
Bartolomeo Stellato — Spring 2022

ORF307 – Optimization
19. Linear optimization review



Ed Forum

• How do mathematicians know when to use "heuristics," or arbitrary measures 
to make the algorithm work better?


• Why is not being able to warm start a problem if we can start interior point 
methods with an infeasible solution?
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Today’s lecture
Linear optimization review

• Formulations


• Piecewise linear optimization


• Duality


• Sensitivity analysis


• Simplex method


• Interior point methods
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Formulations



Linear optimization
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cTx

Ax ≤ b

Dx = f

<latexit sha1_base64="2gSYTXWacViERmXGRGT2siwmMFw="></latexit>

x Ax ≤ b Dx = f

<latexit sha1_base64="BYbkioAVFH907ja2m17hjW3K28Y="></latexit><latexit sha1_base64="5GCwUHbUQ3tGwmSV6OlIp4niSKU="></latexit>
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<latexit sha1_base64="K5Z6pGEKuxiUObFHtmCvSa73Ey0="></latexit>

p
?
= c
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x
?

<latexit sha1_base64="36xokVc6YjbRU+E1vBRwYVlSlVs="></latexit>

Infeasible problem: p
?
= +∞

<latexit sha1_base64="gRvyxa9pl//xQ5qfDD6aj/88xFU="></latexit>

Unbounded problem: cTx p
?
= −∞

<latexit sha1_base64="rT7TDam3hrJqdL7QkWGoruhqRfM="></latexit>

• Minimization


• Less-than ineq. constraints


• Equality constraints



Feasibility problems
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<latexit sha1_base64="cXcG2IRmSbKcoySMBy8KAooJzzM="></latexit>

x

Ax ≤ b

Dx = f

<latexit sha1_base64="HKULuKPeWHpsghV8mdfShuqB7pM="></latexit>

0

Ax ≤ b

Dx = f

Possible results
<latexit sha1_base64="TH0kUn/MWoz8R0afkjDBWqAmz9g="></latexit>
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?
= ∞



Standard form
Definition
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

• Minimization


• Equality constraints


• Nonnegative variables

• develop algorithms 

• algebraic manipulations

Useful to



Piecewise linear optimization



Piecewise-linear minimization
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f(x) = max
i=1,...,m

(aTi x+ bi)

<latexit sha1_base64="UaU8ooNCmaccX9QgDE9tSGJPpDE="></latexit>

t

aT
i
x+ bi ≤ t, i = 1, . . . ,m

<latexit sha1_base64="Gasc8CrkQ7mGloEkXjPFhvtaq0Y="></latexit>

Matrix notation

c̃T x̃

Ãx̃ ≤ b̃

<latexit sha1_base64="gLLpM5NQN0Bt07xRowhq4snDn0Q="></latexit>

<latexit sha1_base64="Q5e38qGEzzjwZFBJJSpT87Hjqs0="></latexit>
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]
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<latexit sha1_base64="SfZ4lm6gr27fx0vo/2LLLPxK0dI="></latexit>

f(x)

<latexit sha1_base64="hW9NcKlOhxJRmAWm/Da/zTHjPm8="></latexit>

x

<latexit sha1_base64="mujD+dT4O/F7J4ucgnGEWKVHNJM="></latexit>
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1 and infinity norms reformulations

1-norm minimization:

Equivalent to:
<latexit sha1_base64="30hLhVrtPDnxlW6YPtHqdHfBIRU="></latexit>

1
Tu

−u ≤ Ax− b ≤ u

<latexit sha1_base64="q7CR9kr1hGJAQR0kHO9MNAy7G4Y="></latexit>

(Ax− b)i

u

<latexit sha1_base64="5RGGSJgwohnAZoI8O0TMxoumAg4="></latexit>

kAx� bk1 =
X

i

|(Ax� b)i|

-norm minimization:∞

Equivalent to:

Absolute ]alue of e]er` element (Ax− b)i is
bounded b` the same Zcalar t

<latexit sha1_base64="SgDEMwvWtg/IKZachb3t4M5Ub7E="></latexit>

<latexit sha1_base64="vpGmyeRlqw/0b7YLdyVAFzRO4qM="></latexit>

t

−t1 ≤ Ax− b ≤ t1

<latexit sha1_base64="VOUbekOKtaY4SzoQslM+7hEFagQ="></latexit>

kAx� bk∞ = max
i

|(Ax� bi)i|



Duality



Inequality form LP
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cTx

Ax ≤ b

<latexit sha1_base64="O/o5C8wag7/JrHDTOb0VItDVYsE="></latexit>

Relax the constraint

g(y) =
x

cTx+ yT (Ax− b)

<latexit sha1_base64="pzelOYzotyCmjkxBhnZGXJ0lCo8="></latexit>

Lower bound

g(y) ≤ cTx⋆ + yT (Ax⋆
− b) ≤ cTx⋆

<latexit sha1_base64="cjBTr2QiiRDVIVgJkrCi+nUs9SI="></latexit>

y ≥ 0

<latexit sha1_base64="a/MoWse2mEu3z+sxkJkybBdMauA="></latexit>

Lagrangian
<latexit sha1_base64="FI2C4F0rjRGHxYtBuA2rJV1mpx0="></latexit>

L(x, y)



Dual of LP with inequalities
Derivation
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Dual function

Dual problem (find the best bound)

y
g(y) = −bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="N8lNc9vk2lRChx8rEpWkPHpVjeE="></latexit>

g(y) =
x

�

cTx+ yT (Ax− b)
�

− bT y +
x

�

c+AT y
�T

x

<latexit sha1_base64="CqywHppkQ42aL+hrWchjDaR/DnI="></latexit>

g(y) =

(

−bT y c+AT y = 0

−∞

<latexit sha1_base64="ZTDqFa7IDwUREYQqNOfKq+b5juA="></latexit>

y ≥ 0

<latexit sha1_base64="HlNkCCFINR+YNUV+10zYboP2CNU="></latexit>



General forms
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cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>

Standard form LP

Inequality form LP

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

LP with inequalities and equalities

minimiae cTx

Z\bjec[ [o Ax ≤ b

Dx = f

<latexit sha1_base64="fcmW9ti+MUT90zmEc1kWzjQRdSI="></latexit>

ma_imiae −bT y − fT z

Z\bjec[ [o AT y +DT z + c = 0

y ≥ 0

<latexit sha1_base64="jO/2HIkGUkN5FgAgTgcSYrGRe+Y="></latexit>



Weak duality
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Theorem

−bT y ≤ cTx

<latexit sha1_base64="dvww1Fkpv8FHLo4kOGV79G+shos="></latexit>

Proof

Ax ≤ b AT y + c = 0 y ≥ 0

<latexit sha1_base64="xwEey0etSqGluPNL09iwyNYmnj0="></latexit>

0 ≤ yT (b−Ax) = bT y − yTAx = cTx+ bT y

<latexit sha1_base64="ysV00ZKG1sNIlO0AOqGMzEXjNqI="></latexit>

Remark
y

x

cTx+ bT y

<latexit sha1_base64="tVd+d/r4wNYPUED63xN4x8mfHLw="></latexit>

x, y

x

y

<latexit sha1_base64="pIsS7swAWA9/Gmftuz/bz1RIWEo="></latexit>



Weak duality
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Corollaries

Unboundedness vs feasibility

p? = −∞ ⇒ d? = −∞

d? = +∞ ⇒ p? = +∞

<latexit sha1_base64="GqKMHFNvSmE2l2tvaajvDHa5OsE="></latexit>

Optimality condition

x y

<latexit sha1_base64="82kL+63gEVzxSDlCRpiXRZDLjJ8="></latexit>

x, y

x

y

cTx+ bT y = 0

<latexit sha1_base64="HARHS9ocTy4iPtwZEp2aG8sZfcI="></latexit>



Strong duality

17

Theorem

If a linear op[imiaa[ion problem haZ an op[imal Zol\[ion, [hen

 Zo doeZ i[Z d\al

 [he op[imal ]al\eZ of [he primal and d\al are eq\al

<latexit sha1_base64="4eDUFiZeb/GCyV629nLNYPr5PWs="></latexit>

DualPrimal

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="HPMbYtzn0EM0OJtYXiUwEiG72Zc="></latexit>

−bT y

AT y + c ≥ 0

<latexit sha1_base64="AuCv/vET+aXjAnRcVrvP9bEk49I="></latexit>



Relationship between primal and dual
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primal inf.


dual unb.

optimal values equal

exception
primal unb.


dual inf

d
?

<latexit sha1_base64="1/wKDP4NEo6iVB2m5j9s4HMHfgw="></latexit>

d
?
= +∞

<latexit sha1_base64="y/kOTV4vXgvsMy4DJ2J0Akvz9zE="></latexit>

d
?
= −∞

<latexit sha1_base64="uHXKSKJUbz2X9DyYumDRvq5JM+k="></latexit>

p
?
= −∞

<latexit sha1_base64="MvfLH0TzFqwK+AGySH+LwfWEzLY="></latexit>

p
?
= +∞

<latexit sha1_base64="vbn6E8862eG8bLhgDSY69Xk8weE="></latexit>

p
?

<latexit sha1_base64="YxoPNuFL7J1jZsSJ6fSHhJ4tENk="></latexit>



Complementary slackness
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Theorem

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

x y

<latexit sha1_base64="72haPqPGgcnAxmY+mVQAisPg3mI="></latexit>

yi(bi − aT
i
x) = 0, i = 1, . . . ,m

<latexit sha1_base64="rQuW9qi89f5Q0v8b3wsOIihZbqM="></latexit>

b−Ax y

<latexit sha1_base64="9wrLbmXVQhduTWQORUMLsleMvto="></latexit>

yi > 0 ⇒ aT
i
x = bi

<latexit sha1_base64="zte0nvrorW6e8zWFKdLM3pqUn3Q="></latexit>

aT
i
x < bi ⇒ yi = 0

<latexit sha1_base64="zA3QkH6VcH1T/BE4VJYj040CCdo="></latexit>



Complementary slackness
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Proof

x y

<latexit sha1_base64="V10qm8n1+SPIwZ4t7bYNA28VYPM="></latexit>

cTx+ bT y = (−AT y)Tx+ bT y = (b−Ax)T y =

mX

i=1

yi(bi − aT
i
x) = 0

<latexit sha1_base64="WTBHnoxtKTeYyj5G15cnMM1WYEI="></latexit>

Primal Dual

cTx

Ax ≤ b

<latexit sha1_base64="4SLIyybDLsW4EisEGAZzVa/nhY8="></latexit>

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="oaj5YVrar4QqelpzNtZl3ufiwOM="></latexit>

0

<latexit sha1_base64="s3SP17mJgKpYNsyvGsZof/hgIMo="></latexit>

x y

<latexit sha1_base64="/KsdLYpThzGHBVrRC6/fHQlrLUM="></latexit>



Farkas lemma
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Theorem

A b

<latexit sha1_base64="lqPo2bWtfcNc4O8XIlaUSIGVsIk="></latexit>

x Ax = b x ≥ 0

y AT y ≥ 0 bT y < 0

<latexit sha1_base64="SqxY0KKjAfSs/D+Y95HFhHbAjgo="></latexit>



Farkas lemma
Proof

22

1 and 2 cannot be both true (easy)

x ≥ 0 Ax = b yTA ≥ 0

<latexit sha1_base64="agBaNvKrrXuBEnT0BonIqvA1od8="></latexit>

yT b = yTAx ≥ 0

<latexit sha1_base64="ztSfiMQN7AjQZ6ZUx2ky7jrcq7s="></latexit>

1 and 2 cannot be both false (duality)

0

Ax = b

x ≥ 0

<latexit sha1_base64="OfoycAPGdbyGtnEgicbxIDMTBLc="></latexit>

−bT y

AT y ≥ 0

<latexit sha1_base64="E1u9nihad+MNRT/OsVoH3LMCgEk="></latexit>

Primal Dual

y = 0

<latexit sha1_base64="5F77GyMkjg8IA/CES6h5aHU3s2g="></latexit>

d⋆ != −∞, p⋆ = d⋆

<latexit sha1_base64="q+cLFOx/fgcs4mcFiC6gZX7pcWw="></latexit>

bT y ≥ 0 y AT y ≥ 0

<latexit sha1_base64="hlBGC6BYfDuZz9tv515pIGRxIJ0="></latexit>

p? = d? = 0

<latexit sha1_base64="cAqFky9lYPOlrCbDuOKd1o1JY0U="></latexit>

y AT y ≥ 0 bT y < 0

<latexit sha1_base64="GFZi9qA90k0fG/GrKUhwn+YIE/s="></latexit>

p? = d? = +∞

<latexit sha1_base64="MLRsWCXIaFjqmWCE9Z0XDqpI8CA="></latexit>

y

<latexit sha1_base64="WVVAC7JRKrfFdXj2hSpT1w7gWL0="></latexit>

infeasibility  
certificate



Sensitivity analysis



Changes in problem data
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x
?
, y

?

<latexit sha1_base64="RdlIDuM0CyX90mOGyXQbdA+NRy8="></latexit>

Modified LP

cTx

Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU="></latexit>

p⋆(u) = min{cTx | Ax = b+ u, x ≥ 0}

<latexit sha1_base64="tqGpNp3rFyZmyiN9F/kh25B9oAs="></latexit>

p
?(0)

<latexit sha1_base64="ZtFLlBbkM40hO8nRdFuxQIKwuik="></latexit>

Properties
<latexit sha1_base64="7QT7XFPVyVTZaC3r4oRA9NNqEiY="></latexit>

p?(u) > −∞

p?(u)

Optimal value function



Global sensitivity
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Dual of modified LP

Global lower bound

y
?

u = 0

<latexit sha1_base64="oUX/mCQ1iXbYWTmGblUNqVo+jaQ="></latexit>

p?(u) ≥ −(b+ u)T y?

= p?(0)− uT y?

<latexit sha1_base64="HeXnr+PleJv4aMG0bOIXgb4oZ9U="></latexit>

(from weak duality and  
dual feasibility)

u

<latexit sha1_base64="pO45dFV4oTd5nsH+8kz95DO/TDs="></latexit>

−(b+ u)T y

AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>



Local sensitivity
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Original LP

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="37kDWxYzfWmwzJ8PCmqbpnkpSjM="></latexit>

Optimal solution

u

<latexit sha1_base64="7CM1i84FNeXha/qIDykPURoWX80="></latexit>

Modified LP

cTx

Ax = b+ u

x ≥ 0

<latexit sha1_base64="EZdJ9+wVkD/5UceOzpPEXzMuziU="></latexit>

−(b+ u)T y

AT y + c ≥ 0

<latexit sha1_base64="93Op7bnvmnHIy4uUa2lpaYU3juY="></latexit>

Modified dual

Optimal basis 
does not change

y
?(u) = y

?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?

B
(u) = A

−1

B
(b+ u) = x?

B
+A

−1

B
u

Primal

<latexit sha1_base64="klyZcvjdlQzGzzKfI+pHvOS6ZDI="></latexit>

xi = 0, i /∈ B

x?

B
= A−1

B
b

<latexit sha1_base64="QXGFoMfMZqwG5CEHPHXz3apnl3k="></latexit>

y? = −A−T

B
cBDual



Derivative of the optimal value function
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Optimal value function

u

<latexit sha1_base64="ASuF2ygC/2FQ74bOt9AHCYnrNg8="></latexit>

<latexit sha1_base64="NVXTqDkIHXsmpfjoqyv1ONHEe2A="></latexit>

p?(u) = cTx?(u)

= cTx? + cT
B
A−1

B
u

= p?(0)− y?Tu

Local derivative

<latexit sha1_base64="1pxJxc5Ev1Nook/y+/JmgnOgXAM="></latexit>

rp
?(u) = �y

?
y
?

<latexit sha1_base64="yjSmpJ0fAKrSR5Tff1d7j16qWqs="></latexit>

y
?(u) = y

?

<latexit sha1_base64="MzJ2LRtIy3XlGgkaGqDFGv9lDHA="></latexit>

Modified optimal solution
<latexit sha1_base64="fCFqIhqfkrInovhrsyqYFSlmyLM="></latexit>

x?

B
(u) = A

−1

B
(b+ u) = x?

B
+A

−1

B
u



Simplex method



Optimality of extreme points

29

We only need to search between extreme points

P

x
?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

P

<latexit sha1_base64="8E4YOFsTmSfbOBTfirH2kB2dSh4="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x
⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

<latexit sha1_base64="DT+ninX8JCY6WX+QKSwCIaB7pFg="></latexit>

cTx

Ax = b

x ≥ 0

<latexit sha1_base64="mpVyIzmubW7ADtojBqpWWUBtVLk="></latexit>

Ax = b

x ≥ 0



Equivalence

30

Theorem

x ∈ P

<latexit sha1_base64="XS5zs+hqLCv00t5nOH9Se/OMLtA="></latexit>

x ⇐⇒ x ⇐⇒ x

<latexit sha1_base64="CZipqTCt+czbO/EWv7Or38SO+Oc="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

<latexit sha1_base64="twtnC8T4KFaDkjQBrRxKhjk/pjI="></latexit>

P = {x | Ax = b, x ≥ 0}



Constructing basic solution

31

m A AB(1), . . . , AB(m)

xi = 0 i 6= B(1), . . . , B(m)
Ax = b xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables

<latexit sha1_base64="E6iCGR9eDUbp+BZ2XQSbIxNkCSI="></latexit>

ABxB = b

<latexit sha1_base64="XMJ7uXD2WzuPRgihnNzZT7wd+50="></latexit>

AB =






AB(1) AB(2) . . . AB(m)






, xB =









xB(1)

xB(m)









xB ≥ 0 x

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

32

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



How does the cost change?

33

<latexit sha1_base64="CazlamDStpvd6kSeb18yeabiQx8="></latexit>

c
T (x+ θd)− c

T
x = θc

T
d

Cost improvement

New cost Old cost

<latexit sha1_base64="dMNqqLB/lwXiaAuwvLibvUuSPf8="></latexit>

c̄j

xj
<latexit sha1_base64="j85+4cjO7TikxUeaADfwLQys1WQ="></latexit>

c̄j = c
T
d =

n∑

i=1

cjdj = cj + c
T
BdB = cj − c

T
BA

−1

B Aj



Reduced costs

34

Interpretation

xj

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

Reduced costs for basic variables is 0
<latexit sha1_base64="CkNYGzlfHKmrNLJSfi3ePabBtaI="></latexit>

c̄B(i) = cB(i) − c
T

B
A

−1
B

AB(i) = cB(i) − c
T

B
(A−1

B
AB)ei

= cB(i) − c
T

B
ei = cB(i) − cB(i) = 0

xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

xj

Ax = b

<latexit sha1_base64="TmN6yO/EEZDrWRbkBbZkjursIiA="></latexit>

<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − c
T
BA

−1

B Aj

<latexit sha1_base64="0W3Aa1C/uPLhbw56Rc80UYneuG0="></latexit>

c̄j > 0 xj

c̄j < 0 xj



Optimality conditions
Theorem

35

c̄ ≥ 0 x

<latexit sha1_base64="GOymXuiptvHwIVi3usaJkA5R1eY="></latexit>

c̄

<latexit sha1_base64="s5wGd0bFCq/yu0vBEU71jO2dr74="></latexit>

Remark

This is a stopping criterion for the simplex algorithm.

If the neighboring solutions do not improve the cost, we are done

<latexit sha1_base64="10JpWh3L6/CSL+d58vQZPuuTBJY="></latexit>

x B



Single simplex iteration

36

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

d

dj = 1 ABdB = −Aj

dB ≥ 0

−∞

θ
? = min

{i∈B|di<0}

✓

−
xi

di

◆

y y = x+ θ
?d

B̄ i j

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

c̄

AT
Bp = cB

c̄ = c−AT p

c̄ ≥ 0 x

j c̄j < 0

Bottleneck 
Two linear systems

<latexit sha1_base64="D8RxGOkovoMhk40y0PbjstVkjhE="></latexit>

≈ n
2

Matrix inversion lemma trick
     per iteration 
(very cheap)

How many iterations do we need?



Complexity of the simplex method
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We do not know any polynomial 
version of the simplex method,  
no matter which pivoting rule we pick.

Still open research question!

Worst-case
<latexit sha1_base64="AZwztsH9iJ7fcFb4jI3b4h8QUag="></latexit>

2
n

Good news: average-case
<latexit sha1_base64="ggVY1asEqMQ55CZwqHt2metm+u0="></latexit>

n



Interior point method
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Primal

−bT y

AT y + c = 0

y ≥ 0

<latexit sha1_base64="6L9obZMLJPyW6b5R0k8HuTG+Oz4="></latexit>

Dual

cTx

Ax+ s = b

s ≥ 0

<latexit sha1_base64="RfddrwaxJFxJJdm96A3KRooljZU="></latexit>

S =













s1

s2

. . .
sm
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Y =













y1

y2
. . .

ym
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=⇒ SY 1 = 0

<latexit sha1_base64="o7PJv++1AWRH7gZJ4XVNTpjNl7A="></latexit>

KKT conditions

Ax+ s− b = 0

AT y + c = 0

siyi = 0, i = 1, . . . ,m

s, y ≥ 0

<latexit sha1_base64="QJeGj2KBHyT1tRtPJI5aRD4w6Tk="></latexit>

Optimality conditions



Main idea
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S = diag(s)

Y = diag(y)

<latexit sha1_base64="NtRUT1gLCqwsU99QJhSlab+7ZgM="></latexit>

h(x, s, y) =







Ax+ s− b

AT y + c

SY 1






= 0

s, y ≥ 0

<latexit sha1_base64="YVsGqBWGtataW2jUC+9m966e2Vk="></latexit>

Pure Newton’s step does not allow significant progress towards

h(x, s, y) = 0 x, y ≥ 0

<latexit sha1_base64="3xk8gQCC/sPUbXuiW3igGFOT/r0="></latexit>

Issue

<latexit sha1_base64="zktYSuKArRF943AJnYLELDwA77U="></latexit>

h(x, s, y) = 0
s, y > 0



Smoothed optimality conditions
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Optimality conditions

Ax+ s− b = 0

AT y + c = 0

siyi = τ

s, y ≥ 0

<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>

τ

<latexit sha1_base64="IVExJtIBu00dUFWKhbCTfbvLm5A="></latexit>

Same optimality conditions for a “smoothed” version of our problem



Central path
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Ax+ s− b = 0

AT y + c = 0

siyi = τ

s, y ≥ 0

<latexit sha1_base64="3IM8iAHG1jqSvd77yc5lzQermQ8="></latexit>

(x?(τ), s?(τ), y?(τ))
τ > 0

<latexit sha1_base64="15/3E9kBV6FwgFtVwuwlBA16lao="></latexit>

cTx− τ

∑
m

i=1
log(si)

Ax+ s = b

<latexit sha1_base64="BBN4PGZzWXLxXc+IgKwWFhjQFEk="></latexit>

Main idea

τ → 0

<latexit sha1_base64="J6zIK4m9l4gaFzGSJXZGebHQPH4="></latexit>

•

•

•

•

τ
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1000
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1
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1/5

<latexit sha1_base64="+01UbY1ZK4ppl5s0DNipyWxW5Kk="></latexit>

1/100

<latexit sha1_base64="rQB/wPzytWRixFqsTlD9n1/hYuc="></latexit>

Analytic  
Center

<latexit sha1_base64="IbRY6zQRogrImaRRstftzizH5kM="></latexit>

τ → ∞



Newton’s method for smoothed optimality conditions

43

hτ (x, s, y) =







Ax+ s− b

AT y + c

SY 1− τ1






= 0

s, y ≥ 0

<latexit sha1_base64="Tmyr3A/W7LGTblMUaMOPO/BeN8I="></latexit>

Smoothed optimality conditions

Linear system






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY + τ1







<latexit sha1_base64="TLUuUDdlQN5aBRQwEb4xDqGUzmM="></latexit>

x, s > 0

<latexit sha1_base64="eR8BXe2oiI6xdT5pMz/AX3Y8Wh4="></latexit>

(x, s, y) ← (x, s, y) + α(∆x,∆s,∆y)

<latexit sha1_base64="LTNpUM/D6UO8Umm93wmsc9QsGhA="></latexit>



Algorithm step

44

Linear system






0 A I

AT 0 0

S 0 Y













∆y

∆x

∆s






=







−rp

−rd

−SY 1+ σµ1
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x, s > 0

<latexit sha1_base64="eR8BXe2oiI6xdT5pMz/AX3Y8Wh4="></latexit>

(x, s, y) ← (x, s, y) + α(∆x,∆s,∆y)

<latexit sha1_base64="LTNpUM/D6UO8Umm93wmsc9QsGhA="></latexit>

µ =

s
T
y

m

<latexit sha1_base64="Ia0Q+ogCKHTkciGO3s6JN+gW+Eg="></latexit>

Duality measure

Centering parameter

σ ∈ [0, 1]

<latexit sha1_base64="2ZHrwV6PBVUY/r+jgOv83/PbwDQ="></latexit>

σ = 0 ⇒

<latexit sha1_base64="BRYqJIU5mKlURcf5RX+Qd3+Psjs="></latexit>

σ = 1 ⇒ (x?(µ), s?(µ), y?(µ))

<latexit sha1_base64="wzic0LHtCpsuo6W76hMAHDx4pAU="></latexit>



Path-following algorithm idea
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x
⋆

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>

Newton step
σ = 0

<latexit sha1_base64="vQS6dQaxFN15XDsFBfCzdr61gkY="></latexit>

Centering step
σ = 1

<latexit sha1_base64="qIf+NhyRfTU/0K2RiV13hqwL4Tg="></latexit>

Combined step

Centering step

Mo]es to^ards the cen[Yal Wa[h
and is usuall` biased to^ards s, y > 0.
NV WYVgYeZZ on dualit` measure µ

<latexit sha1_base64="rd9B8vnfgsdKkk1iqf99YQ8MgGY="></latexit>

Newton step

Mo]es to^ards the aero d\ali[`
meaZ\re µ. Quickl` ]iolates s, y > 0.

<latexit sha1_base64="ZUt1wD/mMTe70hMQekXQ/jsHbC8="></latexit>

Combined step

Best of both, with longer steps.



Choosing the centering parameter
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σ =

(

µa

µ

)3

<latexit sha1_base64="GVvi6XrxFxc37cKsEeiYivuLn90="></latexit>

=⇒

<latexit sha1_base64="oNJSMjwD9WMvKxHY2SOxVVdFtIE="></latexit>

µa =
(s+ αp∆sa)

T (y + αd∆ya)

m

<latexit sha1_base64="92OuZ7WJ4vUN3weA7rwpe+7TkCM="></latexit>

Centering parameter heuristic (after a Newton step) 

Maximum step-size

αp = max{α ∈ [0, 1] | s+ α∆sa ≥ 0}

<latexit sha1_base64="A/NOnMlQkFitB4fx57Qlr/3ThQ8="></latexit>

αd = max{α ∈ [0, 1] | y + α∆ya ≥ 0}

<latexit sha1_base64="471iqhtYxlhaHAvf3T1hCPSyXSk="></latexit>

Newton direction

(∆xa,∆sa,∆ya)

<latexit sha1_base64="1w+7ro+Pmk3m57LiQ38m0O4WMnE="></latexit>

• The Newton step might 
quickly hit nonnegativity.


• The centering step might not 
reduce complementary 
condition.



Mehrotra predictor-corrector algorithm
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(x, s, y) s, y > 0

<latexit sha1_base64="SmBeAXsab0uHzRll+CElx5pM7Ys="></latexit>

rp = Ax+ s� b, rd = AT y + c, µ = (sT y)/m

krpk, krdk, µ (x?, s?, y?)
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S 0 Y
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=







�rp

�rd

�SY 1
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Mehrotra predictor-corrector algorithm
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3. CeU[eYiUg WaYame[eY
αp = max{α ∈ [0, 1] | s+ α∆sa ≥ 0}

αd = max{α ∈ [0, 1] | y + α∆ya ≥ 0}

µa =
(s+ αp∆sa)

T (y + αd∆ya)

m

σ =

✓

µa

µ

◆3

�. CVYYec[ed diYec[iVU
2

6

4

0 A I

AT 0 0

S 0 Y

3

7

5

2

6

4

∆y

∆x

∆s

3

7

5
=

2

6

4

−rp

−rd

−SY 1−∆Sa∆Ya1+ σµ1

3

7

5
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Linearization correction Centering heuristic



Mehrotra predictor-corrector algorithm
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η = 1− ε ≈ 0.99

<latexit sha1_base64="5zjoLUB1om4rMeGTha/w7CQniP8="></latexit>

Avoid corners

<latexit sha1_base64="ZXmXgls+MLXuhmFDEhndEhGs2dc="></latexit>

αp = max{α ≥ 0 | s+ α∆s ≥ 0}

αd = max{α ≥ 0 | y + α∆y ≥ 0}

(x, s) = (x, s) + min{1, ηαp}(∆x,∆s)

y = y +min{1, ηαd}∆y



Solving the search equations
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[

−Y −1S A

AT
0

][

∆y

∆x

]

=

[

by − Y −1bs

bx

]

<latexit sha1_base64="86dekf/Gh/BIk4j9lvi4dcOceuk="></latexit>

∆s = Y −1(bs − S∆y)

<latexit sha1_base64="LylNLpDogquhayEF94meUxLXCwc="></latexit>
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Step 2 (Newton) and 4 (Corrected direction) solve equations of the form

(not symmetric)

∆y = S−1Y (A∆x− by + Y −1bs)

<latexit sha1_base64="IhdjXQCtwEcriwS8NAM/XaiAavo="></latexit>

A
T
S
−1

Y A∆x = bx +A
T
S
−1

Y by −A
T
S
−1

bs
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Reduced linear system
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Coefficient matrix

B = A
T
S
−1

Y A

<latexit sha1_base64="YDvGFV8lcIvLc1hEc575kCUwxTo="></latexit>

Sparse cholesky factorization

 ReVYdeY VUl` VUce [V ge[ P

 OUe U\meYical fac[VYiaa[VU WeY iU[eYiVY-WViU[ i[eYa[iVU O(n3)

 FVY^aYd/back^aYd Z\bZ[i[\[iVU [^ice WeY i[eYa[iVU O(n2)
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B = PLL
T
P

T
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O(n3)
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Per-iteration 
complexity

<latexit sha1_base64="mgVtNspV/2GYkC+/1ETO1uOMYug="></latexit>

B

A

B ATA

S−1Y



Convergence
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No convergence theory Examples where it diverges (rare!)

Mehrotra’s algorithm

Fantastic convergence in practice Fe^er [han 30 i[era[ionZ

<latexit sha1_base64="pL6UCtUaKQ1lxEqHLMBSkFT1UDM="></latexit>

Theoretical iteration complexity

O(
√

n)

<latexit sha1_base64="L4h6tMmLzX/vTPs1BLhruzew9ZY="></latexit>

Average iteration complexity

O(log n)

<latexit sha1_base64="cJ+nw1Eu0VahsvEsOvsLxlHxZO0="></latexit>

Operations

O(n3.5)

<latexit sha1_base64="3gPEwQ9adUxKk7ujSl7gCvkZnm4="></latexit>

O(n3 log n)

<latexit sha1_base64="We9LZxhcQGK3AfxlarbCLvzZDrg="></latexit>



Interior-point vs simplex



Comparison between interior-point method and simplex
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Primal simplex

• Primal feasibility

• Zero duality gap


• Dual feasibility

Dual simplex

• Dual feasibility

• Zero duality gap


• Primal feasibility

Primal-dual interior-point

• Interior condition

• Primal feasibility


• Dual feasibility


• Zero duality gap

Exponential worst-case complexity

Requires feasible point

Can be warm-started

Polynomial worst-case complexity

Allows infeasible start

Cannot be warm-started



Which algorithm should I use?
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Dual simplex

How do solvers with multiple options decide?

Concurrent Optimization

Interior-point (barrier)

• Small-to-medium problems


• Repeated solves with varying constraints
• Medium-to-large problems


• Sparse structured problems

Why not both? (crossover)

Interior-point Few simplex steps

https://www.gurobi.com/documentation/9.0/refman/concurrent_optimizer.html


Questions



Next lecture

• Integer optimization
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