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ORF307 – Optimization
13. Duality



Ed Forum

• I was still a little confused about the notation for the bases, and was 
wondering if we could cover this in more detail (i.e. B = {1, 2}, A_B, etc.)?


• A question I have is about the software, is python the best platform to do 
optimization problems on? What do large companies use? 
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Complexity



Complexity of a single simplex iteration

4

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
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Linear system solutions
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Very similar linear 
systems

<latexit sha1_base64="YCJoJtm/wwrBGCRDXUN156ar0vk="></latexit>

AT
Bp = cB

ABdB = �Aj
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Very similar linear 
systems
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AT
Bp = cB

ABdB = �Aj

Factorization is expensive

Do we need to recompute it at every iteration?
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Basis update
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Index update
<latexit sha1_base64="Jn/g8fcDzPaVMJd5m4FGfvMGfNA="></latexit>
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Index update
Basis matrix change
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A =




1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1





<latexit sha1_base64="f20kkS5yXZ6vV90YBgpT3Qnsj7Q="></latexit>

B = {4, 1, 6} ! B̄ = {4, 1, 2}
<latexit sha1_base64="dPHkwuYerQ6qOFpdPsPfgUkcBvI="></latexit> 2 LU[LYZ
 6 = B(3) L_PZ[Z

1--

O 0
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AB̄ =




1 1 0

0 2 0

0 2 1



+




0 0 2

0 0 1

0 0 2



−




0 0 0

0 0 0

0 0 1
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1 1 2

0 2 1

0 2 2





<latexit sha1_base64="fiQtMObnY7YXhPJN3Hfs1bShgWQ="></latexit>

AB

<latexit sha1_base64="dDvlq8ejqs1sQavay5pMjpX3DeA="></latexit>

A2e
T
3

<latexit sha1_base64="vRACGU/Lpoep0qHPAw738QcwZTM="></latexit>

A6e
T
3

-w
Nat
-

See, iti--
I



Smarter linear system solution
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Basis matrix change
Matrix inversion lemma

(from homework 2)
<latexit sha1_base64="iNQohw2sfPbMHO80ANbkUU13zXI="></latexit>

AB̄ = AB +

v︷ ︸︸ ︷
(Ai −Aj) e

T
!

<latexit sha1_base64="VIYWHEgVSqS/aLBriiVXoKzlmxc="></latexit>

(AB + veT` )
�1 =

✓
I � 1

1 + eT` A
�1
B v

A�1
B veT`

◆
A�1

B

Als
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◆
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<latexit sha1_base64="OD4+IfaldhUn5Oh9WlkxZRejP3c="></latexit>

:VS]L AB̄dB̄ = �Aj
<latexit sha1_base64="1bxH44koP8UFwkE6oh7n2vftcQM="></latexit>

�� :VS]L ABz1 = e` �2n2 ÅVWZ�
�� :VS]L ABz2 = �Aj �2n2 ÅVWZ�
�� :VS]L dB̄ = z2 � vT z2

1+vT z1 z1
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Remarks
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Bp = cB �4n2 ÅVWZ�

 k�[O UL_[ P[LYH[PVU �4kn2 ÅVWZ� KLYP]L HZ L_LYJPZL����
 6UJL PU H ^OPSL �L�N�� k = 100�� IL[[LY [V YLMHJ[VY AB
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Matrix inversion lemma trick
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≈ n2
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     per iteration 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How many iterations do we need?



Example of worst-case behavior
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Complexity of the simplex method

Innocent-looking problem
TPUPTPaL −xn

Z\IQLJ[ [V 0 ≤ x ≤ 1

<latexit sha1_base64="s1B0ngCB9s4ZcRGvL+j2J4UWM1w="></latexit>

2n/2 ]LY[PJLZ! JVZ[ $ 1

<latexit sha1_base64="02N/W6S970ABFz7MFhQaRopupAA="></latexit>

2n/2 ]LY[PJLZ! JVZ[ $ 0

<latexit sha1_base64="Cv22yso5DCCiy1lA4s2Qsc6FDEQ="></latexit>

2n ]LY[PJLZ

<latexit sha1_base64="HiT9ntt9qNZUmP02NSIX67EE+qI="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>
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εxi−1 ≤ xi ≤ 1− εxi−1, i = 2, . . . , n

<latexit sha1_base64="Yq3HULul1o69xdv26g58B0yccxA="></latexit>

Perturb unit cube

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>
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x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

-
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-
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Theorem
 ;OL ]LY[PJLZ JHU IL VYKLYLK ZV [OH[ LHJO VUL PZ HKQHJLU[ [V HUK OHZ H
SV^LY JVZ[ [OHU [OL WYL]PV\Z VUL

 ;OLYL L_PZ[Z H WP]V[PUN Y\SL \UKLY ^OPJO [OL ZPTWSL_ TL[OVK [LYTPUH[LZ
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Average simplex complexity

12

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs n ]HYPHISLZ
3n JVUZ[YHPU[Z

<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>

0 250 500 750 1000
n

0

2000

4000

6000

8000

N
um

be
r

of
it
er

at
io

ns
Iterations n

0 250 500 750 1000
n

0

20

40

60

80

T
im

e
[s

]

Time n3

Cubic polynomial

Square polynomial



Recap



Linear optimization formulations
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x ≥ 0
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Today’s agenda

• Obtaining lower bounds


• The dual problem


• Weak and strong duality

15

Duality



Obtaining lower bounds



Obtaining lower bounds

17

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + 3x2 ≥ 2

<latexit sha1_base64="/jtkbcSBltCYy65nA7yL0f+HzWU="></latexit>

What is a lower bound on the optimal cost?

A simple example



Obtaining lower bounds

17

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + 3x2 ≥ 2

<latexit sha1_base64="/jtkbcSBltCYy65nA7yL0f+HzWU="></latexit>

What is a lower bound on the optimal cost?

A simple example

( SV^LY IV\UK PZ 2 ILJH\ZL x1 + 3x2 � 2

<latexit sha1_base64="G1bcBRtrorDUmkm78a0bYKt/q9U="></latexit>



Obtaining lower bounds
Another example

18

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

<latexit sha1_base64="2iogeanK6I0PR5Ruu2ZaJdxQM90="></latexit>

What is a lower bound on the optimal cost?



Obtaining lower bounds
Another example

18

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

<latexit sha1_base64="2iogeanK6I0PR5Ruu2ZaJdxQM90="></latexit>

What is a lower bound on the optimal cost?

Let’s sum the constraints
1 · (x1 + x2 � 2)

+ 2 · (x2 � 1)

= x1 + 3x2 � 4

<latexit sha1_base64="DJFWRAVgM+uvBlpZn7xelL+UzPE="></latexit>



Obtaining lower bounds
Another example

18

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

<latexit sha1_base64="2iogeanK6I0PR5Ruu2ZaJdxQM90="></latexit>

What is a lower bound on the optimal cost?

Let’s sum the constraints
1 · (x1 + x2 � 2)

+ 2 · (x2 � 1)

= x1 + 3x2 � 4

<latexit sha1_base64="DJFWRAVgM+uvBlpZn7xelL+UzPE="></latexit>

( SV^LY IV\UK PZ 4

<latexit sha1_base64="g0uOhy/AwpMNolM4ztGXml2+3zo="></latexit>



19

Obtaining lower bounds
A more interesting example
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Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3
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Obtaining lower bounds
A more interesting example — Best lower bound

TH_PTPaL 2y1 + y2 + 3y3
Z\IQLJ[ [V y1 + y3 = 1

y1 + y2 − y3 = 3

y1, y2, y3 ≥ 0
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We can obtain the best lower bound by solving the following problem
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We can obtain the best lower bound by solving the following problem

This linear optimization problem is called the dual problem
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Lagrange multipliers
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Z\IQLJ[ [V Ax = b

x ≥ 0
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Dual function

Dual problem (find the best bound)
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g(y) =

(
�bT y PM c+AT y = 0

�1 V[OLY^PZL

<latexit sha1_base64="ZTDqFa7IDwUREYQqNOfKq+b5juA="></latexit>

�HUK y � 0�

<latexit sha1_base64="HlNkCCFINR+YNUV+10zYboP2CNU="></latexit>

<latexit sha1_base64="d0G5tccGrE1ZboW9kWFDMxj5B0Y="></latexit>

g(y) = TPUPTPaL
x

�
cTx+ yT (Ax� b)

�

= �bT y +TPUPTPaL
x

�
c+AT y

�T
x



General forms
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DualPrimal
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Primal Inequality form LP Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>



General forms
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DualPrimal
TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Primal Inequality form LP Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Primal Dual
LP with inequalities and equalities

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

TH_PTPaL −bT y − dT z

Z\IQLJ[ [V AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>

(y)

(2)



Example from before
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TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>



Example from before
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TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Inequality form LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =

2

64
�1 �1

0 �1

�1 1

3

75

b = (�2,�1,�3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>
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TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Inequality form LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =

2

64
�1 �1

0 �1

�1 1

3

75

b = (�2,�1,�3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>
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28

TPUPTPaL x1 + 3x2

Z\IQLJ[ [V x1 + x2 ≥ 2

x2 ≥ 1

x1 − x2 ≥ 3

<latexit sha1_base64="tFYXbkwVHLgaAHWE/DRk1TdXTqE="></latexit>

Dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

Inequality form LP
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

c = (1, 3)

A =

2

64
�1 �1

0 �1

�1 1

3

75

b = (�2,�1,�3)

<latexit sha1_base64="KliOr8hLubxtiTpWCMGWtbRAsDI="></latexit>

TH_PTPaL 2y1 + y2 + 3y3
Z\IQLJ[ [V −y1 − y3 = −1

−y1 − y2 + y3 = −3

y1, y2, y3 ≥ 0

<latexit sha1_base64="ASl3K3x/bAA5czcD6wGQVNHRx3o="></latexit>



To memorize
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Ways to get the dual
• Derive dual function directly

• Transform the problem in inequality form LP and dualize

Sanity-checks and signs convention
<latexit sha1_base64="o4Jh8QGndHbRLD0JV9nNr31Jsag="></latexit>

 *VUZPKLY JVUZ[YHPU[Z HZ Ax� b  0 VY Ax� b = 0 �UV[ � 0�
 ,HJO K\HS ]HYPHISL PZ HZZVJPH[LK [V H WYPTHS JVUZ[YHPU[
 y MYLL MVY WYPTHS LX\HSP[PLZ HUK y � 0 MVY WYPTHS PULX\HSP[PLZ



Dual of the dual

30

Theorem
If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.



Dual of the dual

30

Theorem
If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.

Primal Dual

Exercise 
Derive dual and dualize again

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

TH_PTPaL −bT y − dT z

Z\IQLJ[ [V AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>



Dual of the dual

30

Theorem
If we transform the primal into its dual and then transform the dual to its dual, we 
obtain a problem equivalent to the original problem. In other words, the dual of 
the dual is the primal.

Theorem
If we transform a linear optimization problem to another form (inequality 
form, standard form, inequality and equality form), the dual of the two 
problems will be equivalent.

Primal Dual

Exercise 
Derive dual and dualize again

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

Cx = d

<latexit sha1_base64="MuCD1qJ4w/yzWwTyp1TUlRCOQIs="></latexit>

TH_PTPaL −bT y − dT z

Z\IQLJ[ [V AT y + CT z + c = 0

y ≥ 0

<latexit sha1_base64="m8OhQ66YroxkUuTKv2mlMffgE6o="></latexit>



Weak and strong duality



Optimal objective values
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Primal Dual
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

p? PZ [OL WYPTHS VW[PTHS ]HS\L

<latexit sha1_base64="TXrK1G29fTKJzr82IEqZca+P75M="></latexit>

d? PZ [OL K\HS VW[PTHS ]HS\L

<latexit sha1_base64="XDOywE7hqz2G64ME9p2Yp9gV5wg="></latexit>

7YPTHS PUMLHZPISL! p? = +1
7YPTHS \UIV\UKLK! p? = �1

<latexit sha1_base64="BDsDEKO4Vhf0wm1vEEqgpCMkzGY="></latexit>

+\HS PUMLHZPISL! d? = �1
+\HS \UIV\UKLK! d? = +1

<latexit sha1_base64="S1jM2jtLe9z9zk9jo4djbTpPaGY="></latexit>



Weak duality

33

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

0M x, y ZH[PZM`!
 x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
 y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality

33

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

0M x, y ZH[PZM`!
 x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
 y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>

-

A=
G

↳



Weak duality

33

Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof
>L RUV^ [OH[ Ax  b� AT y + c = 0 HUK y � 0� ;OLYLMVYL�

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
 (U` K\HS MLHZPISL y NP]LZ H SV^LY IV\UK VU [OL WYPTHS VW[PTHS ]HS\L
 (U` WYPTHS MLHZPISL x NP]LZ HU \WWLY IV\UK VU [OL K\HS VW[PTHS ]HS\L
 cTx+ bT y PZ [OL K\HSP[` NHW

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

0M x, y ZH[PZM`!
 x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
 y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality

34

Corollaries

Unboundedness vs feasibility
 7YPTHS \UIV\UKLK �p? = �1� ) K\HS PUMLHZPISL �d? = �1�
 +\HS \UIV\UKLK �d? = +1� ) WYPTHS PUMLHZPISL �p? = +1�

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>



Weak duality
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Corollaries

Unboundedness vs feasibility
 7YPTHS \UIV\UKLK �p? = �1� ) K\HS PUMLHZPISL �d? = �1�
 +\HS \UIV\UKLK �d? = +1� ) WYPTHS PUMLHZPISL �p? = +1�

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>

Optimality condition

;OLU x HUK y HYL VW[PTHS ZVS\[PVUZ [V [OL WYPTHS HUK K\HS WYVISLT YLZWLJ[P]LS`

<latexit sha1_base64="82kL+63gEVzxSDlCRpiXRZDLjJ8="></latexit>

0M x, y ZH[PZM`!
 x PZ H MLHZPISL ZVS\[PVU [V [OL WYPTHS WYVISLT
 y PZ H MLHZPISL ZVS\[PVU [V [OL K\HS WYVISLT
 ;OL K\HSP[` NHW PZ aLYV� P�L�� cTx+ bT y = 0

<latexit sha1_base64="HARHS9ocTy4iPtwZEp2aG8sZfcI="></latexit>



Strong duality
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Theorem
0M H SPULHY VW[PTPaH[PVU WYVISLT OHZ HU VW[PTHS ZVS\[PVU� ZV KVLZ P[Z K\HS� HUK
[OL VW[PTHS ]HS\L VM WYPTHS HUK K\HS HYL LX\HS

<latexit sha1_base64="oWbeWUu2rS0eB6bkL80iJQORq/s="></latexit>

d! = p!

<latexit sha1_base64="rhnP4KMn58uw0WtdEhbWlaNcyEE="></latexit>



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form



Strong duality
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Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

 VW[PTHS IHZPZ B
 VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
 YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

 VW[PTHS IHZPZ B
 VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
 YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0

<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

+LÄUL y? Z\JO [OH[ y? = �A�T
B cB � ;OLYLMVYL� AT y? + c � 0 �y? K\HS MLHZPISL��



Strong duality

36

Constructive proof
.P]LU H WYPTHS VW[PTHS ZVS\[PVU x? ^L ^PSS JVUZ[Y\J[ H K\HS VW[PTHS ZVS\[PVU y?

<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

 VW[PTHS IHZPZ B
 VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
 YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0

<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

+LÄUL y? Z\JO [OH[ y? = �A�T
B cB � ;OLYLMVYL� AT y? + c � 0 �y? K\HS MLHZPISL��

<latexit sha1_base64="HWlCvUzvWQ6YMQJr0BOSYuARyGM="></latexit>

−bT y! = −bT (−A−T
B cB) = cTB(A

−1
B b) = cTBx

!
B = cTx!
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Constructive proof
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<latexit sha1_base64="IUpuSptYR0JaqyXSJmburjVNAzg="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

Apply simplex to problem in standard form
<latexit sha1_base64="gDjc1E3ol/5omsoaB+hZPKl1oxU="></latexit>

 VW[PTHS IHZPZ B
 VW[PTHS ZVS\[PVU x? ^P[O ABx?

B = b
 YLK\JLK JVZ[Z c̄ = c�ATA�T

B cB � 0

)` ^LHR K\HSP[` [OLVYLT JVYVSSHY �̀ y? PZ HU VW[PTHS ZVS\[PVU VM [OL K\HS�
;OLYLMVYL� d? = p?�

<latexit sha1_base64="j6mIa7/4zMs7qp/2XXjO1cPUq3E="></latexit>

<latexit sha1_base64="JeRHFmghZU9ASdTpiYQ+snFNP6o="></latexit>

+LÄUL y? Z\JO [OH[ y? = �A�T
B cB � ;OLYLMVYL� AT y? + c � 0 �y? K\HS MLHZPISL��

<latexit sha1_base64="HWlCvUzvWQ6YMQJr0BOSYuARyGM="></latexit>

−bT y! = −bT (−A−T
B cB) = cTB(A

−1
B b) = cTBx

!
B = cTx!



Exception to strong duality

37

Primal Dual

TPUPTPaL x

Z\IQLJ[ [V 0 · x ≤ −1

<latexit sha1_base64="K4ZyPt6cdY5S30G3yQl1M68wvHw="></latexit>

TH_PTPaL y

Z\IQLJ[ [V 0 · y + 1 = 0

y ≥ 0

<latexit sha1_base64="peUWeOTIwm/PY6SzEEdBI2okwxc="></latexit>

6W[PTHS ]HS\L PZ p? = +1

<latexit sha1_base64="wa+phOrI4Rh5qL/JgRrQguFNbrI="></latexit>

6W[PTHS ]HS\L PZ d? = �1

<latexit sha1_base64="eJYeIU3DOHCaEODuT8NttogEptI="></latexit>



Exception to strong duality
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Primal Dual

TPUPTPaL x

Z\IQLJ[ [V 0 · x ≤ −1

<latexit sha1_base64="K4ZyPt6cdY5S30G3yQl1M68wvHw="></latexit>

TH_PTPaL y

Z\IQLJ[ [V 0 · y + 1 = 0

y ≥ 0

<latexit sha1_base64="peUWeOTIwm/PY6SzEEdBI2okwxc="></latexit>

6W[PTHS ]HS\L PZ p? = +1

<latexit sha1_base64="wa+phOrI4Rh5qL/JgRrQguFNbrI="></latexit>

6W[PTHS ]HS\L PZ d? = �1

<latexit sha1_base64="eJYeIU3DOHCaEODuT8NttogEptI="></latexit>

Both primal and dual infeasible



Relationship between primal and dual

38

primal inf.

dual unb.

optimal values 
equal

exception primal unb.

dual inf

d? ÄUP[L

<latexit sha1_base64="1/wKDP4NEo6iVB2m5j9s4HMHfgw="></latexit>

d? = +1

<latexit sha1_base64="y/kOTV4vXgvsMy4DJ2J0Akvz9zE="></latexit>

d? = �1

<latexit sha1_base64="uHXKSKJUbz2X9DyYumDRvq5JM+k="></latexit>

p? = �1

<latexit sha1_base64="MvfLH0TzFqwK+AGySH+LwfWEzLY="></latexit>

p? = +1

<latexit sha1_base64="vbn6E8862eG8bLhgDSY69Xk8weE="></latexit>

p? ÄUP[L

<latexit sha1_base64="YxoPNuFL7J1jZsSJ6fSHhJ4tENk="></latexit>

 <WWLY�YPNO[ L_JS\KLK I` ^LHR K\HSP[`
 (1, 1) HUK (3, 3) WYV]LU I` ^LHR K\HSP[`
 (3, 1) HUK (2, 2) WYV]LU I` Z[YVUN K\HSP[`

<latexit sha1_base64="fxbu7bae9Gze9yWcCYp+MKGCr98="></latexit>



Example



Production problem

40

TH_PTPaL x1 + 2x2

Z\IQLJ[ [V x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0

<latexit sha1_base64="95TU8gz4302m/yIMj8PNLi24JT0="></latexit>



Production problem

40

TH_PTPaL x1 + 2x2

Z\IQLJ[ [V x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0
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Production problem

40

TH_PTPaL x1 + 2x2

Z\IQLJ[ [V x1 ≤ 100

2x2 ≤ 200

x1 + x2 ≤ 150

x1, x2 ≥ 0

<latexit sha1_base64="95TU8gz4302m/yIMj8PNLi24JT0="></latexit>

Profits

Resources

Dualize
TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b
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1. Transform in inequality form
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1 0

0 2

1 1

�1 0

0 �1

3

7777775

b = (100, 200, 150, 0, 0)
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2. Derive dual
TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0
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Production problem
Dualized
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TH_PTPaL −bT y

Z\IQLJ[ [V AT y + c = 0

y ≥ 0
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Production problem
Dualized
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Production problem
The dual
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TPUPTPaL 100y1 + 200y2 + 150y3
Z\IQLJ[ [V y1 + y3 ≥ 1

2y2 + y3 ≥ 2

y1, y2, y3 ≥ 0
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 :LSS HSS `V\Y YLZV\YJLZ H[ H MHPY �TPUPT\T� WYPJL
 :LSSPUN T\Z[ IL TVYL JVU]LUPLU[ [OHU WYVK\JPUN!

¶ 7YVK\J[ 1 �WYPJL 1� ULLKZ 1⇥ YLZV\YJL 1 HUK 3�! y1 + y3 � 1

¶ 7YVK\J[ 2 �WYPJL 2� ULLKZ 2⇥ YLZV\YJL 2 HUK 1⇥ YLZV\YJL 3�! 2y2 + y3 � 2



Linear optimization duality

Today, we learned to:


• Dualize linear optimization problems


• Prove weak and strong duality conditions


• Interpret simple dual optimization problems
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Next lecture

More on duality:


• Game theory


• Complementary slackness


• Farkas lemma
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