
Bartolomeo Stellato — Spring 2024

ORF307 – Optimization
3. Least squares



Ed Forum
• Why do we need docker? Can we use Colab instead?


The docker image has all the packages installed, including jupyterlab and the right tools to export notebooks to pdf. Once you start docker, you have 
everything you need in the images we specifically designed for this class. We used Colab in the past and students had several issues exporting the notebooks 
(plots are cut between pages, some equations are not readable, etc). Also, Colab automatically disconnects/shuts down if you do not use it and you lose your 
data. You can use colab at your own risk. If submissions are not readable, we will discard points. It is your responsibility to have readable submissions.  

• Irina’s office hours moved from Monday 2pm-3:30pm to Monday 
3:30pm-5pm


• I was confused about Ax=b and PLUx=b solving for x. How does PLUx=b get 
to x=…?


• How does the factor-solve procedure actually help us in real applications?    
—> We will see this today!
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Recap



• Computers store real numbers in floating-
point format


• Basic arithmetic operations (addition, 
multiplication, etc…) are called floating 
point operations (flops) 

• Algorithm complexity: total number of 
flops needed as function of dimensions


• Execution time  (flops)/(computer speed)
[Very grossly approximated]


• Modern computers can go at 1 Gflop/sec 
(  flops/sec)

≈

109

Flop counts
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Summary of easy linear systems

5

method flops
diagonal

<latexit sha1_base64="YPpMRzSTbMJ8wxBaeBv35joWwU0="></latexit>

A = diag(a1, . . . , an)
<latexit sha1_base64="DtdiIJ92rSF/aVaE7oRuBsErNsI="></latexit>

xi = bi/ai
<latexit sha1_base64="c9WJ8xh1JBSXSWBXC+sNa2NlAtI="></latexit>n



Summary of easy linear systems

5

method flops
diagonal

<latexit sha1_base64="YPpMRzSTbMJ8wxBaeBv35joWwU0="></latexit>

A = diag(a1, . . . , an)
<latexit sha1_base64="DtdiIJ92rSF/aVaE7oRuBsErNsI="></latexit>

xi = bi/ai
<latexit sha1_base64="c9WJ8xh1JBSXSWBXC+sNa2NlAtI="></latexit>n

lower triangular
<latexit sha1_base64="SEX4eWC919QXQp3IapGNkNZAUcg="></latexit>

Aij = 0 MVY i < j
forward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2



Summary of easy linear systems

5

method flops
diagonal

<latexit sha1_base64="YPpMRzSTbMJ8wxBaeBv35joWwU0="></latexit>

A = diag(a1, . . . , an)
<latexit sha1_base64="DtdiIJ92rSF/aVaE7oRuBsErNsI="></latexit>

xi = bi/ai
<latexit sha1_base64="c9WJ8xh1JBSXSWBXC+sNa2NlAtI="></latexit>n

upper triangular
<latexit sha1_base64="RicEo34E77XQV6tFtHDXYtJeyC0="></latexit>

Aij = 0 MVY i > j
backward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2

lower triangular
<latexit sha1_base64="SEX4eWC919QXQp3IapGNkNZAUcg="></latexit>

Aij = 0 MVY i < j
forward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2



Summary of easy linear systems

5

method flops

permutation
<latexit sha1_base64="EBXLyrAzwcLi3GcdY9T+Q734sQY="></latexit>

Pij = 1 PM j = ⇡i LSZL 0
<latexit sha1_base64="qox5TYRcRFxScnEO2yZZWXrovnw="></latexit>

0
inverse 

permutation

diagonal
<latexit sha1_base64="YPpMRzSTbMJ8wxBaeBv35joWwU0="></latexit>

A = diag(a1, . . . , an)
<latexit sha1_base64="DtdiIJ92rSF/aVaE7oRuBsErNsI="></latexit>

xi = bi/ai
<latexit sha1_base64="c9WJ8xh1JBSXSWBXC+sNa2NlAtI="></latexit>n

upper triangular
<latexit sha1_base64="RicEo34E77XQV6tFtHDXYtJeyC0="></latexit>

Aij = 0 MVY i > j
backward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2

lower triangular
<latexit sha1_base64="SEX4eWC919QXQp3IapGNkNZAUcg="></latexit>

Aij = 0 MVY i < j
forward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2
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;OL MHJ[VY�ZVS]L TL[OVK MVY ZVS]PUN Ax = b

<latexit sha1_base64="BLW2ObtyuV/QchObhhjhzfVTzGY="></latexit>

<latexit sha1_base64="RGDo382O35yJdtwm9rK9CXex1tw="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b I` ZVS]PUN k ¸LHZ`¹ LX\H[PVUZ

A1x1 = b1, A2x2 = x1, . . . , Akx = xk�1,

�JVZ[ VM MHJ[VYPaH[PVU \Z\HSS` KVTPUH[LZ JVZ[ VM ZVS]L�

<latexit sha1_base64="QPRfKEnqxYraXCmdU5KvDlGG5aI="></latexit>

A1A2, . . . Akx = b
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;OL MHJ[VY�ZVS]L TL[OVK MVY ZVS]PUN Ax = b

<latexit sha1_base64="BLW2ObtyuV/QchObhhjhzfVTzGY="></latexit>

<latexit sha1_base64="RGDo382O35yJdtwm9rK9CXex1tw="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b I` ZVS]PUN k ¸LHZ`¹ LX\H[PVUZ

A1x1 = b1, A2x2 = x1, . . . , Akx = xk�1,

�JVZ[ VM MHJ[VYPaH[PVU \Z\HSS` KVTPUH[LZ JVZ[ VM ZVS]L�

<latexit sha1_base64="QPRfKEnqxYraXCmdU5KvDlGG5aI="></latexit>

A1A2, . . . Akx = b

<latexit sha1_base64="0/Vb5HwzgYJVPdZFZU8xEDvKom0="></latexit>

A1x1 = b

A2x2 = x1

���
Akx = xk�1

<latexit sha1_base64="WuIovzcVZUU9mPwYoktWROpuKDc="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b
I` ZVS]PUN k ¸LHZ`¹ Z`Z[LTZ
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;OL MHJ[VY�ZVS]L TL[OVK MVY ZVS]PUN Ax = b

<latexit sha1_base64="BLW2ObtyuV/QchObhhjhzfVTzGY="></latexit>

<latexit sha1_base64="RGDo382O35yJdtwm9rK9CXex1tw="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b I` ZVS]PUN k ¸LHZ`¹ LX\H[PVUZ

A1x1 = b1, A2x2 = x1, . . . , Akx = xk�1,

�JVZ[ VM MHJ[VYPaH[PVU \Z\HSS` KVTPUH[LZ JVZ[ VM ZVS]L�

<latexit sha1_base64="QPRfKEnqxYraXCmdU5KvDlGG5aI="></latexit>

A1A2, . . . Akx = b

<latexit sha1_base64="0/Vb5HwzgYJVPdZFZU8xEDvKom0="></latexit>

A1x1 = b

A2x2 = x1

���
Akx = xk�1

<latexit sha1_base64="WuIovzcVZUU9mPwYoktWROpuKDc="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b
I` ZVS]PUN k ¸LHZ`¹ Z`Z[LTZ

Note: step 2 is much cheaper than step 1



Multiple right-hand sides
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<latexit sha1_base64="S2uFZrKtCWD2Z6NyWAbXaPMGzGE="></latexit>

^P[O KPɈLYLU[ YPNO�OHUK ZPKL m�]LJ[VYZ bi

<latexit sha1_base64="oS8RZDbeWeXo1HlZpF7lJRp2dH0="></latexit>

@V\ UV^ OH]L MHJ[VYLK A HUK `V\ ^HU[ [V ZVS]L d SPULHY Z`Z[LTZ

<latexit sha1_base64="8mb9v0RUL8YZfWj5PSQXtkC4yZM="></latexit>

Ax = b1 Ax = b2 . . . Ax = bd



Multiple right-hand sides

7

<latexit sha1_base64="S2uFZrKtCWD2Z6NyWAbXaPMGzGE="></latexit>

^P[O KPɈLYLU[ YPNO�OHUK ZPKL m�]LJ[VYZ bi

Factorization-caching procedure
<latexit sha1_base64="dU0lSQx2NjEUPzR2doF3/4teoMY="></latexit>

�� -HJ[VY A = A1, . . . , Ak VUS` VUJL �L_WLUZP]L�
�� :VS]L HSS SPULHY Z`Z[LTZ \ZPUN [OL ZHTL MHJ[VYPaH[PVU �JOLHW�

<latexit sha1_base64="oS8RZDbeWeXo1HlZpF7lJRp2dH0="></latexit>

@V\ UV^ OH]L MHJ[VYLK A HUK `V\ ^HU[ [V ZVS]L d SPULHY Z`Z[LTZ

<latexit sha1_base64="8mb9v0RUL8YZfWj5PSQXtkC4yZM="></latexit>

Ax = b1 Ax = b2 . . . Ax = bd



Multiple right-hand sides

7

<latexit sha1_base64="S2uFZrKtCWD2Z6NyWAbXaPMGzGE="></latexit>

^P[O KPɈLYLU[ YPNO�OHUK ZPKL m�]LJ[VYZ bi

Factorization-caching procedure
<latexit sha1_base64="dU0lSQx2NjEUPzR2doF3/4teoMY="></latexit>

�� -HJ[VY A = A1, . . . , Ak VUS` VUJL �L_WLUZP]L�
�� :VS]L HSS SPULHY Z`Z[LTZ \ZPUN [OL ZHTL MHJ[VYPaH[PVU �JOLHW�

Solve many “at the price of one”

<latexit sha1_base64="oS8RZDbeWeXo1HlZpF7lJRp2dH0="></latexit>

@V\ UV^ OH]L MHJ[VYLK A HUK `V\ ^HU[ [V ZVS]L d SPULHY Z`Z[LTZ

<latexit sha1_base64="8mb9v0RUL8YZfWj5PSQXtkC4yZM="></latexit>

Ax = b1 Ax = b2 . . . Ax = bd
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,]LY` WVZP[P]L KLÄUP[L TH[YP_ A JHU IL MHJ[VYLK HZ

<latexit sha1_base64="Sq7iFclCLsqoonmFWxyrCnyi9Nk="></latexit>

<latexit sha1_base64="EgoNMBTP7Ug7oH1R2i8rpzOOXEg="></latexit>

LLT �*OVSLZR`� -HJ[VYPaH[PVU
<latexit sha1_base64="kgKb6qZQk4fIxxcQRv70PO+ajv4="></latexit>

A = LLT

<latexit sha1_base64="xlCJxrrfx/tJCv2Tk4K5dRznv3I="></latexit>

L SV^LY [YPHUN\SHY
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,]LY` WVZP[P]L KLÄUP[L TH[YP_ A JHU IL MHJ[VYLK HZ

<latexit sha1_base64="Sq7iFclCLsqoonmFWxyrCnyi9Nk="></latexit>

<latexit sha1_base64="EgoNMBTP7Ug7oH1R2i8rpzOOXEg="></latexit>

LLT �*OVSLZR`� -HJ[VYPaH[PVU
<latexit sha1_base64="kgKb6qZQk4fIxxcQRv70PO+ajv4="></latexit>

A = LLT

<latexit sha1_base64="xlCJxrrfx/tJCv2Tk4K5dRznv3I="></latexit>

L SV^LY [YPHUN\SHY

Procedure
<latexit sha1_base64="ONaTEwYJV52tVKNqciR2sD2zpWg="></latexit>

 >VYRZ VUS` VU Z`TTL[YPJ ^P[O WVZP[P]L KLÄUP[L TH[YPJLZ
 5V ULLK [V WLYT\[L HZ PU LU
 6UL VM PUÄUP[L WVZZPISL JOVPJLZ VM L
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,]LY` WVZP[P]L KLÄUP[L TH[YP_ A JHU IL MHJ[VYLK HZ

<latexit sha1_base64="Sq7iFclCLsqoonmFWxyrCnyi9Nk="></latexit>

<latexit sha1_base64="EgoNMBTP7Ug7oH1R2i8rpzOOXEg="></latexit>

LLT �*OVSLZR`� -HJ[VYPaH[PVU
<latexit sha1_base64="kgKb6qZQk4fIxxcQRv70PO+ajv4="></latexit>

A = LLT

<latexit sha1_base64="xlCJxrrfx/tJCv2Tk4K5dRznv3I="></latexit>

L SV^LY [YPHUN\SHY

Procedure
<latexit sha1_base64="ONaTEwYJV52tVKNqciR2sD2zpWg="></latexit>

 >VYRZ VUS` VU Z`TTL[YPJ ^P[O WVZP[P]L KLÄUP[L TH[YPJLZ
 5V ULLK [V WLYT\[L HZ PU LU
 6UL VM PUÄUP[L WVZZPISL JOVPJLZ VM L

Complexity
<latexit sha1_base64="TPMHV7yaaTxNCS+lzopN+Yi13CA="></latexit>

 (1/3)n3 ÅVWZ �OHSM VM LU KLJVTWVZP[PVU�
 3LZZ PM A OHZ ZWLJPHS Z[Y\J[\YL �ZWHYZL� KPHNVUHS� L[J�



<latexit sha1_base64="zmyzCP+Mgu9aUtL7CEd63nuTak8="></latexit>

LLT �*OVSLZR`� :VS\[PVU
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Iterations

<latexit sha1_base64="w1xeV18+nBHgqwsKolSCWR6AfgA="></latexit>

Ax = b, ⇒ LLTx = b

<latexit sha1_base64="XDKxhQffwYR5fsmrRTMkiZakt70="></latexit>

�� -VY^HYK Z\IZ[P[\[PVU! :VS]L Lx1 = b �n2 ÅVWZ�
�� )HJR^HYK Z\IZ[P[\[PVU! :VS]L LTx = x �n2 ÅVWZ�



<latexit sha1_base64="zmyzCP+Mgu9aUtL7CEd63nuTak8="></latexit>

LLT �*OVSLZR`� :VS\[PVU

9

Iterations

Complexity
<latexit sha1_base64="kPJMmxh2mHBrknR1h2YB3k+cnAM="></latexit>

 -HJ[VY � ZVS]L! (1/3)n3 + 2n2 ⇡ (1/3)n3 �MVY SHYNL n�
 1\Z[ ZVS]L �WYLMHJ[VYLK�! 2n2

<latexit sha1_base64="w1xeV18+nBHgqwsKolSCWR6AfgA="></latexit>

Ax = b, ⇒ LLTx = b

<latexit sha1_base64="XDKxhQffwYR5fsmrRTMkiZakt70="></latexit>

�� -VY^HYK Z\IZ[P[\[PVU! :VS]L Lx1 = b �n2 ÅVWZ�
�� )HJR^HYK Z\IZ[P[\[PVU! :VS]L LTx = x �n2 ÅVWZ�



Today’s lecture
Least squares

• Least squares optimization


• Gram matrix


• Solving least squares


• Example
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Least squares optimization



Solving overdetermined linear systems

12

<latexit sha1_base64="HXUMKUiv1xDVtyqTnICgaoJcGXU="></latexit>

Ax = b
<latexit sha1_base64="FY4mqDzvvrpAifWySGAzT/VIoSY="></latexit>

�^P[O [HSS A�

<latexit sha1_base64="OIbiNDRD9NEbA7licLuE0VxH0hs="></latexit>

@V\ OH]L HU V]LYKL[LYTPULK m⇥ n SPULHY Z`Z[LT �T % U�



Solving overdetermined linear systems

12

<latexit sha1_base64="HXUMKUiv1xDVtyqTnICgaoJcGXU="></latexit>

Ax = b
<latexit sha1_base64="FY4mqDzvvrpAifWySGAzT/VIoSY="></latexit>

�^P[O [HSS A�

<latexit sha1_base64="OIbiNDRD9NEbA7licLuE0VxH0hs="></latexit>

@V\ OH]L HU V]LYKL[LYTPULK m⇥ n SPULHY Z`Z[LT �T % U�

Typically no solution

<latexit sha1_base64="LEgr7mF7UdizVyjfZtkcCflyiz8="></latexit>⎡

⎢⎣
2 0

−1 1

0 2

⎤

⎥⎦

[
x1

x2

]
=

⎡

⎢⎣
1

0

−1

⎤

⎥⎦

example

x= 1/2
-
2x = 1

X2 = + 2 [
-Y14X2=&

2x2 = - 1



Least squares problem

13

residual vector
<latexit sha1_base64="IgvnXHfzG+/kexFID50CKJUGabg="></latexit>

r = Ax− b

Goal: make it as small as possible
<latexit sha1_base64="eCPdghRGQ14rAkMIAwF8YwpJ064="></latexit>

TPUPTPaL ∥r∥



Least squares problem

13

residual vector
<latexit sha1_base64="IgvnXHfzG+/kexFID50CKJUGabg="></latexit>

r = Ax− b

Goal: make it as small as possible
<latexit sha1_base64="eCPdghRGQ14rAkMIAwF8YwpJ064="></latexit>

TPUPTPaL ∥r∥

Least squares problem
<latexit sha1_base64="llw32BhReYEWQwxSHKR87LjhcSE="></latexit>

TPUPTPaL ∥Ax− b∥22

<latexit sha1_base64="N/CbIQZc/7EepIwSe6RLGeVbA/k="></latexit>

 x PZ [OL KLJPZPVU ]HYPHISL
 kAx� bk22 PZ [OL VIQLJ[P]L M\UJ[PVU



Least squares solution

14

<latexit sha1_base64="llw32BhReYEWQwxSHKR87LjhcSE="></latexit>

TPUPTPaL ∥Ax− b∥22



Least squares solution

14

<latexit sha1_base64="llw32BhReYEWQwxSHKR87LjhcSE="></latexit>

TPUPTPaL ∥Ax− b∥22

<latexit sha1_base64="MGPhGFBg2Kgyp/9MC7WDRtoaJeY="></latexit>

x? PZ H ZVS\[PVU VM SLHZ[ ZX\HYLZ WYVISLT PM
<latexit sha1_base64="5K1x7EFy7YoddVu0o1aII1BfSYg="></latexit>

∥Ax⋆ − b∥2 ≤ ∥Ax− b∥2, MVY HU` n�]LJ[VY xoptimality 
condition



Least squares solution

14

<latexit sha1_base64="llw32BhReYEWQwxSHKR87LjhcSE="></latexit>

TPUPTPaL ∥Ax− b∥22

<latexit sha1_base64="agVmb/ARV5UFVGqSk7MpDRxRiks="></latexit>

x? ULLK UV[ �HUK \Z\HSS` KVLZ UV[� ZH[PZM` Ax? = b

<latexit sha1_base64="0iWxxCGfTSTvvyVk+3+lULUdQS8="></latexit>

>OH[ OHWWLUZ PM x? KVLZ ZH[PZM` Ax? = b&

<latexit sha1_base64="MGPhGFBg2Kgyp/9MC7WDRtoaJeY="></latexit>

x? PZ H ZVS\[PVU VM SLHZ[ ZX\HYLZ WYVISLT PM
<latexit sha1_base64="5K1x7EFy7YoddVu0o1aII1BfSYg="></latexit>

∥Ax⋆ − b∥2 ≤ ∥Ax− b∥2, MVY HU` n�]LJ[VY xoptimality 
condition



Column interpretation

15

<latexit sha1_base64="hpKqylvUsipNCwQ5ydzVJOIh454="></latexit>

∥Ax− b∥2 = ∥(x1a1 + · · ·+ xnan)− b∥2

<latexit sha1_base64="abS7MNvPhSno9rTW1jgKmn6Rib8="></latexit>

.VHS! ÄUK H SPULHY JVTIPUH[PVU VM [OL JVS\TUZ VM A [OH[ PZ JSVZLZ[ [V b

<latexit sha1_base64="FIDChyTOdguWXSgS0AKLA+aoNbI="></latexit>

A =
h
a1, . . . , an

i
� a1, . . . , an HYL JVS\TUZ VM A



Column interpretation

15

<latexit sha1_base64="hpKqylvUsipNCwQ5ydzVJOIh454="></latexit>

∥Ax− b∥2 = ∥(x1a1 + · · ·+ xnan)− b∥2

<latexit sha1_base64="abS7MNvPhSno9rTW1jgKmn6Rib8="></latexit>

.VHS! ÄUK H SPULHY JVTIPUH[PVU VM [OL JVS\TUZ VM A [OH[ PZ JSVZLZ[ [V b

<latexit sha1_base64="zNlNJLMF438IRxfmLAAPmuyXObE="></latexit>

0M x? PZ H ZVS\[PVU VM [OL SLHZ[ ZX\HYLZ WYVISLT� [OL m�]LJ[VY
<latexit sha1_base64="YeckDIL630y5fL2zU/kXDbbEdeI="></latexit>

Ax⋆ = x⋆
1a1 + · · ·+ x⋆

nan
<latexit sha1_base64="Q23DLDfzv53JTlhrjqNNdYuw4VU="></latexit>

PZ [OL JSVZLZ[ [V b HTVUN HSS SPULHY JVTIPUH[PVUZ VM [OL JVS\TUZ VM A

<latexit sha1_base64="FIDChyTOdguWXSgS0AKLA+aoNbI="></latexit>

A =
h
a1, . . . , an

i
� a1, . . . , an HYL JVS\TUZ VM A

-
-



Row interpretation

16

<latexit sha1_base64="AZyYraV54g/CylzlghqYZIt97t8="></latexit>

A =

⎡

⎢⎢⎣

ãT1
���

ãTm

⎤

⎥⎥⎦ , ãT1 , . . . , ã
T
m HYL YV^Z VM A

<latexit sha1_base64="KoW5muQKAyn6mYkoz0QBhCzj8nc="></latexit>

;OL YLZPK\HS JVTWVULU[Z HYL ri = ãTi x� bi



Row interpretation

16

<latexit sha1_base64="AZyYraV54g/CylzlghqYZIt97t8="></latexit>

A =

⎡

⎢⎢⎣

ãT1
���

ãTm

⎤

⎥⎥⎦ , ãT1 , . . . , ã
T
m HYL YV^Z VM A

<latexit sha1_base64="KoW5muQKAyn6mYkoz0QBhCzj8nc="></latexit>

;OL YLZPK\HS JVTWVULU[Z HYL ri = ãTi x� bi

<latexit sha1_base64="8A1tJ8n3pIWquD/PSsXVvckW/uE="></latexit>

.VHS TPUPTPaL Z\T VM ZX\HYLZ VM [OL YLZPK\HSZ
<latexit sha1_base64="iWqAxq3ZjRlCPdJemx8/z8KRBI0="></latexit>

∥Ax− b∥2 = (ãT1 x− b1)
2 + · · ·+ (ãTmx− bm)2

(H) =-↓Th
IH= rit = i stz- - Hm2



Row interpretation

16

<latexit sha1_base64="AZyYraV54g/CylzlghqYZIt97t8="></latexit>

A =

⎡

⎢⎢⎣

ãT1
���

ãTm

⎤

⎥⎥⎦ , ãT1 , . . . , ã
T
m HYL YV^Z VM A

<latexit sha1_base64="KoW5muQKAyn6mYkoz0QBhCzj8nc="></latexit>

;OL YLZPK\HS JVTWVULU[Z HYL ri = ãTi x� bi

<latexit sha1_base64="8A1tJ8n3pIWquD/PSsXVvckW/uE="></latexit>

.VHS TPUPTPaL Z\T VM ZX\HYLZ VM [OL YLZPK\HSZ
<latexit sha1_base64="iWqAxq3ZjRlCPdJemx8/z8KRBI0="></latexit>

∥Ax− b∥2 = (ãT1 x− b1)
2 + · · ·+ (ãTmx− bm)2

Comparison
<latexit sha1_base64="V0vZpqs6aDlALLhctRgg5/oSSRY="></latexit>

 :VS]PUN Ax = b MVYJLZ HSS YLZPK\HSZ [V IL aLYV
 3LHZ[ ZX\HYLZ H[[LTW[Z [V THRL [OLT ZTHSS



Example

17

<latexit sha1_base64="LEgr7mF7UdizVyjfZtkcCflyiz8="></latexit>⎡

⎢⎣
2 0

−1 1

0 2

⎤

⎥⎦

[
x1

x2

]
=

⎡

⎢⎣
1

0

−1

⎤

⎥⎦

<latexit sha1_base64="VL+IXMcOR+Qw9CY1qXm2jqkIxZE="></latexit>

A
<latexit sha1_base64="c9Ok7AMp3Me8+UY9iHzxfaTyrxM="></latexit>

b Least squares problem
<latexit sha1_base64="Gl27xsRsBENcbs/S4qg1CauWINk="></latexit>

*VTW\[L x [V TPUPTPaL
<latexit sha1_base64="MrpekYbMNZvc7dfNNmwEY/o1b/E="></latexit>

∥Ax− b∥2 = (2x1 − 1)2 + (−x1 + x2)
2 + (2x2 + 1)2



Example

17

<latexit sha1_base64="LEgr7mF7UdizVyjfZtkcCflyiz8="></latexit>⎡

⎢⎣
2 0

−1 1

0 2

⎤

⎥⎦

[
x1

x2

]
=

⎡

⎢⎣
1

0

−1

⎤

⎥⎦

<latexit sha1_base64="VL+IXMcOR+Qw9CY1qXm2jqkIxZE="></latexit>

A
<latexit sha1_base64="c9Ok7AMp3Me8+UY9iHzxfaTyrxM="></latexit>

b Least squares problem
<latexit sha1_base64="Gl27xsRsBENcbs/S4qg1CauWINk="></latexit>

*VTW\[L x [V TPUPTPaL
<latexit sha1_base64="MrpekYbMNZvc7dfNNmwEY/o1b/E="></latexit>

∥Ax− b∥2 = (2x1 − 1)2 + (−x1 + x2)
2 + (2x2 + 1)2

°1.0 °0.5 0.0 0.5 1.0 1.5
°1.5

°1.0

°0.5

0.0

0.5

1.0

x?

2.
0

4.0
6.08.

0

8.010.0 10
.0

10
.0

10.0

12
.0

12
.014

.016
.0

<latexit sha1_base64="xK+mACfPExomrYlODN+tHPgsNUc="></latexit>

:VS\[PVU x? = (1/3,�1/3) �]PH JHSJ\S\Z�<latexit sha1_base64="CPveNmTu2EHF3My/xPFjUzRSsYg="></latexit>

∥Ax− b∥2



Example

17

<latexit sha1_base64="LEgr7mF7UdizVyjfZtkcCflyiz8="></latexit>⎡

⎢⎣
2 0

−1 1

0 2

⎤

⎥⎦

[
x1

x2

]
=

⎡

⎢⎣
1

0

−1

⎤

⎥⎦

<latexit sha1_base64="VL+IXMcOR+Qw9CY1qXm2jqkIxZE="></latexit>

A
<latexit sha1_base64="c9Ok7AMp3Me8+UY9iHzxfaTyrxM="></latexit>

b Least squares problem
<latexit sha1_base64="Gl27xsRsBENcbs/S4qg1CauWINk="></latexit>

*VTW\[L x [V TPUPTPaL
<latexit sha1_base64="MrpekYbMNZvc7dfNNmwEY/o1b/E="></latexit>

∥Ax− b∥2 = (2x1 − 1)2 + (−x1 + x2)
2 + (2x2 + 1)2

Interpretations
<latexit sha1_base64="cQ6NxnVAs4AEMWVIZ+GzYyvuEr0="></latexit>

 kAx? � bk2 = 2/3 ZTHSSLZ[
WVZZPISL ]HS\L VM kAx� bk2

 Ax? = (2/3,�2/3,�2/3) PZ [OL
SPULHY JVTIPUH[PVU VM JVS\TUZ
VM A JSVZLZ[ [V b

°1.0 °0.5 0.0 0.5 1.0 1.5
°1.5

°1.0

°0.5

0.0

0.5

1.0

x?

2.
0

4.0
6.08.

0

8.010.0 10
.0

10
.0

10.0

12
.0

12
.014

.016
.0

<latexit sha1_base64="xK+mACfPExomrYlODN+tHPgsNUc="></latexit>

:VS\[PVU x? = (1/3,�1/3) �]PH JHSJ\S\Z�<latexit sha1_base64="CPveNmTu2EHF3My/xPFjUzRSsYg="></latexit>

∥Ax− b∥2



Gram matrix



Gram matrix

19

<latexit sha1_base64="Z0U9wsl5Av0roYLMaG/Pf7kl5Ag="></latexit>

[OL .YHT TH[YP_ VM A PZ
<latexit sha1_base64="W7XzLHvyPntJxzNGBNTG75gHH8k="></latexit>

ATA =

⎡

⎢⎢⎢⎢⎣

aT1 a1 aT1 a2 . . . aT1 an
aT2 a1 aT2 a2 . . . aT2 an
���

��� � � � ���
aTna1 aTna2 . . . aTnan

⎤

⎥⎥⎥⎥⎦

<latexit sha1_base64="KQw7teompZc270RHvBDQkuO2UnY="></latexit>

.P]LU HU m⇥ n TH[YP_ A ^P[O JVS\TUZ a1, . . . , an

Very useful in least squares problems



Gram matrix
Invertibility

20

<latexit sha1_base64="z2c6TW25ZQI6hQ8eqUC5bgARPr8="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ PM HUK VUS` PM ATA PZ PU]LY[PISL



Gram matrix
Invertibility

20

<latexit sha1_base64="z2c6TW25ZQI6hQ8eqUC5bgARPr8="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ PM HUK VUS` PM ATA PZ PU]LY[PISL

Proof
<latexit sha1_base64="XX2QivZnHXYGExBbbsw1+AE5h5I="></latexit>

>L ZOV^ [OH[ Ax = 0 () ATAx = 0



Gram matrix
Invertibility

20

<latexit sha1_base64="z2c6TW25ZQI6hQ8eqUC5bgARPr8="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ PM HUK VUS` PM ATA PZ PU]LY[PISL

Proof
<latexit sha1_base64="XX2QivZnHXYGExBbbsw1+AE5h5I="></latexit>

>L ZOV^ [OH[ Ax = 0 () ATAx = 0

<latexit sha1_base64="LRdVVI+spk2I9SuWz6MlA5eBDOg="></latexit>

) PM Ax = 0 [OLU ^L JHU ^YP[L
<latexit sha1_base64="Sm8dDcQk0NxKn6feRvByvsYTZcI="></latexit>

ATAx = AT (Ax) = AT 0 = 0



Gram matrix
Invertibility

20

<latexit sha1_base64="z2c6TW25ZQI6hQ8eqUC5bgARPr8="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ PM HUK VUS` PM ATA PZ PU]LY[PISL

Proof
<latexit sha1_base64="XX2QivZnHXYGExBbbsw1+AE5h5I="></latexit>

>L ZOV^ [OH[ Ax = 0 () ATAx = 0

<latexit sha1_base64="LRdVVI+spk2I9SuWz6MlA5eBDOg="></latexit>

) PM Ax = 0 [OLU ^L JHU ^YP[L
<latexit sha1_base64="Sm8dDcQk0NxKn6feRvByvsYTZcI="></latexit>

ATAx = AT (Ax) = AT 0 = 0
<latexit sha1_base64="CtARUHYTaJDcNqxHgk7ATHeTD2E="></latexit>

( PM ATAx = 0 [OLU ^L JHU ^YP[L
<latexit sha1_base64="bLgLeLZjNCv1L901ZwIJkuzjGzQ="></latexit>

0 = xT 0 = xT (ATAx) = xTATAx = ∥Ax∥2



Gram matrix
Invertibility

20

<latexit sha1_base64="z2c6TW25ZQI6hQ8eqUC5bgARPr8="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ PM HUK VUS` PM ATA PZ PU]LY[PISL

Proof
<latexit sha1_base64="XX2QivZnHXYGExBbbsw1+AE5h5I="></latexit>

>L ZOV^ [OH[ Ax = 0 () ATAx = 0

<latexit sha1_base64="LRdVVI+spk2I9SuWz6MlA5eBDOg="></latexit>

) PM Ax = 0 [OLU ^L JHU ^YP[L
<latexit sha1_base64="Sm8dDcQk0NxKn6feRvByvsYTZcI="></latexit>

ATAx = AT (Ax) = AT 0 = 0
<latexit sha1_base64="CtARUHYTaJDcNqxHgk7ATHeTD2E="></latexit>

( PM ATAx = 0 [OLU ^L JHU ^YP[L
<latexit sha1_base64="bLgLeLZjNCv1L901ZwIJkuzjGzQ="></latexit>

0 = xT 0 = xT (ATAx) = xTATAx = ∥Ax∥2
<latexit sha1_base64="hFN1z/M5bvjmJPjeg+ToMAQ1jnA="></latexit>

^OPJO PTWSPLZ [OH[ Ax = 0 �KLÄUP[PVU VM UVYT�



Positive (semi)definiteness of Gram matrix

21

Positive semidefinite (always)
<latexit sha1_base64="J0RNyOAc08Pr7kTFzNn1vlkXVTE="></latexit>

xTATAx = (Ax)T (Ax) = ∥Ax∥2 ≥ 0, MVY HU` n�]LJ[VY x



Positive (semi)definiteness of Gram matrix

21

Positive semidefinite (always)
<latexit sha1_base64="J0RNyOAc08Pr7kTFzNn1vlkXVTE="></latexit>

xTATAx = (Ax)T (Ax) = ∥Ax∥2 ≥ 0, MVY HU` n�]LJ[VY x

<latexit sha1_base64="WtTALGd8hGG+kFBB1Q/N9O/G8RE="></latexit>

ATA PZ WVZP[P]L KLÄUP[L PM HUK VUS` PM A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ
Positive definite



Positive (semi)definiteness of Gram matrix

21

Positive semidefinite (always)
<latexit sha1_base64="J0RNyOAc08Pr7kTFzNn1vlkXVTE="></latexit>

xTATAx = (Ax)T (Ax) = ∥Ax∥2 ≥ 0, MVY HU` n�]LJ[VY x

<latexit sha1_base64="WtTALGd8hGG+kFBB1Q/N9O/G8RE="></latexit>

ATA PZ WVZP[P]L KLÄUP[L PM HUK VUS` PM A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ
Positive definite

Proof
<latexit sha1_base64="QikAXDN9rPNHdvfHvXU5T2+jvUg="></latexit>

0M [OL JVS\TUZ VM A HYL SPULHYS` PUKLWLUKLU[� [OLU
<latexit sha1_base64="8AIjciklYc3w0mksZ+U+ik8pKOo="></latexit>

Ax 6= 0 MVY HU` x 6= 0



Positive (semi)definiteness of Gram matrix

21

Positive semidefinite (always)
<latexit sha1_base64="J0RNyOAc08Pr7kTFzNn1vlkXVTE="></latexit>

xTATAx = (Ax)T (Ax) = ∥Ax∥2 ≥ 0, MVY HU` n�]LJ[VY x

<latexit sha1_base64="WtTALGd8hGG+kFBB1Q/N9O/G8RE="></latexit>

ATA PZ WVZP[P]L KLÄUP[L PM HUK VUS` PM A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ
Positive definite

Proof
<latexit sha1_base64="QikAXDN9rPNHdvfHvXU5T2+jvUg="></latexit>

0M [OL JVS\TUZ VM A HYL SPULHYS` PUKLWLUKLU[� [OLU
<latexit sha1_base64="8AIjciklYc3w0mksZ+U+ik8pKOo="></latexit>

Ax 6= 0 MVY HU` x 6= 0
<latexit sha1_base64="1ItCpZbOGhZ/nYFV8jC+B8QBxJA="></latexit>

;OLYLMVYL� xTATAx = kAxk2 > 0 �KLÄUP[PVU VM UVYT�



Solving least squares problems



Main assumption

23

<latexit sha1_base64="JZinjcCz1GXB1Jq3eWEUV1371P4="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ

Least squares problem
<latexit sha1_base64="llw32BhReYEWQwxSHKR87LjhcSE="></latexit>

TPUPTPaL ∥Ax− b∥22

<latexit sha1_base64="nnzL6lodZZMtVKfaEu377MJjBtY="></latexit>

;Y\L PU TVZ[ WYHJ[PJHS L_HTWSLZ Z\JO HZ KH[H Ä[[PUN �UL_[ SLJ[\YL�



Calculus derivation

24

<latexit sha1_base64="xEr2UyGNvCS113n4lfzk3mfKqVw="></latexit>

f(x) = ∥Ax− b∥2 =
m∑

i=1

⎛

⎝
n∑

j=1

Aijxj − bi

⎞

⎠
2

H
i = .X-b +

I

Fi
-



Calculus derivation

24

<latexit sha1_base64="xEr2UyGNvCS113n4lfzk3mfKqVw="></latexit>

f(x) = ∥Ax− b∥2 =
m∑

i=1

⎛

⎝
n∑

j=1

Aijxj − bi

⎞

⎠
2

<latexit sha1_base64="bGLefD9PdY4YBUZAFRX64nJN6lo="></latexit>

;OL ZVS\[PVU x? ZH[PZÄLZ
<latexit sha1_base64="LPDc4S32noNbCU9vF5w3V/N1NnA="></latexit>

∇f(x⋆)k =
∂f

∂xk
(x⋆) = 0,

<latexit sha1_base64="4bq9iWy0UvXxT+yf6AqU+y+5x8E="></latexit>

MVY k = 1, . . . , n



Calculus derivation

24

<latexit sha1_base64="xEr2UyGNvCS113n4lfzk3mfKqVw="></latexit>

f(x) = ∥Ax− b∥2 =
m∑

i=1

⎛

⎝
n∑

j=1

Aijxj − bi

⎞

⎠
2

<latexit sha1_base64="bGLefD9PdY4YBUZAFRX64nJN6lo="></latexit>

;OL ZVS\[PVU x? ZH[PZÄLZ
<latexit sha1_base64="LPDc4S32noNbCU9vF5w3V/N1NnA="></latexit>

∇f(x⋆)k =
∂f

∂xk
(x⋆) = 0,

<latexit sha1_base64="4bq9iWy0UvXxT+yf6AqU+y+5x8E="></latexit>

MVY k = 1, . . . , n

<latexit sha1_base64="e+vvcOtsKOqpuhjK8muYFMerCV0="></latexit>

@f

@xk
(x) = 2

mX

i=1

0

@
nX

j=1

Aijxj � bi

1

A (Aik)

= 2
mX

i=1

(AT )ki(Ax� b)i

= 2(AT (Ax� b))k



Calculus derivation in vector form

25

<latexit sha1_base64="8RMH2Z3LHvZ1WxLJsfYd6dc4/OQ="></latexit>

f(x) = ∥Ax− b∥2 = (Ax− b)T (Ax− b) = xTATAx− 2(AT b)Tx+ bT b



Calculus derivation in vector form

25

<latexit sha1_base64="8RMH2Z3LHvZ1WxLJsfYd6dc4/OQ="></latexit>

f(x) = ∥Ax− b∥2 = (Ax− b)T (Ax− b) = xTATAx− 2(AT b)Tx+ bT b
<latexit sha1_base64="gCfkTilzsvjRgXa7S79xb7mhpUU="></latexit>

∇f(x⋆) =

⎡

⎢⎢⎣

∂f
∂x1

(x⋆)
���

∂f
∂xn

(x⋆)

⎤

⎥⎥⎦ = 2ATAx⋆ − 2AT b = 2AT (Ax⋆ − b) = 0



Calculus derivation in vector form

25

<latexit sha1_base64="8RMH2Z3LHvZ1WxLJsfYd6dc4/OQ="></latexit>

f(x) = ∥Ax− b∥2 = (Ax− b)T (Ax− b) = xTATAx− 2(AT b)Tx+ bT b
<latexit sha1_base64="gCfkTilzsvjRgXa7S79xb7mhpUU="></latexit>

∇f(x⋆) =

⎡

⎢⎢⎣

∂f
∂x1

(x⋆)
���

∂f
∂xn

(x⋆)

⎤

⎥⎥⎦ = 2ATAx⋆ − 2AT b = 2AT (Ax⋆ − b) = 0

normal equations
<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT b



Calculus derivation in vector form

25

<latexit sha1_base64="8RMH2Z3LHvZ1WxLJsfYd6dc4/OQ="></latexit>

f(x) = ∥Ax− b∥2 = (Ax− b)T (Ax− b) = xTATAx− 2(AT b)Tx+ bT b
<latexit sha1_base64="gCfkTilzsvjRgXa7S79xb7mhpUU="></latexit>

∇f(x⋆) =

⎡

⎢⎢⎣

∂f
∂x1

(x⋆)
���

∂f
∂xn

(x⋆)

⎤

⎥⎥⎦ = 2ATAx⋆ − 2AT b = 2AT (Ax⋆ − b) = 0

normal equations
<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT bsquare  
linear system

<latexit sha1_base64="KYMyRmHK31njKaEiEAmarj8t+hI="></latexit>n⇥ n



Optimality

26

<latexit sha1_base64="+5UkRD3RGrfra/DpJguK0pXks70="></latexit>

-VY x? Z\JO [OH[ ATAx? = AT b� ^L OH]L



Optimality

26

<latexit sha1_base64="+5UkRD3RGrfra/DpJguK0pXks70="></latexit>

-VY x? Z\JO [OH[ ATAx? = AT b� ^L OH]L
<latexit sha1_base64="FZWY46T1tVYTQCljJF5BwsCvKiY="></latexit>

kAx� bk2 = k(Ax�Ax?) + (Ax? � b)k2

= kA(x� x?)k2 + kAx? � bk2 + 2(A(x� x?))T (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2 + 2(x� x?)TAT (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2



Optimality

26

<latexit sha1_base64="+5UkRD3RGrfra/DpJguK0pXks70="></latexit>

-VY x? Z\JO [OH[ ATAx? = AT b� ^L OH]L
<latexit sha1_base64="FZWY46T1tVYTQCljJF5BwsCvKiY="></latexit>

kAx� bk2 = k(Ax�Ax?) + (Ax? � b)k2

= kA(x� x?)k2 + kAx? � bk2 + 2(A(x� x?))T (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2 + 2(x� x?)TAT (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2
<latexit sha1_base64="fNG64RwGfV4vgdwe7BuK1xG0pfA="></latexit>

(AT (Ax? � b) = 0)



Optimality

26

<latexit sha1_base64="+5UkRD3RGrfra/DpJguK0pXks70="></latexit>

-VY x? Z\JO [OH[ ATAx? = AT b� ^L OH]L
<latexit sha1_base64="FZWY46T1tVYTQCljJF5BwsCvKiY="></latexit>

kAx� bk2 = k(Ax�Ax?) + (Ax? � b)k2

= kA(x� x?)k2 + kAx? � bk2 + 2(A(x� x?))T (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2 + 2(x� x?)TAT (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2
<latexit sha1_base64="fNG64RwGfV4vgdwe7BuK1xG0pfA="></latexit>

(AT (Ax? � b) = 0)

<latexit sha1_base64="aqJ36QrjrKxQeNceD1XOYPaTFwM="></latexit>

;OLYLMVYL� MVY HU` x� ^L OH]L
kAx� bk2 � kAx? � bk2



Optimality

26

<latexit sha1_base64="+5UkRD3RGrfra/DpJguK0pXks70="></latexit>

-VY x? Z\JO [OH[ ATAx? = AT b� ^L OH]L
<latexit sha1_base64="FZWY46T1tVYTQCljJF5BwsCvKiY="></latexit>

kAx� bk2 = k(Ax�Ax?) + (Ax? � b)k2

= kA(x� x?)k2 + kAx? � bk2 + 2(A(x� x?))T (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2 + 2(x� x?)TAT (Ax? � b)

= kA(x� x?)k2 + kAx? � bk2
<latexit sha1_base64="fNG64RwGfV4vgdwe7BuK1xG0pfA="></latexit>

(AT (Ax? � b) = 0)

<latexit sha1_base64="Hg6xbX0wA2gPWgH7lpXK1O/WkrQ="></latexit>

0M LX\HSP[` OVSKZ� A(x� x?) = 0 ) x = x?

ZPUJL JVS\TUZ VM A HYL SPULHYS` PUKLWLUKLU[

<latexit sha1_base64="aqJ36QrjrKxQeNceD1XOYPaTFwM="></latexit>

;OLYLMVYL� MVY HU` x� ^L OH]L
kAx� bk2 � kAx? � bk2



Solving normal equations

27

<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT b



Solving normal equations

27

<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT b

Inversion
<latexit sha1_base64="sxumUVh3Y3IATeXpNxonbAhrLTo="></latexit>

x⋆ = (ATA)−1AT b



Solving normal equations

27

<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT b

Inversion
<latexit sha1_base64="sxumUVh3Y3IATeXpNxonbAhrLTo="></latexit>

x⋆ = (ATA)−1AT b

Pseudo-inverse
<latexit sha1_base64="weCwg7uMpTmVTz48KNORxT8FGxs="></latexit>

A† = (ATA)−1AT



Solving normal equations

27

<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT b

Inversion
<latexit sha1_base64="sxumUVh3Y3IATeXpNxonbAhrLTo="></latexit>

x⋆ = (ATA)−1AT b

Pseudo-inverse
<latexit sha1_base64="weCwg7uMpTmVTz48KNORxT8FGxs="></latexit>

A† = (ATA)−1AT

Factor-solve method

<latexit sha1_base64="mkmY/fgJKVSOA57GB3RbgTeeUKI="></latexit>

ATA PZ Z`TTL[YPJ WVZP[P]L�KLÄUP[L

<latexit sha1_base64="slsaTpw7u356IDhUcfBlhUqOzwg="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ



Solving normal equations

27

<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT b

Inversion
<latexit sha1_base64="sxumUVh3Y3IATeXpNxonbAhrLTo="></latexit>

x⋆ = (ATA)−1AT b

Pseudo-inverse
<latexit sha1_base64="weCwg7uMpTmVTz48KNORxT8FGxs="></latexit>

A† = (ATA)−1AT

Factor-solve method

<latexit sha1_base64="mkmY/fgJKVSOA57GB3RbgTeeUKI="></latexit>

ATA PZ Z`TTL[YPJ WVZP[P]L�KLÄUP[L

<latexit sha1_base64="slsaTpw7u356IDhUcfBlhUqOzwg="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ
Cholesky factorization

<latexit sha1_base64="gw1Rj2I7amYWiAUKEOLAnEKgYto="></latexit>

ATA = LLT



Solving normal equations

27

<latexit sha1_base64="IBOPmKmqyaSnJ4kPubX1+1Zknks="></latexit>

(ATA)x⋆ = AT b

Inversion
<latexit sha1_base64="sxumUVh3Y3IATeXpNxonbAhrLTo="></latexit>

x⋆ = (ATA)−1AT b

Pseudo-inverse
<latexit sha1_base64="weCwg7uMpTmVTz48KNORxT8FGxs="></latexit>

A† = (ATA)−1AT

Factor-solve method

<latexit sha1_base64="mkmY/fgJKVSOA57GB3RbgTeeUKI="></latexit>

ATA PZ Z`TTL[YPJ WVZP[P]L�KLÄUP[L

<latexit sha1_base64="slsaTpw7u356IDhUcfBlhUqOzwg="></latexit>

A OHZ SPULHYS` PUKLWLUKLU[ JVS\TUZ
Cholesky factorization

<latexit sha1_base64="gw1Rj2I7amYWiAUKEOLAnEKgYto="></latexit>

ATA = LLT

Which method is faster?



Solving normal equations with Cholesky

28

<latexit sha1_base64="2wqzxaeF3ple1qRKFzycQtsiTNg="></latexit>

�� -VYT SPULHY Z`Z[LT ATAx = AT b
<latexit sha1_base64="kFJhjnJu1/D5PJckdhWB79jWkcI="></latexit>

 -VYT M = ATA �2mn2 ÅVWZ�
 -VYT q = AT b! �2mn ÅVWZ�



Solving normal equations with Cholesky

28

<latexit sha1_base64="2wqzxaeF3ple1qRKFzycQtsiTNg="></latexit>

�� -VYT SPULHY Z`Z[LT ATAx = AT b

<latexit sha1_base64="jEy6D7g5fBqyHvRpNVMr74ATwso="></latexit>

�� -HJ[VY M = LLT �(1/3)n3 ÅVWZ�

<latexit sha1_base64="kFJhjnJu1/D5PJckdhWB79jWkcI="></latexit>

 -VYT M = ATA �2mn2 ÅVWZ�
 -VYT q = AT b! �2mn ÅVWZ�



Solving normal equations with Cholesky

28

<latexit sha1_base64="2wqzxaeF3ple1qRKFzycQtsiTNg="></latexit>

�� -VYT SPULHY Z`Z[LT ATAx = AT b

<latexit sha1_base64="twIeB4KgVn5KSeDFJJeZHdtkOVs="></latexit>

�� :VS]L LLTx = q �2n2 ÅVWZ�
�^P[O MVY^HYK�IHJR^HYK Z\IZ[P[\[PVU�

<latexit sha1_base64="jEy6D7g5fBqyHvRpNVMr74ATwso="></latexit>

�� -HJ[VY M = LLT �(1/3)n3 ÅVWZ�

<latexit sha1_base64="kFJhjnJu1/D5PJckdhWB79jWkcI="></latexit>

 -VYT M = ATA �2mn2 ÅVWZ�
 -VYT q = AT b! �2mn ÅVWZ�



Solving normal equations with Cholesky

28

<latexit sha1_base64="2wqzxaeF3ple1qRKFzycQtsiTNg="></latexit>

�� -VYT SPULHY Z`Z[LT ATAx = AT b

<latexit sha1_base64="twIeB4KgVn5KSeDFJJeZHdtkOVs="></latexit>

�� :VS]L LLTx = q �2n2 ÅVWZ�
�^P[O MVY^HYK�IHJR^HYK Z\IZ[P[\[PVU�

Complexity
<latexit sha1_base64="b1AFPUAQpBvgSWUor0n9uE6pvh0="></latexit>

 -HJ[VY � ZVS]L! 2mn2 + 2mn+ (1/3)n3 + 2n2 ⇡ 2mn2

 :VS]L NP]LU H UL^ b �WYLMHJ[VYLK�! 2mn+ 2n2 ⇡ 2mn

<latexit sha1_base64="jEy6D7g5fBqyHvRpNVMr74ATwso="></latexit>

�� -HJ[VY M = LLT �(1/3)n3 ÅVWZ�

<latexit sha1_base64="kFJhjnJu1/D5PJckdhWB79jWkcI="></latexit>

 -VYT M = ATA �2mn2 ÅVWZ�
 -VYT q = AT b! �2mn ÅVWZ�



Example



Optimal advertising

30

<latexit sha1_base64="GecEGOdJRvwNtSHtrxgpwa8KYSU="></latexit>

m KLTVNYHWOPJ NYV\WZ
^L ^HU[ [V HK]LY[PZL [V

<latexit sha1_base64="x823lNQ/cx2LFDpo0pkWPlk/HLA="></latexit>

vdes PZ [OL m�]LJ[VY
VM KLZPYLK ]PL^Z�PTWYLZZPVUZ



Optimal advertising

30

<latexit sha1_base64="GecEGOdJRvwNtSHtrxgpwa8KYSU="></latexit>

m KLTVNYHWOPJ NYV\WZ
^L ^HU[ [V HK]LY[PZL [V

<latexit sha1_base64="x823lNQ/cx2LFDpo0pkWPlk/HLA="></latexit>

vdes PZ [OL m�]LJ[VY
VM KLZPYLK ]PL^Z�PTWYLZZPVUZ

<latexit sha1_base64="Zm/z3nTEU0ZCFLpavDP4rOSB7qw="></latexit>

n HK]LY[PZPUN JOHUULSZ
�^LI W\ISPZOLYZ� YHKPV� WYPU[� L[J��

<latexit sha1_base64="Jr58CtB06/HsyHiyFXH7umTTrC0="></latexit>

s PZ [OL n�]LJ[VY
VM W\YJOHZLZ



Optimal advertising

30

<latexit sha1_base64="GecEGOdJRvwNtSHtrxgpwa8KYSU="></latexit>

m KLTVNYHWOPJ NYV\WZ
^L ^HU[ [V HK]LY[PZL [V

<latexit sha1_base64="x823lNQ/cx2LFDpo0pkWPlk/HLA="></latexit>

vdes PZ [OL m�]LJ[VY
VM KLZPYLK ]PL^Z�PTWYLZZPVUZ

<latexit sha1_base64="Zm/z3nTEU0ZCFLpavDP4rOSB7qw="></latexit>

n HK]LY[PZPUN JOHUULSZ
�^LI W\ISPZOLYZ� YHKPV� WYPU[� L[J��

<latexit sha1_base64="Jr58CtB06/HsyHiyFXH7umTTrC0="></latexit>

s PZ [OL n�]LJ[VY
VM W\YJOHZLZ

<latexit sha1_base64="xJHOI/jhZW2kJuFZGXvlFepSaAI="></latexit>

m⇥ n TH[YP_ A NP]LZ
KLTVNYHWOPJ YLHJO VM JOHUULSZ

<latexit sha1_base64="GoPPPeScCbZuxNAASHqrpI2p3kw="></latexit>

Aij PZ [OL U\TILY VM ]PL^Z
MVY NYV\W i HUK KVSSHY ZWLU[
VU JOHUULS j (1000/$)



Optimal advertising

30

<latexit sha1_base64="GecEGOdJRvwNtSHtrxgpwa8KYSU="></latexit>

m KLTVNYHWOPJ NYV\WZ
^L ^HU[ [V HK]LY[PZL [V

<latexit sha1_base64="x823lNQ/cx2LFDpo0pkWPlk/HLA="></latexit>

vdes PZ [OL m�]LJ[VY
VM KLZPYLK ]PL^Z�PTWYLZZPVUZ

<latexit sha1_base64="Zm/z3nTEU0ZCFLpavDP4rOSB7qw="></latexit>

n HK]LY[PZPUN JOHUULSZ
�^LI W\ISPZOLYZ� YHKPV� WYPU[� L[J��

<latexit sha1_base64="Jr58CtB06/HsyHiyFXH7umTTrC0="></latexit>

s PZ [OL n�]LJ[VY
VM W\YJOHZLZ

<latexit sha1_base64="xJHOI/jhZW2kJuFZGXvlFepSaAI="></latexit>

m⇥ n TH[YP_ A NP]LZ
KLTVNYHWOPJ YLHJO VM JOHUULSZ

<latexit sha1_base64="GoPPPeScCbZuxNAASHqrpI2p3kw="></latexit>

Aij PZ [OL U\TILY VM ]PL^Z
MVY NYV\W i HUK KVSSHY ZWLU[
VU JOHUULS j (1000/$)

<latexit sha1_base64="IMy+AI5Lt/KXG8OSA/nKrebhATU="></latexit>

v = As
Views across demographic groups



Optimal advertising

30

<latexit sha1_base64="GecEGOdJRvwNtSHtrxgpwa8KYSU="></latexit>

m KLTVNYHWOPJ NYV\WZ
^L ^HU[ [V HK]LY[PZL [V

<latexit sha1_base64="x823lNQ/cx2LFDpo0pkWPlk/HLA="></latexit>

vdes PZ [OL m�]LJ[VY
VM KLZPYLK ]PL^Z�PTWYLZZPVUZ

<latexit sha1_base64="Zm/z3nTEU0ZCFLpavDP4rOSB7qw="></latexit>

n HK]LY[PZPUN JOHUULSZ
�^LI W\ISPZOLYZ� YHKPV� WYPU[� L[J��

<latexit sha1_base64="Jr58CtB06/HsyHiyFXH7umTTrC0="></latexit>

s PZ [OL n�]LJ[VY
VM W\YJOHZLZ

<latexit sha1_base64="xJHOI/jhZW2kJuFZGXvlFepSaAI="></latexit>

m⇥ n TH[YP_ A NP]LZ
KLTVNYHWOPJ YLHJO VM JOHUULSZ

<latexit sha1_base64="GoPPPeScCbZuxNAASHqrpI2p3kw="></latexit>

Aij PZ [OL U\TILY VM ]PL^Z
MVY NYV\W i HUK KVSSHY ZWLU[
VU JOHUULS j (1000/$)

<latexit sha1_base64="IMy+AI5Lt/KXG8OSA/nKrebhATU="></latexit>

v = As
Views across demographic groups

Goal
<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Optimal advertising
Results
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<latexit sha1_base64="Fj+tt5Dnm4IUWbfPIws4eQBksYo="></latexit>

m = 10 NYV\WZ� n = 3 JOHUULSZ
<latexit sha1_base64="juTjvcLS9NTB37lDXUBAUl2kEJg="></latexit>

KLZPYLK ]PL^Z ]LJ[VY vdes = (103)1

<latexit sha1_base64="dB77pE7ifyuDC17VZ9geMSlpgc0="></latexit>

VW[PTHS ZWLUKPUN s? = (62, 100, 1443)
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Group
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1200

V
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w
s

<latexit sha1_base64="YCYE7FIL4ggmaH8Ds+BQ8Lqoj6w="></latexit>

vdes

<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Optimal advertising
Reusing factorization on large example
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<latexit sha1_base64="FvsiEdtDnwExI3vTKPqi/UY1fq4="></latexit>

m = 100, 000 NYV\WZ� n = 5, 000 JOHUULSZ
<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Optimal advertising
Reusing factorization on large example

32

<latexit sha1_base64="FvsiEdtDnwExI3vTKPqi/UY1fq4="></latexit>

m = 100, 000 NYV\WZ� n = 5, 000 JOHUULSZ

Pseudoinverse
<latexit sha1_base64="meqMploeGT9YYB1plLSvAsJgX/Q="></latexit>

;PTL! 263 ZLJ

<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Optimal advertising
Reusing factorization on large example

32

<latexit sha1_base64="FvsiEdtDnwExI3vTKPqi/UY1fq4="></latexit>

m = 100, 000 NYV\WZ� n = 5, 000 JOHUULSZ

<latexit sha1_base64="dqGJFup37KpAEiis89R4pBryp8c="></latexit>

�� -VYT SPULHY Z`Z[LT Mx = q
^OLYL M = ATA, q = AT b

�� -HJ[VY M = LLT

�� :VS]L LLTx = q

First solve
<latexit sha1_base64="6LIxi5U0Zlynr24cc9py74UaEkY="></latexit>

KLZPYLK ]PL^Z vdes,1 = (103)1

Pseudoinverse
<latexit sha1_base64="meqMploeGT9YYB1plLSvAsJgX/Q="></latexit>

;PTL! 263 ZLJ

<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Optimal advertising
Reusing factorization on large example
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<latexit sha1_base64="FvsiEdtDnwExI3vTKPqi/UY1fq4="></latexit>

m = 100, 000 NYV\WZ� n = 5, 000 JOHUULSZ

Complexity

<latexit sha1_base64="4e/g4lbAgh6KUs4q5u4RO6oN2BY="></latexit>

;PTL! 9 ZLJ

<latexit sha1_base64="jyA0wlhWgNW4MYNM1Xgqx1+kXls="></latexit>

2mn2

<latexit sha1_base64="dqGJFup37KpAEiis89R4pBryp8c="></latexit>

�� -VYT SPULHY Z`Z[LT Mx = q
^OLYL M = ATA, q = AT b

�� -HJ[VY M = LLT

�� :VS]L LLTx = q

First solve
<latexit sha1_base64="6LIxi5U0Zlynr24cc9py74UaEkY="></latexit>

KLZPYLK ]PL^Z vdes,1 = (103)1

Pseudoinverse
<latexit sha1_base64="meqMploeGT9YYB1plLSvAsJgX/Q="></latexit>

;PTL! 263 ZLJ

<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Optimal advertising
Reusing factorization on large example
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<latexit sha1_base64="FvsiEdtDnwExI3vTKPqi/UY1fq4="></latexit>

m = 100, 000 NYV\WZ� n = 5, 000 JOHUULSZ

Second solve

<latexit sha1_base64="gyNM4s4T7ktbOQVMVb46Re3giVE="></latexit>

�� -VYT q = AT b
�� :VS]L LLTx = q

<latexit sha1_base64="wJrBKhkrHPFw3Jlty5CsemXAISk="></latexit>

KLZPYLK ]PL^Z vdes,2 = 5001

Complexity

<latexit sha1_base64="4e/g4lbAgh6KUs4q5u4RO6oN2BY="></latexit>

;PTL! 9 ZLJ

<latexit sha1_base64="jyA0wlhWgNW4MYNM1Xgqx1+kXls="></latexit>

2mn2

<latexit sha1_base64="dqGJFup37KpAEiis89R4pBryp8c="></latexit>

�� -VYT SPULHY Z`Z[LT Mx = q
^OLYL M = ATA, q = AT b

�� -HJ[VY M = LLT

�� :VS]L LLTx = q

First solve
<latexit sha1_base64="6LIxi5U0Zlynr24cc9py74UaEkY="></latexit>

KLZPYLK ]PL^Z vdes,1 = (103)1

Pseudoinverse
<latexit sha1_base64="meqMploeGT9YYB1plLSvAsJgX/Q="></latexit>

;PTL! 263 ZLJ

<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Optimal advertising
Reusing factorization on large example
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<latexit sha1_base64="FvsiEdtDnwExI3vTKPqi/UY1fq4="></latexit>

m = 100, 000 NYV\WZ� n = 5, 000 JOHUULSZ

Second solve

<latexit sha1_base64="gyNM4s4T7ktbOQVMVb46Re3giVE="></latexit>

�� -VYT q = AT b
�� :VS]L LLTx = q

<latexit sha1_base64="wJrBKhkrHPFw3Jlty5CsemXAISk="></latexit>

KLZPYLK ]PL^Z vdes,2 = 5001

Complexity

<latexit sha1_base64="4e/g4lbAgh6KUs4q5u4RO6oN2BY="></latexit>

;PTL! 9 ZLJ

<latexit sha1_base64="jyA0wlhWgNW4MYNM1Xgqx1+kXls="></latexit>

2mn2
Complexity

<latexit sha1_base64="Km/K1JjhMUGoTyxY2KO9m4ejuJo="></latexit>

;PTL! 0.37 ZLJ

<latexit sha1_base64="0+NAb18jc0+usfANuauVHJnJM9o="></latexit>

2mn

<latexit sha1_base64="dqGJFup37KpAEiis89R4pBryp8c="></latexit>

�� -VYT SPULHY Z`Z[LT Mx = q
^OLYL M = ATA, q = AT b

�� -HJ[VY M = LLT

�� :VS]L LLTx = q

First solve
<latexit sha1_base64="6LIxi5U0Zlynr24cc9py74UaEkY="></latexit>

KLZPYLK ]PL^Z vdes,1 = (103)1

Pseudoinverse
<latexit sha1_base64="meqMploeGT9YYB1plLSvAsJgX/Q="></latexit>

;PTL! 263 ZLJ

<latexit sha1_base64="UejgmnBKBBI3FmpKQI73KGJ+znk="></latexit>

TPUPTPaL ∥As− vdes∥2



Least squares

Today, we learned to:


• Define and recognize least squares problems


• Solve least squares problems using Cholesky factorization


• Understand the benefits of reusing factorizations

33
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Next lecture

• Least squares and data fitting
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