/ikJmv5ljI="></latexit>

w = (0.05,−0.143,−0.09, . . . ,−0.07, 0.12, 0.12)

Asking for higher annual returns yields
<latexit sha1_base64="XBFnbhrHgBvgGwLCIqz8JKYVGYo="></latexit>

 4VYL PU]LZ[LK PU YPZR �̀ I\[ OPNO YL[\YU HZZL[Z
 3HYNLY ZOVY[ WVZP[PVUZ �¹SL]LYHNPUN¹�



Portfolio optimization
As constrained least squares
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<latexit sha1_base64="TgnhibQqVvikLPPCua5cgDh9w3o="></latexit>

TPUPTPaL ∥Rw − ρ1∥2

Z\IQLJ[ [V
[
1T

µT

]
w =

[
1

ρ

]

<latexit sha1_base64="i64O+b85fZxrS4i18eEzsJS9WeA="></latexit>

µ PZ [OL n�]LJ[VY VM
H]LYHNL YL[\YUZ WLY HZZL[

<latexit sha1_base64="eYXvAzsslWTv14ejapnT+1PtX7s="></latexit>

avg(r) = (1/T )1T (Rw)

= (1/T )(RT1)Tw = µTw

Solution via KKT linear system
<latexit sha1_base64="5AaKcI0Nbvn+Ztxgf0mhei8xuo0="></latexit>⎡

⎢⎣
2RTR 1 µ

1T 0 0

µT 0 0

⎤

⎥⎦

⎡

⎢⎣
w

z1
z2

⎤

⎥⎦ =

⎡

⎢⎣
2ρTµ

1

ρ

⎤

⎥⎦



Optimal portfolios
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<latexit sha1_base64="Zq+cudruRjwuYTXCn6/vnKMs3lw="></latexit>

w = w0 + ρv

<latexit sha1_base64="WBZIyCdBbaJ+c0QcwXNXDWF8YUE="></latexit>

>L JHU YL^YP[L [OL ÄYZ[ n�JVTWVULU[Z HZ
[OL JVTIPUH[PVU VM [^V WVY[MVSPVZ �M\UKZ�

Risk-free
<latexit sha1_base64="sDFmwmCndgn4+GhVoQMgMcGe9co="></latexit>

�⇢ = 0�
Other optimal portfolio

Two fund theorem
<latexit sha1_base64="KMaybG0S0fPu//hM7lIer3PfN3M="></latexit>

6W[PTHS WVY[MVSPV w PZ HU HɉUL M\UJ[PVU VM ⇢
<latexit sha1_base64="IKMaWUub2NaDq2nlrh52AtwyQ8o="></latexit>⎡

⎢⎣
w

z1
z2

⎤

⎥⎦ =

⎡

⎢⎣
2RTR 1 µ

1T 0 0

µT 0 0

⎤

⎥⎦

−1 ⎡

⎢⎣
0

1

0

⎤

⎥⎦+ ρ

⎡

⎢⎣
2RTR 1 µ

1T 0 0

µT 0 0

⎤

⎥⎦

−1 ⎡

⎢⎣
2Tµ

0

1

⎤

⎥⎦

<latexit sha1_base64="mNcgq2ej3hfmYmkQ2nC2P97hnJc="></latexit>2

64
2⇢Tµ

1

⇢

3

75 =

2

64
0

1

0

3

75+ ⇢

2

64
2Tµ

0

0

3

75

Rewrite right-hand side



Example
20 assets over 2000 days (past)
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Annualized risk
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Risk-free

1/n

<latexit sha1_base64="ehTQISa0HZIQNv1mrLYqCNMy2JU="></latexit>

 6W[PTHS WVY[MVSPVZ VU H
Z[YHPNO[ SPUL

 3PUL Z[HY[Z H[ YPZR�MYLL
WVY[MVSPV �⇢ = 0�

 1/n T\JO IL[[LY [OHU
ZPUNSL WVY[MVSPVZ



The big assumption
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Future returns will look like past ones
<latexit sha1_base64="LJW2CCje9jVq+ogrdIMD3B574Is="></latexit>

 @V\ HYL ^HYULK [OPZ PZ MHSZL� L]LY` [PTL `V\ PU]LZ[
 0[ PZ VM[LU YLHZVUHISL
 +\YPUN JYPZPZ� THYRL[ ZOPM[Z� V[OLY IPN L]LU[Z UV[ [Y\L

<latexit sha1_base64="7XgITWCdwsvFjqFI7ccTc6FtDb0="></latexit>

0M HZZ\TW[PVU OVSKZ �L]LU HWWYV_PTH[LS`�� H NVVK w VU WHZ[ YL[\YUZ
SLHKZ [V NVVK M\[\YL �\URUV^U� YL[\YUZ

Example
<latexit sha1_base64="y1skWbJ2689LjqhiGHjeIaft6Ck="></latexit>

 7PJR w IHZLK VU SHZ[ � `LHYZ VM YL[\YUZ
 <ZL w K\YPUN UL_[ � TVU[OZ



Total portfolio value
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<latexit sha1_base64="TxWMpSgcT29w78eoUs+p8KFhZhY="></latexit>

9L[\YU 9PZR

;YHPU ;LZ[ ;YHPU ;LZ[ 3L]LYHNL

9PZR�MYLL (1%) 0.01 0.01 0.00 0.00 1.00

10% 0.10 0.08 0.09 0.07 1.96

20% 0.20 0.15 0.18 0.15 3.03

40% 0.40 0.30 0.37 0.31 5.48

1/n 0.10 0.21 0.23 0.13 1.00



Build your quantitative hedge fund
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<latexit sha1_base64="PZL+R1CKmrRBSmtQkzv+98Uma8U="></latexit>

-VY LHJO WLYPVK t� ÄUK ^LPNO[ wt \ZPUN L WHZ[ YL[\YUZ
<latexit sha1_base64="3kR0cz//fL105p48NZ9plTG22TE="></latexit>rt−1, . . . , rt−L

Variations
<latexit sha1_base64="kLyuhHufoRBt2R719tK86DItPFY="></latexit>

 <WKH[L w L]LY` K WLYPVKZ �TVU[OS �̀ X\HY[LYS �̀ ����

 (KK ZLJVUKHY` VIQLJ[P]L �kwt � wt�1k2 [V
KPZJV\YHNL [\YUV]LY� YLK\JL [YHUZHJ[PVU JVZ[

 (KK SVNPJ [V KL[LJ[ ^OLU [OL M\[\YL PZ SPRLS` [V
UV[ SVVR SPRL [OL WHZ[

 (KK ¸ZPNUHSZ¹ [OH[ WYLKPJ[ M\[\YL YL[\YU VM HZZL[Z
�;̂ P[[LY ZLU[PTLU[ HUHS`ZPZ�

Rolling portfolio optimization



Constrained least squares

Today, we learned to:


• Formulate (linearly) and solve constrained least squares problems


• Solve portfolio allocations problems


• Understand the difference between past and future returns (be careful!)
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Next lecture

• Linear optimization
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