
Bartolomeo Stellato — Spring 2024

ORF307 – Optimization
2. Solving linear systems in practice



Ed Forum
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• Please select lecture when 
adding notes to the forum


• Participation questions 
from today!



Today’s lecture
Solving linear systems in practice

• Matrices: definition, operations, special cases


• Linear systems solutions


• Solving linear systems
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Matrices



Matrices
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<latexit sha1_base64="WREBk4ZFmDq0LO28oTiSl7FwngM="></latexit>

TH[YP_ VM ZPaL m⇥ n

<latexit sha1_base64="AqCZimLtc2pXoMkdlUQT+NDywdI="></latexit>

A =

⎡

⎢⎢⎢⎢⎣

A11 A12 . . . A1n

A21 A22 . . . A2n

���
���

���
Am1 Am2 . . . Amn

⎤

⎥⎥⎥⎥⎦

<latexit sha1_base64="LiZg6r1GPaCicGezpKkq8Xke3EY="></latexit>

 Aij PZ [OL i, j LSLTLU[
�HSZV JHSSLK LU[Y` VY JVLɉJPLU[�

 i PZ [OL YV^ PUKL_� j [OL JVS\TU PUKL_

 PUKPJLZ Z[HY[ H[ 1
�^OLU `V\ JVKL� H[ 0�

 ]LJ[VYZ HYL SPRL TH[YPJLZ ^P[O 1 JVS\TU



Special matrices
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Special matrices

Sparse matrices (most entries are 0)
<latexit sha1_base64="xQ63Bw3o/5QBrNLwATXi1/utP4o="></latexit>

 ,_HTWSLZ! 0 HUK I

 *HU IL Z[VYLK HUK THUPW\SH[LK LɉJPLU[S`

 nnz(A) PZ [OL U\TILY VM UVUaLYV LU[YPLZ

<latexit sha1_base64="4IfdRWh2mmrw6uBSYPPvaanHnmc="></latexit>

 A = 0 �aLYV TH[YP_�! Aij = 0, i = 1, . . . ,m, j = 1, . . . , n

 A = I �PKLU[P[` TH[YP_�! m = n ^P[O Aii = 1 HUK Aij = 0 MVY i 6= j



Diagonal and triangular matrices
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diagonal matrix
<latexit sha1_base64="Id+zVPrlaasYpF1nEEBENO27gbk="></latexit>

 ( ZX\HYL TH[YP_ n⇥ n
^P[O Aij = 0 ^OLU i 6= j

 diag(a1, . . . , an) PZ [OL KPHNVUHS TH[YP_
^P[O Aii = ai MVY i = 1, . . . , n

<latexit sha1_base64="WT04zEp03CbFUJ+nPpjkaV+oEZs="></latexit>

diag(0.2,−3) =

[
0.2 0

0 −3

]

lower triangular matrix
<latexit sha1_base64="SEX4eWC919QXQp3IapGNkNZAUcg="></latexit>

Aij = 0 MVY i < j
<latexit sha1_base64="ySoZYFxLf3R5Gp/3OWn9MdeYnaE="></latexit>[
−0.6 0

1.6 −2

]

upper triangular matrix

<latexit sha1_base64="flVd9LOmVkk2pUvqtMEKX+Klcas="></latexit>[
−0.2 0.3

0 −1

]

<latexit sha1_base64="RicEo34E77XQV6tFtHDXYtJeyC0="></latexit>

Aij = 0 MVY i > j



Block matrices
Matrices whose entries are matrices
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<latexit sha1_base64="44dKcX9d4WpiX9e5J7QEWvxXCHA="></latexit>

^OLYL B,C,D,E HYL
Z\ITH[YPJLZ VM ISVJRZ VM A

<latexit sha1_base64="r2cM0QdYrDyijN4wrwmmLEWcbMU="></latexit>

n⇥m TH[YP_ A =

"
B C

D E

#

column representation
<latexit sha1_base64="EZzS05kxy1Sf+k4p8MWVSA5mCSY="></latexit>

A =
[
a1 a2 . . . an

]

<latexit sha1_base64="pfMo+E2gb2j0H++cN+tZIdIQpgc="></latexit>

�ai HYL m�]LJ[VYZ�

row representation

<latexit sha1_base64="goIADyQhGC8hd86LL0Y92VIuX4Y="></latexit>

�bi HYL n�YV^�]LJ[VYZ�

<latexit sha1_base64="m+Y1i3DoXcMgb7I6BQ2FPMP3FWQ="></latexit>

A =

⎡

⎢⎢⎢⎢⎣

bT1
bT2
...
bTn

⎤

⎥⎥⎥⎥⎦



Matrix operations
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transpose
<latexit sha1_base64="YeM+tOO+hT2/AqZrJq1gcHxyaBw="></latexit>

( [YHUZWVZL VM H TH[YP_ A PZ KLUV[LK HZ AT ^OLYL

scalar multiplication (just like vectors)
<latexit sha1_base64="kG8SxFRo0boKnvvPznVwkos1FrE="></latexit>

(αA)ij = αAij , i = 1, . . . ,m, j = 1, . . . , n

addition (just like vectors)
<latexit sha1_base64="XrV0R322HDiMlZREDcTvWvrx+6k="></latexit>

(A+B)ij = Aij +Bij , i = 1, . . . ,m, j = 1, . . . , n

<latexit sha1_base64="4uJJbDkMIPU2d2Q77fEKb1XKdjM="></latexit>

(AT )ij = Aji, i = 1, . . . ,m, j = 1, . . . , n

Many properties
<latexit sha1_base64="0nbJWXJIbMSz/5ksqDDsR+E7200="></latexit>

(AT )T = A, A+B = B +A, α(A+B) = αA+ αB



Matrix-vector multiplication
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dot product
<latexit sha1_base64="7qFR9AMQhxxSprdrKWI8IG6sD7o="></latexit>

( TH[YP_�]LJ[VY WYVK\J[ VM HU m⇥ n TH[YP_ A HUK H n�]LJ[VY x PZ KLUV[LK HZ
<latexit sha1_base64="P0yPm+2HEYhqSNQ5i9UkTv4Sz38="></latexit>

y = Ax, ^OLYL yi = Ai1x1 + · · ·+Ainxn, i = 1, . . . ,m
<latexit sha1_base64="Bb/jE7Bjz4tLVPxx7mALXa8lPnI="></latexit>[
0 2 −1

−2 1 1

]⎡

⎢⎣
2

1

−1

⎤

⎥⎦ =

[
3

−4

]

row interpretation
<latexit sha1_base64="C8hjMYW8xYnPPMxwiXlFOL2JQyE="></latexit>

yi = bTi x
<latexit sha1_base64="gIQGxNbh3yHhAioh3qfrJuWBOtM="></latexit>

^OLYL bT1 , . . . , b
T
m HYL YV^Z VM A

<latexit sha1_base64="x+cki5Mr4+JEh2k9dRKCo58xEdo="></latexit>

L_HTWSL A1

column interpretation
<latexit sha1_base64="acAzQ6Oe219Wph9hbyRbyAD8AYA="></latexit>

y = x1a1 + . . . xnan
<latexit sha1_base64="Qx7MeWm7necQKaQ3jtsSIhsMTHg="></latexit>

^OLYL a1, . . . , an HYL [OL JVS\TUZ VM A
<latexit sha1_base64="i/L6WegUNjIB4CwI3HduSWkSej8="></latexit>

L_HTWSL Aej = aj



Return matrix — portfolio vector
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<latexit sha1_base64="viyboD9gQHP7ZIicfAct8vfGz9Q="></latexit>

R PZ [OL T ⇥ n TH[YP_ VM HZZL[ YL[\YUZ

<latexit sha1_base64="d2HxCOkhHgjNadZDZvee5QSjjCM="></latexit>

Rti =
pfinalti − pinitialti

pinitialti

<latexit sha1_base64="+x1kcHk8CtkOOfxruKmZ/qCkw/o="></latexit>

R =

⎡

⎢⎣
0.00219 0.0006 −0.00113 0.00202

0.00744 −0.00894 −0.00019 −0.00468

0.01488 −0.00215 0.00433 −0.00407

⎤

⎥⎦

AAPL GOOG MMM AMZN

Mar 1, 2016
Mar 2, 2016
Mar 3, 2016

<latexit sha1_base64="TfIBtTU0khCP7nDZ5uJDwwdqFXA="></latexit>

JVUZ[HU[ PU]LZ[TLU[ w

<latexit sha1_base64="DvCDGTcZEAckgb5qOhG+TJIZlgc="></latexit>

Rw PZ [OL ]LJ[VY VM WVY[MVSPV
YL[\YUZ V]LY WLYPVKZ 1, . . . , T

<latexit sha1_base64="vnU6OV7gEvUgN2OWTAaWUmK0ZWg="></latexit>

L_HTWSL w = (0.4, 0.3,�0.2, 0.5)
<latexit sha1_base64="XQolhUAeGNR5f9lmZ6DxI678KIw="></latexit>

Rw = (0.00213,−0.00201, 0.00241)



Symmetric positive semidefinite matrices
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symmetric matrix

positive semidefinite matrix

positive definite matrix

<latexit sha1_base64="yiaMBK/74Ey6d0K5srwoUxNIJhA="></latexit>

AT = A

<latexit sha1_base64="01PGPqGj0t0PQnZ5h5842VNSH1w="></latexit>

xTAx � 0 MVY HU` x 2 Rn

<latexit sha1_base64="duJ+l2AAwT68yqs2TQ/Yl/8RShM="></latexit>

xTAx > 0 MVY HU` x 6= 0

example
<latexit sha1_base64="3M5kF2ewzGCTZMCsaRc6An+hWAc="></latexit>

A =

[
2 6

6 20

]

<latexit sha1_base64="BxLZAoblf+n/U85u67Z3vqk+N7A="></latexit>h
x1 x2

i "2 6

6 20

#"
x1

x2

#
=

h
x1 x2

i " 2x1 + 6x2

6x1 + 20x2

#

= 2x2
1 + 12x1x2 + 20x2

2

= 2(x1 + 3x2)
2 + 2x2

2

sum of squares



Matrix multiplication
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matrix product
<latexit sha1_base64="GrozKFZmwq6jDT4M5owKRNEct84="></latexit>

( TH[YP_ WYVK\J[ VM HU m⇥ p TH[YP_ A HUK H p⇥ n TH[YP_ B PZ

<latexit sha1_base64="eOytpbB0cKHjx/Ez8Wmd4m9tOQg="></latexit>

C = AB, ^OLYL Cij = Ai1B1j + · · ·+AipBpj , i = 1, . . . ,m, j = 1, . . . , n

<latexit sha1_base64="2EjEbFyQP0QSh2n3Ijo9PZcfAc0="></latexit>[
−1.5 3 2

1 −1 0

]⎡

⎢⎣
−1 −1

0 −2

1 0

⎤

⎥⎦ =

[
3.5 −4.5

−1 1

]

<latexit sha1_base64="WE0DsGIVjAgXyPGVg2gQyIbmWJw="></latexit>

�TV]L HSVUN i[O YV^ VM A HUK j[O JVS\TU VM B�



Complexity
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<latexit sha1_base64="DHGdL1+PKmtNgOVecMPa4TNguIA="></latexit>

.P]LU m⇥ n TH[YP_ A

Questions
<latexit sha1_base64="ceU8ksgCj9Ou3jqULChkX9mUcrI="></latexit>

 /V^ THU` ÅVWZ KVLZ P[ [HRL [V T\S[PWS` [^V 1000⇥ 1000 TH[YPJLZ&
 /V^ SVUN KVLZ P[ [HRL VU H JVTW\[LY&

<latexit sha1_base64="QRAV/RwHyOq3x9RRXdupNRtsGKw="></latexit>

• Matrix addition, scalar-matrix multiplication: mn flops

• Matrix-vector multiplication: m(2n� 1) ⇡ 2mn flops

• Matrix-matrix multiplication (A 2 Rm⇥p, B 2 Rp⇥n): (mn)(2p� 1) ⇡ 2mnp flops
(inner product of p vectors)



Linear systems solutions



most common

Linear systems of equations
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<latexit sha1_base64="GHD4b9GLX616xVaFrgJGmgHCpzE="></latexit>

Ax = b

<latexit sha1_base64="Q6WQhOnAf16d8XOZn4ot9X7YsoY="></latexit>

.P]LU HU m⇥ n TH[YP_ A HUK H m�]LJ[VY b� ÄUK H n�]LJ[VYZ x Z\JO [OH[

<latexit sha1_base64="JJlWhcSBsWHzFXf8y401LN6NLxg="></latexit>m = n

square

unique 
solution

<latexit sha1_base64="6tNJnSes78VvGGnM60Olt3faA/Y="></latexit>[
∗ ∗
∗ ∗

][
x1

x2

]
=

[
∗
∗

]

typical scenarios

<latexit sha1_base64="3UpmslR7LGX1R/lOZlpl2/sZm+c="></latexit>

m < n

underdetermined 
(wide)

infinite  
solutions

<latexit sha1_base64="E7HnitiDpDLnLQWBH+OQzgCgO90="></latexit>[
∗ ∗ ∗
∗ ∗ ∗

]⎡

⎢⎣
x1

x2

x3

⎤

⎥⎦ =

[
∗
∗

]

<latexit sha1_base64="04BE+fBVgBYFOjI0urdwtOXJ8cU="></latexit>

m > n

overdetermined 
(tall)

no 
solution

<latexit sha1_base64="cDhktxzr/x3mEtAkazKDp4G+otU="></latexit>⎡

⎢⎣
∗ ∗
∗ ∗
∗ ∗

⎤

⎥⎦

[
x1

x2

]
=

⎡

⎢⎣
∗
∗
∗

⎤

⎥⎦



Solving square linear systems
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<latexit sha1_base64="GHD4b9GLX616xVaFrgJGmgHCpzE="></latexit>

Ax = b

<latexit sha1_base64="M4LmImsnzg7zrwpdBCs2N/9Y4GI="></latexit>

.P]LU HU n⇥ n TH[YP_ A HUK H n�]LJ[VY b� ÄUK H n�]LJ[VY x Z\JO [OH[
<latexit sha1_base64="riMN/WUFAOBg7sD1GVUpfE97zkg="></latexit>

A−1Ax = A−1b

When does it work?

<latexit sha1_base64="rGt8vWRTwch/eZxFtkg+JyGHfEk="></latexit>

x = A−1b

inverse

<latexit sha1_base64="5PZ1X/4HBCI+D3ejT1PDwkA8bGU="></latexit>

A T\Z[ IL PU]LY[PISL

<latexit sha1_base64="PLfXmvh/iCoiOK540CkC4Fsf8DM="></latexit>

 *VS\TUZ VM A HYL SPULHYS` PUKLWLUKLU[

 9V^Z VM A HYL SPULHYS` PUKLWLUKLU[

 *VS\TUZ�YV^Z MVYT H IHZPZ VM Rn



Solving linear systems



How do we solve linear systems in practice?
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<latexit sha1_base64="GHD4b9GLX616xVaFrgJGmgHCpzE="></latexit>

Ax = b

<latexit sha1_base64="TFx4SfYIQxKPQJysXQV0S22Z5NE="></latexit>

 JVTW\[L A�1

 T\S[PWS` A�1b

Idea

Example

<latexit sha1_base64="z4lLdIiLJPqg8Fe8LdYa/XVazmk="></latexit>

 :VS]L I` JVTW\[PUN A�1

 :VS]L ^P[O MmKTvXHBM�H;XbQHp2

<latexit sha1_base64="Lgx3oszAl1SA04tl97UG9pw4s1k="></latexit>

5000⇥ 5000 TH[YP_ A HUK H 5000�]LJ[VY b

What’s happening inside?



Easy linear systems
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Diagonal matrix
<latexit sha1_base64="D445Ji/O4LzPBWAFJBWiy8js5pQ="></latexit>

A11x1 = b1

A22x2 = b2
���

Annxn = bn

<latexit sha1_base64="A3mk0hDGwdDz7/CuEDIEuTBRWHc="></latexit>⎡

⎢⎢⎣

A11

� � �
Ann

⎤

⎥⎥⎦

⎡

⎢⎢⎣

x1

���
xn

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

b1
���
bn

⎤

⎥⎥⎦

<latexit sha1_base64="IwNKFpwd/QR38qteSRKQmi2TppM="></latexit>

x = A−1b = (b1/A11, . . . , bn/Ann)

Solution

Complexity
<latexit sha1_base64="9x2XzxE6hbWXeA51vwU7gTDbmow="></latexit>

n ÅVWZ



Easy linear systems
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Lower triangular matrix
<latexit sha1_base64="4lH6EQFgiMACYcBGGeF5eWrzZoc="></latexit>⎡

⎢⎢⎢⎢⎣

A11

A21 A22

��� � � �
An1 An2 . . . Ann

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

x1

x2

���
xn

⎤

⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎣

b1
b2
���
bn

⎤

⎥⎥⎥⎥⎦

<latexit sha1_base64="3FMlhD8njWSexpRK2MZUaWozPVc="></latexit>

A11x1 = b1

A21x1 +A22x2 = b2
���

An1x1 +An2x2 + . . . Annxn = bn

Solution: “forward substitution”
<latexit sha1_base64="Tp1d8dzB1kz7hC0KznFtIwEimys="></latexit>

 -PYZ[ LX\H[PVU! x1 = b1/A11

 :LJVUK LX\H[PVU! x2 = (b2 �A21x1)/A22

 9LWLH[ [V NL[ x3, . . . , xn

Complexity

<latexit sha1_base64="SGGEenZafME9NiUIEfcDZNml8+s="></latexit>

1 + 3 + · · ·+ (2n� 1) = n2 ÅVWZ

<latexit sha1_base64="SwEy5+4oCAErOzojgJTLGskaR8g="></latexit>

 -PYZ[ LX\H[PVU! 1 ÅVW �KP]PZPVU�
 :LJVUK LX\H[PVU! 3 ÅVWZ
 i[O Z[LW ULLKZ 2i� 1 ÅVWZ



Easy linear systems
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Upper triangular matrix

Solution: “backward substitution”
<latexit sha1_base64="XP9z+BMuVsH/L0gOQlDMrcYlM/A="></latexit>

 3HZ[ LX\H[PVU! xn = bn/Ann

 :LJVUK [V SHZ[ LX\H[PVU!
xn�1 = (bn�1 �An�1,nxn)/An�1,n�1

 9LWLH[ [V NL[ xn�2, . . . , x1

Complexity

<latexit sha1_base64="SGGEenZafME9NiUIEfcDZNml8+s="></latexit>

1 + 3 + · · ·+ (2n� 1) = n2 ÅVWZ

<latexit sha1_base64="ZOzXqY5EY4G+JW2XU7dKURh6vLw="></latexit>

 3HZ[ LX\H[PVU! 1 ÅVW �KP]PZPVU�
 :LJVUK [V SHZ[ LX\H[PVU! 3 ÅVWZ
 i[O Z[LW ULLKZ 2i� 1 ÅVWZ

<latexit sha1_base64="xqpwqpk1uCQc+Eo7nUZmPr4S3hY="></latexit>

A11x1 + · · ·+A1,n�1xn�1 +A1nxn = b1
���

An�1,n�1xn�1 +An�1,nxn = bn�1

Annxn = bn

<latexit sha1_base64="oNG7ZwacFDA5w/uO9EV7UaWFKjo="></latexit>⎡

⎢⎢⎢⎢⎣

A11 . . . An−1,n A1n

� � � ���
An−1,n−1 An−1,n

Ann

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎣

x1

x2

���
xn

⎤

⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎣

b1
b2
���
bn

⎤

⎥⎥⎥⎥⎦
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<latexit sha1_base64="Hia5fMG60IIaU+K5bsZF1+3v4mA="></latexit>

⇡ = (⇡1, . . . ,⇡n) PZ H WLYT\[H[PVU VM (1, 2, . . . , n)

<latexit sha1_base64="OHA6icsHDeyTLe6hByqbkvvTPJU="></latexit>

Px = (xπ1 , . . . , xπn)

<latexit sha1_base64="/vuu5sOIOaFudqtY3u81dufb4T8="></latexit>

( n⇥ n WLYT\[H[PVU TH[YP_ P �
WLYT\[LZ [OL ]LJ[VY x

Properties
<latexit sha1_base64="hHKihxaQAKoh9ZKsRM5bDbDS+yY="></latexit>

 Pij =

(
1 j = ⇡i

0 V[OLY^PZL
 P�1 = PT �PU]LYZL WLYT\[H[PVU�

example
<latexit sha1_base64="7BjtqasduFL8N91xdB+Llfe3uHU="></latexit>

π = (2, 3, 1)

<latexit sha1_base64="OFG4v5mQHwX8tGrZQj51wDiOzNI="></latexit>⎡

⎢⎣
0 1 0

0 0 1

1 0 0

⎤

⎥⎦

⎡

⎢⎣
x1

x2

x3

⎤

⎥⎦ =

⎡

⎢⎣
x2

x3

x1

⎤

⎥⎦

<latexit sha1_base64="3OAgO8ynwwXzo2p+L8/AF9b09gk="></latexit>

P

<latexit sha1_base64="+bNXjo7FSK0R9urxthssDd/yoMc="></latexit>⎡

⎢⎣
0 0 1

1 0 0

0 1 0

⎤

⎥⎦

⎡

⎢⎣
x2

x3

x1

⎤

⎥⎦ =

⎡

⎢⎣
x1

x2

x3

⎤

⎥⎦

<latexit sha1_base64="sQ/1cwpn+poSIY7sOI5B6yoM26A="></latexit>

P−1

Complexity
<latexit sha1_base64="X5cslehw7a9q6RocShpC1Ck5SmI="></latexit>

:VS]L Px = b! 0 ÅVWZ �UV VWLYH[PVUZ�

Easy linear systems
Permutation matrices



Summary of easy linear systems
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method flops

permutation
<latexit sha1_base64="EBXLyrAzwcLi3GcdY9T+Q734sQY="></latexit>

Pij = 1 PM j = ⇡i LSZL 0
<latexit sha1_base64="qox5TYRcRFxScnEO2yZZWXrovnw="></latexit>

0
inverse 

permutation

diagonal
<latexit sha1_base64="YPpMRzSTbMJ8wxBaeBv35joWwU0="></latexit>

A = diag(a1, . . . , an)
<latexit sha1_base64="DtdiIJ92rSF/aVaE7oRuBsErNsI="></latexit>

xi = bi/ai
<latexit sha1_base64="c9WJ8xh1JBSXSWBXC+sNa2NlAtI="></latexit>n

upper triangular
<latexit sha1_base64="RicEo34E77XQV6tFtHDXYtJeyC0="></latexit>

Aij = 0 MVY i > j
backward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2

lower triangular
<latexit sha1_base64="SEX4eWC919QXQp3IapGNkNZAUcg="></latexit>

Aij = 0 MVY i < j
forward 

substitution
<latexit sha1_base64="PWnAJFBxK3ansBB6R6mVYbmNljM="></latexit>

n2



How do we solve linear systems in practice?
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<latexit sha1_base64="GHD4b9GLX616xVaFrgJGmgHCpzE="></latexit>

Ax = b

Any idea? 

We know how to solve special ones

Let’s use that!
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;OL MHJ[VY�ZVS]L TL[OVK MVY ZVS]PUN Ax = b

<latexit sha1_base64="BLW2ObtyuV/QchObhhjhzfVTzGY="></latexit>

<latexit sha1_base64="RGDo382O35yJdtwm9rK9CXex1tw="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b I` ZVS]PUN k ¸LHZ`¹ LX\H[PVUZ

A1x1 = b1, A2x2 = x1, . . . , Akx = xk�1,

�JVZ[ VM MHJ[VYPaH[PVU \Z\HSS` KVTPUH[LZ JVZ[ VM ZVS]L�

<latexit sha1_base64="QPRfKEnqxYraXCmdU5KvDlGG5aI="></latexit>

A1A2, . . . Akx = b

<latexit sha1_base64="0/Vb5HwzgYJVPdZFZU8xEDvKom0="></latexit>

A1x1 = b

A2x2 = x1

���
Akx = xk�1

<latexit sha1_base64="WuIovzcVZUU9mPwYoktWROpuKDc="></latexit>

�� -HJ[VY A HZ H WYVK\J[ VM ZPTWSL TH[YPJLZ!

A = A1A2 · · ·Ak,

�Ai KPHNVUHS� \WWLY�SV^LY [YPHUN\SHY� WLYT\[H[PVU� L[J�

�� *VTW\[L x = A�1b = A�1
k · · ·A�1

1 b
I` ZVS]PUN k ¸LHZ`¹ Z`Z[LTZ

Note: step 2 is much cheaper than step 1



Multiple right-hand sides
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<latexit sha1_base64="S2uFZrKtCWD2Z6NyWAbXaPMGzGE="></latexit>

^P[O KPɈLYLU[ YPNO�OHUK ZPKL m�]LJ[VYZ bi

Factorization-caching procedure
<latexit sha1_base64="dU0lSQx2NjEUPzR2doF3/4teoMY="></latexit>

�� -HJ[VY A = A1, . . . , Ak VUS` VUJL �L_WLUZP]L�
�� :VS]L HSS SPULHY Z`Z[LTZ \ZPUN [OL ZHTL MHJ[VYPaH[PVU �JOLHW�

Solve many “at the price of one”

<latexit sha1_base64="oS8RZDbeWeXo1HlZpF7lJRp2dH0="></latexit>

@V\ UV^ OH]L MHJ[VYLK A HUK `V\ ^HU[ [V ZVS]L d SPULHY Z`Z[LTZ

<latexit sha1_base64="8mb9v0RUL8YZfWj5PSQXtkC4yZM="></latexit>

Ax = b1 Ax = b2 . . . Ax = bd
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Procedure
<latexit sha1_base64="nsf7TEAestRANN6aD1AYKBC7c3E="></latexit>

 :PTPSHY [V .H\ZZPHU LSPTPUH[PVU �I\[ ^L JHU YL\ZL P � L� HUK U ��
 7LYT\[H[PVU P H]VPKZ KP]PZPVUZ I` 0
 6UL VM PUÄUP[L WVZZPISL JVTIPUH[PVUZ VM P,L, U

Complexity
<latexit sha1_base64="SilhHBuFbtgmDlrS0q0UcZtHABM="></latexit>

 (2/3)n3 ÅVWZ
 3LZZ PM A OHZ ZWLJPHS Z[Y\J[\YL �ZWHYZL� KPHNVUHS� L[J�

<latexit sha1_base64="BpuUb/6pka88zYfREx45CmsUZCs="></latexit>

LU -HJ[VYPaH[PVU
<latexit sha1_base64="0ihyO+MvFX5tmuqgSrkmP7ilSaI="></latexit>

,]LY` PU]LY[PISL TH[YP_ A JHU IL MHJ[VYLK HZ
<latexit sha1_base64="yN3URgD9c65iL7lSOkabBc1pto8="></latexit>

A = PLU

<latexit sha1_base64="OrujPa+4K7CRK0yEN/EFvV0XcwY="></latexit>

P WLYT\[H[PVU� L SV^LY [YPHUN\SHY� U \WWLY [YPHUN\SHY

<latexit sha1_base64="VrlRxxUrAbnIjNaANHnGT2BZYmU="></latexit>

PTA = LU
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Iterations

Complexity
<latexit sha1_base64="Z/w7ketQ02lAeaAuRQl3lCT7isA="></latexit>

 -HJ[VY � ZVS]L! (2/3)n3 + 2n2 ⇡ (2/3)n3 �MVY SHYNL n�
 1\Z[ ZVS]L �WYLMHJ[VYLK�! 2n2

<latexit sha1_base64="57tH/WUO8DVOWSeU8DVLEpv94hY="></latexit>

LU :VS\[PVU
<latexit sha1_base64="bveiv8PQWzWARJ7E7gljyhtuHr8="></latexit>

Ax = b, ⇒ PLUx = b

<latexit sha1_base64="21LNlY2P64yYkeRqJlSRtiDA2LE="></latexit>

�� 7LYT\[H[PVU! :VS]L Px1 = b �0 ÅVWZ�
�� -VY^HYK Z\IZ[P[\[PVU! :VS]L Lx2 = x1 �n2 ÅVWZ�
�� )HJR^HYK Z\IZ[P[\[PVU! :VS]L Ux = x2 �n2 ÅVWZ�
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,]LY` WVZP[P]L KLÄUP[L TH[YP_ A JHU IL MHJ[VYLK HZ

<latexit sha1_base64="Sq7iFclCLsqoonmFWxyrCnyi9Nk="></latexit>

<latexit sha1_base64="EgoNMBTP7Ug7oH1R2i8rpzOOXEg="></latexit>

LLT �*OVSLZR`� -HJ[VYPaH[PVU
<latexit sha1_base64="kgKb6qZQk4fIxxcQRv70PO+ajv4="></latexit>

A = LLT

<latexit sha1_base64="xlCJxrrfx/tJCv2Tk4K5dRznv3I="></latexit>

L SV^LY [YPHUN\SHY

Procedure
<latexit sha1_base64="ONaTEwYJV52tVKNqciR2sD2zpWg="></latexit>

 >VYRZ VUS` VU Z`TTL[YPJ ^P[O WVZP[P]L KLÄUP[L TH[YPJLZ
 5V ULLK [V WLYT\[L HZ PU LU
 6UL VM PUÄUP[L WVZZPISL JOVPJLZ VM L

Complexity
<latexit sha1_base64="TPMHV7yaaTxNCS+lzopN+Yi13CA="></latexit>

 (1/3)n3 ÅVWZ �OHSM VM LU KLJVTWVZP[PVU�
 3LZZ PM A OHZ ZWLJPHS Z[Y\J[\YL �ZWHYZL� KPHNVUHS� L[J�



<latexit sha1_base64="zmyzCP+Mgu9aUtL7CEd63nuTak8="></latexit>

LLT �*OVSLZR`� :VS\[PVU
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Iterations

Complexity
<latexit sha1_base64="kPJMmxh2mHBrknR1h2YB3k+cnAM="></latexit>

 -HJ[VY � ZVS]L! (1/3)n3 + 2n2 ⇡ (1/3)n3 �MVY SHYNL n�
 1\Z[ ZVS]L �WYLMHJ[VYLK�! 2n2

<latexit sha1_base64="w1xeV18+nBHgqwsKolSCWR6AfgA="></latexit>

Ax = b, ⇒ LLTx = b

<latexit sha1_base64="7cXxFFXueTk+fhf2NTV2go8JCO0="></latexit>

�� -VY^HYK Z\IZ[P[\[PVU! :VS]L Lx1 = b �n2 ÅVWZ�
�� )HJR^HYK Z\IZ[P[\[PVU! :VS]L LTx = x1 �n2 ÅVWZ�



What complexity really means?
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Example

<latexit sha1_base64="f5QQySDfnY8AcLcoH8IW9vOPeVU="></latexit>

-HJ[VY � ZVS]L! (2/3)n3

<latexit sha1_base64="alaww+BmInjQKtAAXih8jjQ55U4="></latexit>

1\Z[ ZVS]L! 2n2

<latexit sha1_base64="Ftv3Ppm7xi5AItzQVDBfyZV/ay8="></latexit>

3HYNL TH[YP_ n⇥ n TH[YP_ A ^P[O n = 10, 000

<latexit sha1_base64="Eg754QU8gm2GFtIQuUFOJwODrPo="></latexit>

3 [OV\ZHUK [PTLZ�
<latexit sha1_base64="lbTT+oNW0s+dcAZZlfHUf+ajvfI="></latexit>

:VTL[OPUN [OH[ [HRLZ 1 ZLJVUK <latexit sha1_base64="3MkXpxKsBczCybPCs2DaesFEnt8="></latexit>

⇡ 1 OV\Y

<latexit sha1_base64="yVE/FuoL+2zYdhIvAtNGT1JLDfU="></latexit>

.HPUZ! (2/3)n3

2n2
= (1/3)n ⇡ 3, 333 [PTLZ



Linear system example
Polynomial interpolation
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Given a cubic polynomial
<latexit sha1_base64="ZARVEUiXq+p0CSbFDC8n/xzeXiM="></latexit>

p(x) = c1 + c2x+ c3x
2 + c4x

3

Find the coefficients such 
that it passes by 4 points

<latexit sha1_base64="bLV173zvmbfPPAibBOFqvF0qRVY="></latexit>

p(�1.1) = b1

p(�0.4) = b2

p(0.1) = b3

p(0.8) = b4

Equivalent linear system
<latexit sha1_base64="aNR5Hocc1gWEgiaxwnrXEGeC3b4="></latexit>

Ac = b
<latexit sha1_base64="jkLESZsKmst4Vxx9sY04yU6PloU="></latexit>2

6664

1 �1.1 (�1.1)2 (�1.1)3

1 �0.4 (�0.4)2 (�0.4)3

1 0.1 (0.1)2 (0.1)3

1 0.8 (0.8)2 (0.8)3

3

7775

2

6664

c1
c2
c3
c4

3

7775
=

2

6664

b1
b2
b3
b4

3

7775



Polynomial interpolation
Plot
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<latexit sha1_base64="ZARVEUiXq+p0CSbFDC8n/xzeXiM="></latexit>

p(x) = c1 + c2x+ c3x
2 + c4x

3
<latexit sha1_base64="3SB+W3hkWjTPD8Tpx5dTKU0rO0s="></latexit>

c = (0.74, 0.93,�0.89,�1.70)

°1.00 °0.75 °0.50 °0.25 0.00 0.25 0.50 0.75
x

0.0

0.2

0.4

0.6

0.8

p(
x
)



Solving linear systems in practice

Today, we learned to:


• Avoid computing inverses 

• Solve linear systems using the factor-solve method


• Understand the complexity of solving linear systems 
(useful to build optimization algorithms!)
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Next lecture

• Solve optimization problems: least squares
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