
Bartolomeo Stellato — Spring 2023

ORF307 – Optimization
16. Network optimization



Ed Forum

• In local sensitivity analysis, does the optimal basis always remain the same?


• Could we also clarifying the meaning of shadow prices?


• Why we use the dual problem to calculate feasibility instead of just trying to 
solve the primal problem? Is it not possible to find out infeasibility by the 
simplex method? Or is it more efficient to use the dual? What if the dual is 
infeasible, and we try to use that to solve the primal problem?
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Recap



Primal and dual basic feasible solutions

4

Primal problem Dual problem
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Reduced costs

(by construction)

<latexit sha1_base64="hixKs+xsiFDx3/AoNpZUQVtOjs0="></latexit>

7YPTHS MLHZPISL! Ax = b, x � 0 ) xB = A�1
B b � 0

+\HS MLHZPISL! AT y + c � 0�

<latexit sha1_base64="fASwrJghDVp/slgMtLi8hUv9aaY="></latexit>

<latexit sha1_base64="RshxY3wBZ4TqA2Wjn66jLofckbg="></latexit>

:L[ y = �A�T
B cB � +\HS MLHZPISL PM c̄ = c+AT y � 0

<latexit sha1_base64="AQPxCHYP6uGDUi9m1noIGoa4AWw="></latexit>

ALYV K\HSP[` NHW! cTx+ bT y = cTBxB � bTA�T
B cB = cBxB � cTBA

�1
B b = 0

<latexit sha1_base64="G2ZGs0+O0n++PPy2oYNl2+7AsVE="></latexit>

Given a basis matrix AB



The primal (dual) simplex method
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Primal problem Dual problem
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Primal simplex

• Primal feasibility

• Zero duality gap

Dual feasibility

Dual simplex 
(solve dual instead)

• Dual feasibility

• Zero duality gap

Primal feasibility



Adding new variables

6

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

:VS\[PVU x?, y?

<latexit sha1_base64="ALx/XKLFSX79bBi2eAend+v8+xk="></latexit>

<latexit sha1_base64="wZzxd7/Bp8+NP7BZVry8NdXAJlY="></latexit>

0Z [OL ZVS\[PVU (x?, 0), y? VW[PTHS MVY [OL UL^ WYVISLT&



Adding new variables
Optimality conditions

7

TPUPTPaL cTx+ cn+1xn+1

Z\IQLJ[ [V Ax+An+1xn+1 = b

x, xn+1 � 0

<latexit sha1_base64="RzG62pB5EbGcgI0G5gR22zhmylU="></latexit>

:VS\[PVU (x?, 0) PZ Z[PSS WYPTHS MLHZPISL

<latexit sha1_base64="riy/Pp4wAikQWsTzGnJJwxrpMhY="></latexit>

0Z y? Z[PSS K\HS MLHZPISL&

<latexit sha1_base64="aIW9ks0+sV8wpbkMZue1U0Wv3qY="></latexit>

AT
n+1y

! + cn+1 ≥ 0

<latexit sha1_base64="G0QzW3nH2KI1Bti1gLRiIlSrAz4="></latexit>

Yes
(x?, 0) Z[PSS VW[PTHS MVY UL^ WYVISLT

<latexit sha1_base64="WKi7UAD5rar81cTo2pA+WyN2XCE="></latexit>

Otherwise
Primal simplex



Optimal value function

8

(ZZ\TW[PVU! p?(0) PZ ÄUP[L

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

Properties

p!(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>

<latexit sha1_base64="MBBzr4W6J/qVWUzFRNtSvcn67Ok="></latexit>

 p?(u) > �1 L]LY`^OLYL �MYVT NSVIHS SV^LY IV\UK�

 p?(u) PZ WPLJL^PZL�SPULHY VU P[Z KVTHPU



Optimal value function is piecewise linear
Proof

9

(ZZ\TW[PVU! p?(0) PZ ÄUP[L

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

D = {y | AT y + c ≥ 0}

<latexit sha1_base64="DKdkZhG+nql+0QUG1DgNKQdjQEM="></latexit>

Dual feasible set

0M p?(u) ÄUP[L

<latexit sha1_base64="9sptrkDT3uQTOed4khggwQRrwEw="></latexit>

y1, . . . , yr HYL [OL L_[YLTL WVPU[Z VM D

<latexit sha1_base64="HSkPd8jJy13LpMbPrLkB/dm/QeI="></latexit>

<latexit sha1_base64="SYVR/Nj1EZn318H+Hy8nrkbTE/I="></latexit>

p!(u) = max
y∈D

−(b+ u)T y = max
k=1,...,r

−yTk u− bT yk

p!(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>



Derivative of the optimal value function

10

Optimal value function

�HɉUL MVY ZTHSS u�

<latexit sha1_base64="ASuF2ygC/2FQ74bOt9AHCYnrNg8="></latexit>

<latexit sha1_base64="NVXTqDkIHXsmpfjoqyv1ONHEe2A="></latexit>

p?(u) = cTx?(u)

= cTx? + cTBA
�1
B u

= p?(0)� y?Tu

Local derivative
<latexit sha1_base64="1pxJxc5Ev1Nook/y+/JmgnOgXAM="></latexit>

rp?(u) = �y? �y? HYL [OL ZOHKV^ WYPJLZ�

<latexit sha1_base64="yjSmpJ0fAKrSR5Tff1d7j16qWqs="></latexit>

y?(u) = y?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?
B(u) = A�1

B (b+ u) = x?
B +A�1

B u



Today’s lecture
Network optimization

• Network flows


• Minimum cost network flow problem


• Network flow solutions


• Examples: maximum flow, shortest path, assignment

11



Network flows



• Electrical and power networks


• Road networks


• Airline routes


• Printed circuit boards


• Social networks

13

Networks



Network modelling

14

<latexit sha1_base64="0eplvlkpcVIRdQgNS/DARgu/wEI="></latexit>

( UL[^VYR �VY KPYLJ[LK NYHWO� VY KPNYHWO�
PZ H ZL[ VM m UVKLZ HUK n KPYLJ[LK HYJZ

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="CObi2qOJ/dnlMiY4C28y5eJSRPM="></latexit>

2

<latexit sha1_base64="4gs5Z2tDSrJ5zjR3VZZFzsybwuU="></latexit>

3

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="nnvo/BV6HgA3pimI1P7yK1+Gg8s="></latexit>

5

<latexit sha1_base64="TIoal2yNm3ruIVvax9UC8HecooY="></latexit>

6

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="sY5NcQ1wm6kCEF5I60/LxX8H9a8="></latexit>

8

<latexit sha1_base64="4gs5Z2tDSrJ5zjR3VZZFzsybwuU="></latexit>

3<latexit sha1_base64="CObi2qOJ/dnlMiY4C28y5eJSRPM="></latexit>

2
<latexit sha1_base64="TIoal2yNm3ruIVvax9UC8HecooY="></latexit>

6

<latexit sha1_base64="nnvo/BV6HgA3pimI1P7yK1+Gg8s="></latexit>

5
<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4
<latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7

<latexit sha1_base64="wY8WBxYx0uCZTCBTg62mm5AJlZQ="></latexit>

 (YJZ HYL VYKLYLK WHPYZ VM UVKLZ (a, b)
�SLH]LZ a� LU[LYZ b�

 (ZZ\TW[PVU [OLYL PZ H[ TVZ[ VUL HYJ
MYVT UVKL a [V UVKL b

 ;OLYL HYL UV SVVWZ �HYJZ MYVT a [V a�



Arc-node incidence matrix

15

<latexit sha1_base64="MuvRncaiQjCsktgEWxTzAdyPLXo="></latexit>

m⇥ n TH[YP_ A ^P[O LU[YPLZ
<latexit sha1_base64="T/ZIqLC7nzcYzdzgOlVJdz29Ii4="></latexit>

Aij =






1 PM HYJ j Z[HY[Z H[ UVKL i

−1 PM HYJ j LUKZ H[ UVKL i

0 V[OLY^PZL

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="CObi2qOJ/dnlMiY4C28y5eJSRPM="></latexit>

2

<latexit sha1_base64="4gs5Z2tDSrJ5zjR3VZZFzsybwuU="></latexit>

3

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="nnvo/BV6HgA3pimI1P7yK1+Gg8s="></latexit>

5

<latexit sha1_base64="TIoal2yNm3ruIVvax9UC8HecooY="></latexit>

6

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="sY5NcQ1wm6kCEF5I60/LxX8H9a8="></latexit>

8

<latexit sha1_base64="4gs5Z2tDSrJ5zjR3VZZFzsybwuU="></latexit>

3<latexit sha1_base64="CObi2qOJ/dnlMiY4C28y5eJSRPM="></latexit>

2
<latexit sha1_base64="TIoal2yNm3ruIVvax9UC8HecooY="></latexit>

6

<latexit sha1_base64="nnvo/BV6HgA3pimI1P7yK1+Gg8s="></latexit>

5
<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4
<latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7

<latexit sha1_base64="ZL+yEGjPj6ihChlUwhgVPSpaWDk="></latexit>

A =





1 1 0 0 0 0 0 −1

−1 0 1 0 0 0 0 1

0 −1 −1 −1 1 1 0 0

0 0 0 1 0 0 −1 0

0 0 0 0 0 −1 1 0

0 0 0 0 −1 0 0 0





<latexit sha1_base64="RSxn3Vn5SYmuzf8C4+kHBnA5hCk="></latexit>

5V[L ,HJO JVS\TU OHZ
VUL �1 HUK VUL 1



Network flow
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<latexit sha1_base64="HrJuAQXLzeILglQgracgdfpk2vQ="></latexit>

ÅV^ ]LJ[VY x 2 Rn

<latexit sha1_base64="S4BKUSjkVuLHWsBYe9ZNr8f/5ps="></latexit>

xj ! ÅV^ �VM TH[LYPHS� [YHɉJ� PUMVYTH[PVU� LSLJ[YPJP[ �̀ L[J�
[OYV\NO HYJ j

<latexit sha1_base64="Z3+osEuXQk3VRCjeR8CU2EpYm30="></latexit>

[V[HS ÅV^ SLH]PUN UVKL i

<latexit sha1_base64="08yrCdGloUqZmt1nJIV4JZ4dD78="></latexit> n∑

j=1

Aijxj = (Ax)i
<latexit sha1_base64="xwWCeK6NQrqaxEV7EaNAWLse6sc="></latexit>

i

<latexit sha1_base64="uvREST7wqu4y9o7QF69dAaCJMn8="></latexit>

Aij = −1

<latexit sha1_base64="Urz86NOrW4jXlz6wENlFXPLi8Gk="></latexit>xj

<latexit sha1_base64="8Rgo9k5kn+ylKe761ddy0T+0rWg="></latexit>

Aik = 1

<latexit sha1_base64="/mThHT35pr+XtWkbYWpW9zlKPC8="></latexit>xk



External supply
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<latexit sha1_base64="rELPuMy1XHI+1/FKj5YDdQedVyU="></latexit>

Z\WWS` ]LJ[VY b 2 Rm

<latexit sha1_base64="xwWCeK6NQrqaxEV7EaNAWLse6sc="></latexit>

i

<latexit sha1_base64="uvREST7wqu4y9o7QF69dAaCJMn8="></latexit>

Aij = −1

<latexit sha1_base64="Urz86NOrW4jXlz6wENlFXPLi8Gk="></latexit>xj

<latexit sha1_base64="8Rgo9k5kn+ylKe761ddy0T+0rWg="></latexit>

Aik = 1

<latexit sha1_base64="/mThHT35pr+XtWkbYWpW9zlKPC8="></latexit>xk

<latexit sha1_base64="TIioYBAqEYwz0tya/nc8IT6MfLQ="></latexit>

bi

<latexit sha1_base64="XOzXN/z6aCKrRFcFRrf633e/JV0="></latexit>

 bi PZ [OL L_[LYUHS Z\WWS` H[ UVKL i
�PM bi < 0� P[ YLWYLZLU[Z KLTHUK�

 >L T\Z[ OH]L 1T b = 0
�[V[HS Z\WWS` $ [V[HS KLTHUK�

Balance equations
<latexit sha1_base64="mzEIwX8l45J0jZjlgSmx+9TJ55c="></latexit> n∑

j=1

Aijxj = (Ax)i = bi, MVY HSS i
<latexit sha1_base64="i98aM2XUMj1eu8pqwxi6yO03/lQ="></latexit>

Ax = b

Total leaving  
flow

Supply



Minimum cost network flow problem



Minimum cost network flow problem

19

<latexit sha1_base64="V4mhQbhQEMtcAm1D0mqu1MpoQj4="></latexit>

 ci PZ \UP[ JVZ[ VM ÅV^ [OYV\NO HYJ i

 -SV^ xi T\Z[ IL UVUULNH[P]L

 ui PZ [OL TH_PT\T ÅV^ JHWHJP[` VM HYJ i

 4HU` UL[^VYR VW[PTPaH[PVU WYVISLTZ HYL Q\Z[ ZWLJPHS JHZLZ

<latexit sha1_base64="H1jzMDqYdaaRdnzQt65zAxAS2Vw="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ u



Example

20

Transportation

<latexit sha1_base64="EBDCx0UL9sxvCm4B79GcsUtPE/I="></latexit>

c = (5, 6, 8, 4, 3, 9, 3, 6)

<latexit sha1_base64="SCa5tgjmAw6lbZQoF+keUfZSgl0="></latexit>

b = (7, 11, 18, 12,−10,−23,−15)

<latexit sha1_base64="ZbgqHDeaM4hQ3JPT454UGC/ZJjs="></latexit>

A =





1 1 0 0 0 0 0 0

0 0 1 1 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 1

−1 0 −1 0 0 0 0 0

0 −1 0 −1 0 −1 −1 0

0 0 0 0 −1 0 0 −1





<latexit sha1_base64="87ODL+mcbKay2fb4/wt5XjHAsVM="></latexit>

u = 201

<latexit sha1_base64="PuaQvaWvMacfup0YNzo7rbpXnaw="></latexit>

.VHS ZOPW x 2 Rn [V ZH[PZM` KLTHUK

<latexit sha1_base64="4SlAiDP7u48iiFXR9EyXlfPmimE="></latexit>

7

<latexit sha1_base64="pBVWMUlogh6/4R5sEZOBlswUvlw="></latexit>

11

<latexit sha1_base64="jqjFztMgWj06Io3kEAWgrrWdc4c="></latexit>

18

<latexit sha1_base64="FP6ocYV3ZGzI0ZjYQ6j/94fWWJ8="></latexit>

12

<latexit sha1_base64="K7/RXyZow5JcjJUwG0jVV6qE82I="></latexit>−10

<latexit sha1_base64="wp4jeSqqTUypFCAPsvRv9vx5W8o="></latexit>−23

<latexit sha1_base64="Y1CVpKOQn3mAStlaS8d6bYFCbi0="></latexit>−15

Supply Demand
<latexit sha1_base64="+/EaTJV0hFMnhAoI/qs6HbXyVzs="></latexit>

5
<latexit sha1_base64="rEZa+LEJJNaFtuda2OX1CFqWid4="></latexit>

6

<latexit sha1_base64="UHs3FI/RZgrOAfD6mAYg2J0eeBA="></latexit>

8
<latexit sha1_base64="48+0WPpI42gMbq/ECBppZ4+sbTo="></latexit>

4
<latexit sha1_base64="qgKrZXk971JFt65H6/gTUyXRdeg="></latexit>

3
<latexit sha1_base64="DUei4R86e05zHGqCI1fhjVub7PY="></latexit>

9

<latexit sha1_base64="qgKrZXk971JFt65H6/gTUyXRdeg="></latexit>

3
<latexit sha1_base64="rEZa+LEJJNaFtuda2OX1CFqWid4="></latexit>

6

<latexit sha1_base64="qe9/Sh7U57aGraIClPq1vkYIGrA="></latexit>

(SS JHWHJP[PLZ 20
(arc costs shown)

<latexit sha1_base64="H1jzMDqYdaaRdnzQt65zAxAS2Vw="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ u

Minimum cost network flow

<latexit sha1_base64="xTru18T4qysy1OvGd/f9v9wYh5U="></latexit>

x! = (7, 0, 3, 0, 8, 18, 5, 7)



Airline passenger routing

• United Airlines has 5 flights per day 
from BOS to NY  
(10am, 12pm, 2pm, 4pm, 6pm)


• Flight capacities  
(100, 100, 100, 150, 150)


• Costs: $50/hour of delay


• Last option: 9pm flight with other 
company (additional cost $75)


• Today’s reservations 
(110, 118, 103, 161, 140)

Example

21



Airline passenger routing

22

Network
<latexit sha1_base64="GGTA0xwVxhgwLFEzMYPiXoF5jTM="></latexit>

��HT
<latexit sha1_base64="5izrkmrNbFuRp/5lHe5fKS1rBwo="></latexit>

��HT <latexit sha1_base64="0gIepHJUk1ZO3GwrV2FHN8RI5ug="></latexit>

�WT
<latexit sha1_base64="LYYTJ1A1A3ENPLvHAj+24b8lvMg="></latexit>

�WT
<latexit sha1_base64="CXB31P91kZmIzjPhnxoW3qzJjzo="></latexit>

�WT

<latexit sha1_base64="X3EFg6RhIl9S5oox/0Fxv1qFfrg="></latexit>

 WT

<latexit sha1_base64="mrhrBwV9vGH4uQDeht9w8abKYGg="></latexit>

5@

<latexit sha1_base64="OtVooQ0UOEUTVs6cpmrORADAFRw="></latexit>

xj ! WHZZLUNLYZ ÅV^PUN VU HYJ j
Decisions

Supplies
<latexit sha1_base64="X87MBKG2Jh/BMxgOhpSvSIxQQw8="></latexit>

bi YLZLY]LK WHZZLUNLYZ MVY ÅPNO[ i
<latexit sha1_base64="4C6dbR1Ix1znAp7p05TzOPUC8FQ="></latexit>

  WT ÅPNO[! bi = 0
 5@ Z\WWS`! � [V[HS YLZLY]LK WHZZLUN�

Capacities
<latexit sha1_base64="j7nTK5t/5SKiRX1eZcIcysQGU+c="></latexit>

uj TH_PT\T WHZZLUNLYZ V]LY HYJ j
<latexit sha1_base64="2VdtxJc2sKXosM6kFWQAfOc2HsQ="></latexit>

 )L[^LLU ÅPNO[Z! uj = 1
 ;V 5@! ui = ÅPNO[ JHWHJP[`

Costs
<latexit sha1_base64="hRBbH9h+bTuvdhMNVZAmhhITUZE="></latexit>

cj ! JVZ[ VM TV]PUN WHZZLUNLY VU HYJ j
<latexit sha1_base64="wctuTjN4uCJbnjrWaKvA0cDd90A="></latexit>

 )L[^LLU ÅPNO[Z! $50�OV\Y
 ;V  WT ÅPNO[! $75 HKKP[PVUHS
 ;V 5@! $0 �HZ ZJOLK\SLK�

<latexit sha1_base64="H1jzMDqYdaaRdnzQt65zAxAS2Vw="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ u

Network flow formulation



Network flow solutions



Remove arc capacities

24

Goal: create equivalent network without arc capacities
<latexit sha1_base64="H1jzMDqYdaaRdnzQt65zAxAS2Vw="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ u

<latexit sha1_base64="JTAUHgE9QrDQ4BL7MkYJQzzkWdY="></latexit>

TPUPTPaL c̃T x̃

Z\IQLJ[ [V Ãx̃ = b̃

x̃ ≥ 0

Standard form  
LP with arc-node 
incidence matrix



Remove arc capacities

25

Idea: slack variables
<latexit sha1_base64="VTIhvZs8F7MK29D1Ecc7iO1SHQY="></latexit>

xj ≤ uj ⇒ xj + sj = uj , sj ≥ 0

Nodes/arcs 
interpretation

<latexit sha1_base64="4LnTVpjdTLYtfbbf4IW7p5GF8bY="></latexit>xj

<latexit sha1_base64="yIaykq/JMRzi4eTcbxDQt9l+KuM="></latexit>

bq
<latexit sha1_base64="hXoQzKi0L0Nudn8Rm2mUYL5KSWE="></latexit>

bp

<latexit sha1_base64="moAz6FFGa4vMTvQhTP9dkRh0SL4="></latexit>

5L[^VYR Z[Y\J[\YL SVZ[
UV SVUNLY VUL �1
HUK VUL 1 WLY JVS\TU

<latexit sha1_base64="eDOAlwJ0f1z0wPePgEyOosQJP9Q="></latexit>

· · ·+ xj . . . = bp

· · ·� xj . . . = bq

xj + sj = uj

<latexit sha1_base64="vzON1ALKRumU+vEtXdt0+Tg5/90="></latexit>xj = uj � sj

<latexit sha1_base64="4LnTVpjdTLYtfbbf4IW7p5GF8bY="></latexit>xj
<latexit sha1_base64="EgMchYYHN9ohh+n1KAjzOwuOmR8="></latexit>sj

<latexit sha1_base64="mxJxEfbyOXq9ICGzSzeC0iFE44U="></latexit>uj
<latexit sha1_base64="yIaykq/JMRzi4eTcbxDQt9l+KuM="></latexit>

bq
<latexit sha1_base64="6oQAAONp/170ICMLWQIQWoeX5gk="></latexit>

bp − uj

<latexit sha1_base64="r8tAtbiWLHKN0hkjLimjuaG3aJE="></latexit>

· · ·� sj = bp � uj

· · ·� xj . . . = bq

xj + sj = uj

<latexit sha1_base64="mRURTdE4mULtdhIBk4cBRYGkouk="></latexit>

5L[^VYR Z[Y\J[\YL
YLJV]LYLK
�UL^ UVKL HUK UL^ HYJ�



Equivalent uncapacitated network flow
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<latexit sha1_base64="Wr9PHYH/YylNpqZGCnbfcATPXIM="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="+1AE6lPnkY+czUCNHXocMiBt2Fk="></latexit>

 A Z[PSS HU HYJ�UVKL PUJPKLUJL TH[YP_
 *HU ^L ZH` ZVTL[OPUN HIV\[ [OL L_[YLTL WVPU[Z&



Total unimodularity 
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<latexit sha1_base64="MS+DqFbJjUoDT8jb0sf1TNNXTuI="></latexit>

( TH[YP_ PZ [V[HSS` \UPTVK\SHY PM HSS P[Z TPUVYZ HYL �1, 0 VY 1
<latexit sha1_base64="H9zwFH6K0zGgsAauTJNa5SEZrhs="></latexit>

�TPUVY PZ [OL KL[LYTPUHU[ VM H ZX\HYL Z\ITH[YP_ VM A�

example: a node-arc incidence  
matrix of a directed graph

<latexit sha1_base64="OuEKGke3EaNpVhbRqQZ+TR/4nPE="></latexit>

A =





1 0 −1 0 0 1

0 0 1 0 1 0

0 1 0 −1 −1 0

−1 −1 0 1 0 −1





properties
<latexit sha1_base64="XNeiQYzGyMUAHLwBGfKGH4Ced6w="></latexit>

 [OL LU[YPLZ VM Aij �P�L�� P[Z TPUVYZ VM VYKLY 1� HYL �1, 0� VY 1
 ;OL PU]LYZL VM HU` UVUZPUN\SHY ZX\HYL Z\ITH[YP_
VM A OHZ LU[YPLZ +1,�1� VY 0



Integrality theorem
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Given a polyhedron

where
<latexit sha1_base64="iNkGDVy8PgmkiLCssmwRLBV6t3U="></latexit>

HSS [OL L_[YLTL WVPU[Z VM P
HYL PU[LNLY ]LJ[VYZ�

<latexit sha1_base64="vaDpBmhnDhEUgs30dWJWEjdCfcg="></latexit>

P = {x ∈ Rn | Ax = b, x ≥ 0}

<latexit sha1_base64="6j0wx2PqncHLxO/dxeGUhDjdySA="></latexit>

 A PZ [V[HSS` \UPTVK\SHY
 b PZ HU PU[LNLY ]LJ[VY

Proof
<latexit sha1_base64="1MAy09PsUhZW61YDz+i87fiYYyw="></latexit>

 (SS L_[YLTL WVPU[Z HYL IHZPJ MLHZPISL ZVS\[PVUZ
^P[O xB = A�1

B b HUK xi = 0, i 6= B
 A�1

B OHZ PU[LNLY JVTWVULU[Z ILJH\ZL VM [V[HS \UPTVK\SHYP[` VM A
 b OHZ HSZV PU[LNLY JVTWVULU[Z
 ;OLYLMVYL� HSZV x PZ PU[LNYHS



Implications for network and combinatorial optimization
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<latexit sha1_base64="H1jzMDqYdaaRdnzQt65zAxAS2Vw="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ u

Minimum cost network flow
<latexit sha1_base64="pGXz0I0F0tdzMy5vncXxDbCu5kI="></latexit>

0M b HUK u HYL PU[LNYHS
ZVS\[PVUZ x? HYL PU[LNYHS

<latexit sha1_base64="14L30QvdkiGtiIwVWvJNlFx5HhM="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ u

x ∈ Zn

Integer linear programs Very difficult in general  
(more on this in a few weeks)

<latexit sha1_base64="z1tSQFHeHMpRsDQ0pk1rFopv5xc="></latexit>

0M A [V[HSS` \UPTVK\SHY
HUK b, u PU[LNYHS� ^L JHU
YLSH_ PU[LNYHSP[` HUK ZVS]L
H MHZ[ 37 PUZ[LHK



Examples



Maximum flow problem
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<latexit sha1_base64="qM8PBwNO9CVOjo8zGx+f6rDdXTk="></latexit>

.VHS TH_PTPaL ÅV^ MYVT UVKL 1 �ZV\YJL�
[V UVKL m �ZPUR� [OYV\NO [OL UL[^VYR

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="uDiaG5xmu6qPf2ACjHhMofgFBFU="></latexit>m

<latexit sha1_base64="039KEEd0FO6I+lgIag4WUYZWr9M="></latexit>

t
<latexit sha1_base64="039KEEd0FO6I+lgIag4WUYZWr9M="></latexit>

t

<latexit sha1_base64="eb++4+9YQrhO9hDddTeGJ3yAQXg="></latexit>

e = (1, 0, . . . , 0,−1)

<latexit sha1_base64="IuE2bBNvlBVEzN+Tf4JUYx4OuAA="></latexit>

TH_PTPaL t

Z\IQLJ[ [V Ax = te

0 ≤ x ≤ u



Maximum flow as minimum cost flow

32

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="uDiaG5xmu6qPf2ACjHhMofgFBFU="></latexit>m

<latexit sha1_base64="QBkwQY17SVQXCZlUHekFbCaoYL0="></latexit>

(Y[PÄJPHS HYJ n+ 1

<latexit sha1_base64="CiqCEvoIv4cv9iRFd86tQpJRGNM="></latexit>

TPUPTPaL −t

Z\IQLJ[ [V
[
A −e

] [x
t

]
= 0

0 ≤
[
x

t

]
≤

[
u

∞

]



Maximum flow example
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<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11

<latexit sha1_base64="sY5NcQ1wm6kCEF5I60/LxX8H9a8="></latexit>

8

<latexit sha1_base64="wMwXZTGejgEics/YDhfvC9WoHCU="></latexit>

10

<latexit sha1_base64="Ww4qvNSojuToWB9U65yMCs10HgA="></latexit>

12

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11

<latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7

<latexit sha1_base64="RqE8BXgwcQtPWdrgJooK860GaRU="></latexit>

15

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="evoRpipd16fdMK5+W/3ComJFwzY="></latexit>m
First flow

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11
<latexit sha1_base64="wMwXZTGejgEics/YDhfvC9WoHCU="></latexit>

10

<latexit sha1_base64="Ww4qvNSojuToWB9U65yMCs10HgA="></latexit>

12

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4 <latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7

<latexit sha1_base64="RqE8BXgwcQtPWdrgJooK860GaRU="></latexit>

15
<latexit sha1_base64="evoRpipd16fdMK5+W/3ComJFwzY="></latexit>m

<latexit sha1_base64="imjj1fouS3jD+1Fyy+xwjOolitY="></latexit>

4/8
<latexit sha1_base64="Vi/Yik22PmqYvwi9+QwJXTxQF8k="></latexit>

4/11

<latexit sha1_base64="tf6OffnzpwxaQglukmsBX2sdOmY="></latexit>

4/4

Second flow

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="sY5NcQ1wm6kCEF5I60/LxX8H9a8="></latexit>

8

<latexit sha1_base64="wMwXZTGejgEics/YDhfvC9WoHCU="></latexit>

10
<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11

<latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7
<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="evoRpipd16fdMK5+W/3ComJFwzY="></latexit>m

<latexit sha1_base64="P9T2XUdgufQd3ZZHIvQvfOcPxmc="></latexit>

11/11

<latexit sha1_base64="Sl3z+N1fVqjYzl715Xp2bs6E4ys="></latexit>

11/12
<latexit sha1_base64="+QYkB4dsOKuHoObEQsrWjadBXCg="></latexit>

11/15

(arc capacities shown)

Total flow: 19

Third flow

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11
<latexit sha1_base64="wMwXZTGejgEics/YDhfvC9WoHCU="></latexit>

10

<latexit sha1_base64="Ww4qvNSojuToWB9U65yMCs10HgA="></latexit>

12

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4
<latexit sha1_base64="evoRpipd16fdMK5+W/3ComJFwzY="></latexit>m

<latexit sha1_base64="R2f0pfdbcE6JLGUbDyhV3Wkdi/0="></latexit>

4/7

<latexit sha1_base64="p0f84OLkfU1CBtwFj1PY9gMm8gg="></latexit>

4/15

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4
<latexit sha1_base64="imjj1fouS3jD+1Fyy+xwjOolitY="></latexit>

4/8
<latexit sha1_base64="Vi/Yik22PmqYvwi9+QwJXTxQF8k="></latexit>

4/11



Shortest path problem
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<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1
<latexit sha1_base64="uDiaG5xmu6qPf2ACjHhMofgFBFU="></latexit>m

<latexit sha1_base64="kpd4Hh85e7w315WXKclFhYBwV94="></latexit>

.VHS -PUK [OL ZOVY[LZ[ WH[O IL[^LLU UVKLZ 1 HUK m

<latexit sha1_base64="J7sHIIwIAg2xOftaVbJQa6ueTLk="></latexit>

WH[OZ JHU IL YLWYLZLU[LK
HZ ]LJ[VYZ x 2 {0, 1}n

Formulation
<latexit sha1_base64="ElFhxFxI6uGQWnUmYdY37Ncp5oQ="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = e

x ∈ {0, 1}n

<latexit sha1_base64="dO8vldVSSXKHhH2uGtHgeAydfhw="></latexit>

 cj PZ [OL ¸SLUN[O¹ VM HYJ j
 e = (1, 0, . . . , 0,�1)
 =HYPHISLZ HYL IPUHY`
�PUJS\KL VY UV[ HYJ PU WH[O�



Shortest path as minimum cost flow
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<latexit sha1_base64="ElFhxFxI6uGQWnUmYdY37Ncp5oQ="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = e

x ∈ {0, 1}n

<latexit sha1_base64="HYekVuzgsycRlrrtpfxKLpr4jRI="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = e

0 ≤ x ≤ 1

Relaxation

<latexit sha1_base64="+p6x0joJuDQjLAdBKQDzZ6OILwc="></latexit>

,_[YLTL WVPU[Z
ZH[PZM` xi 2 {0, 1}Example (arc costs shown)

<latexit sha1_base64="8r37ioChmbs0gNp1H02Du9pZDVQ="></latexit>

1

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11

<latexit sha1_base64="sY5NcQ1wm6kCEF5I60/LxX8H9a8="></latexit>

8

<latexit sha1_base64="wMwXZTGejgEics/YDhfvC9WoHCU="></latexit>

10

<latexit sha1_base64="Ww4qvNSojuToWB9U65yMCs10HgA="></latexit>

12

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="F7TjLNzEznAigsi60aAgB5Cu88g="></latexit>

11

<latexit sha1_base64="ixrPHOUg3WdIzY4a5IGguWcZkHQ="></latexit>

7

<latexit sha1_base64="RqE8BXgwcQtPWdrgJooK860GaRU="></latexit>

15

<latexit sha1_base64="jWRwL1IObSoPNur/hBm6pNgnHZM="></latexit>

4

<latexit sha1_base64="evoRpipd16fdMK5+W/3ComJFwzY="></latexit>m
<latexit sha1_base64="+2pVQ3ZK6DidnylxpXtvJ4wY248="></latexit>

cTx! = 24

<latexit sha1_base64="btGqVIspROcvnx1Gt7/1yaf1JYM="></latexit>

x? = (0, 1, 0, 0, 0, 1, 0, 0, 1)

<latexit sha1_base64="VnSGa/gB1ZKQxJxGoAzUtMeFyi4="></latexit>

c = (11, 8, 10, 12, 4, 11, 7, 15, 4)



Assignment problem
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<latexit sha1_base64="5sGaHTu7FdoKyPnKubq9/eNAZ6Q="></latexit>

.VHS TH[JO N WLYZVUZ [V N [HZRZ
<latexit sha1_base64="2OfMuimICm5uI8zYWYBdyIZmqT8="></latexit>

 ,HJO WLYZVU HZZPNULK [V VUL [HZR� LHJO [HZR [V VUL WLYZVU
 Cij *VZ[ VM TH[JOPUN WLYZVU i [V [HZR j

LP formulation
<latexit sha1_base64="74a7xD/d5byL1yp4osoKI0O9N5A="></latexit>

TPUPTPaL
N∑

i,j=1

CijXij

Z\IQLJ[ [V
N∑

i=1

Xij = 1, j = 1, . . . , N

N∑

j=1

Xij = 1, i = 1, . . . , N

Xij ∈ {0, 1}

How do you define 
the network?



Task assignment as 
minimum cost network flow
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Person Task
<latexit sha1_base64="+/EaTJV0hFMnhAoI/qs6HbXyVzs="></latexit>

5
<latexit sha1_base64="rEZa+LEJJNaFtuda2OX1CFqWid4="></latexit>

6
<latexit sha1_base64="UHs3FI/RZgrOAfD6mAYg2J0eeBA="></latexit>

8

<latexit sha1_base64="48+0WPpI42gMbq/ECBppZ4+sbTo="></latexit>

4 <latexit sha1_base64="qgKrZXk971JFt65H6/gTUyXRdeg="></latexit>

3
<latexit sha1_base64="DUei4R86e05zHGqCI1fhjVub7PY="></latexit>

9

<latexit sha1_base64="mQYn4oL29QqlHbP69N5vLghNa9E="></latexit>

1

<latexit sha1_base64="mQYn4oL29QqlHbP69N5vLghNa9E="></latexit>

1

<latexit sha1_base64="mQYn4oL29QqlHbP69N5vLghNa9E="></latexit>

1

<latexit sha1_base64="dZZJQoul5gtUCJdg4XqfTuZ6S78="></latexit>−1

<latexit sha1_base64="dZZJQoul5gtUCJdg4XqfTuZ6S78="></latexit>−1

<latexit sha1_base64="dZZJQoul5gtUCJdg4XqfTuZ6S78="></latexit>−1

<latexit sha1_base64="mQYn4oL29QqlHbP69N5vLghNa9E="></latexit>

1
<latexit sha1_base64="qgKrZXk971JFt65H6/gTUyXRdeg="></latexit>

3

<latexit sha1_base64="87ZwbzmuO9Z/XBFEWQ1ukTOfQKw="></latexit>

2
<latexit sha1_base64="j61SBpLruNWAqq4pQmUjR9/9cjs="></latexit>

b = (1, 1, 1,−1,−1,−1)

<latexit sha1_base64="IQM6h0dRVVPeVCZUPuC93s2Zpks="></latexit>

c = (5, 6, 2, 8, 1, 3, 4, 3, 9)
<latexit sha1_base64="xpNrKjijN4b0Lx5maytwccEMmXk="></latexit>

A =





1 1 1 0 0 0 0 0 0

0 0 0 1 1 1 0 0 0

0 0 0 0 0 0 1 1 1

−1 0 0 −1 0 0 −1 0 0

0 −1 0 0 −1 0 0 −1 0

0 0 −1 0 0 −1 0 0 −1





<latexit sha1_base64="01q4HrYhRv/dtullJ+zFwu2pC6c="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

0 ≤ x ≤ 1

Minimum cost network flow

(arc costs shown)

<latexit sha1_base64="+p6x0joJuDQjLAdBKQDzZ6OILwc="></latexit>

,_[YLTL WVPU[Z
ZH[PZM` xi 2 {0, 1}

<latexit sha1_base64="jmQr97ok7RYqoTUZpU+CXcOMVzI="></latexit>

x! = (0, 0, 1, 0, 1, 0, 0, 0, 1)
<latexit sha1_base64="nk3S3U2JLbIaenZPSFmXXm46Y6k="></latexit>

cTx! = 7

Optimal solution



Network optimization

Today, we learned to:


• Model flows across networks


• Formulate minimum cost network flow problems


• Analyze network flow problem solutions (integrality theorem)


• Formulate maximum-flow, shortest path, and assignment problems as 
minimum cost network flows

38
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Next lecture

• Interior point algorithms
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