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Ed forum

| Two-person games:"

| Isn't A a matrix with a single entry at (i, j)? Is that P1's payo# or P2's payo#? $
$

$
1| tigxih te}s .jvs T5 Toe-0n xhi} ywr g thlwxvexikniw x erh y(
T 1 1
Xiy;Aij =X Ay
i=1 j=1 $

| Weak vs strong duality recap?"

| How do you interpret dual variables (multipliers)? (This lecture!)






Optimal objective values

Primal Dual
gmrgmi c¢L'x qeligr~i  —b'y
wyFrigrxs Ax < b wyfii gxxs A'y+c¢=0
y >0
piv xT'1 twigepstxigepzeyi d-v X1 hyepstxgepzeyi
Tvroepmjiewrfi@> p* = +oo Hyepmjiewrfig> d* = —oo

Tvrglepyrfsyrhih> p* = —oo Hyepyrfsyrhih> d* = +oo



Weak duality

Theorem
) , y wexw)
6 xmw e jrewnrpr wspyxisr xs Xl 1 twiqep tvsTig

—_— N T
6 ymwe jiewrfpr wspyxisr xs xl 1 hyep tvsHiig b"y=c x

Proof
[iors{xlex Az < b0A"y +c=0erhy=02Xlivijsvil

O<vy'(b—Ax)=bly—y'Ax=cix+b'y

Remark

b Er} hyepjrewrfpn y knziw e ps{ 1v fsyrh sr xh1 twgep stxige) zepy

b Er} twigep jiewrfpn x kniziw er yttiav Fsyrh sr xl1 hyep stxgep zepyi
b clx+ 0"y mwxli hyemd} ket




Optimal objective values

Primal Dual
gmrgmi c¢L'x qeligr~i  —b'y
wyFrigrxs Ax < b wyfii gxxs A'y+c¢=0
y >0
piv xT'1 twigepstxigepzeyi d-v X1 hyepstxgepzeyi
Tvroepmjiewrfi@> p* = +oo Hyepmjiewrfig> d* = —oo

Tvrglepyrfsyrhih> p* = —oo Hyepyrfsyrhih> d* = +oo



Weak duality

Corollaries

Unboundedness vs feasibility
5 Twqep yrfsyrhih ,p* = —oco- [Chykpirjiewfpi ,d* = —oo-
b Hyep yrfsyrhih ,d* = +oo- [Rulgeprrjiewnfi ,p* = +oo-

Optimality condition
) X,y wexwj
6 xmw e jrewrfpr wspyxisr xs xI1 twiqep tvsfig
6y mw e jrewrfpr wspyxisr xs xh1 hyep tvsfiig
6 X1i hyem} ket mw ~ivslielc'x+b'y=0

Then x and y are stxmgepwsyxmsrw to the primal and dual problem respectively i



Strong duality

Theorem
] e mriev stxqi~exisr tvsting lew er stxgep wspyxisri ws hsiw ixw hyep erh
xI'l stxigep zepyl s twigep erh hyep evi 1uyep

d—=p"



Strong duality

Constructive proof

Kizir e twigep stxigep wspyxisr = 1 {mp gsrwxvygx e hyep stxigep wspyxisr y -

Apply simplex to problem in standard form

HiAriy

qmrgj i

T

C' I b stxqge

) Feww B

wyfrigixs Az =b — 0 stuqe

—wygl xlexy

_bTy* —

xr =0

L —A- cp? XNivijsvi0 ATy

s wspyxisr oLl Agrg = b

—c=0y

5 vihygihgswwe=c— AT Ag cg =0

—tyep jiewrfi-

' (—AZ ' c) = c5(Ag'h) = chxg =c¢' x*

By weak duality theorem corollary, y'—is an optimal solution of the dual.

Therefore, d~+ p'+—

B o



Today'’s lecture

Sensitivity analysis and game theory

I Primal and dual simplex"
| Adding variables and constraints”
| Global sensitivity"

| Local sensitivity
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Primal and dual simplex




Optimality conditions

Primal problem Dual problem
ammorai ¢z maximize —b'y
wyfrigcxs Az =10 subjectto ATy +c=0

xr =0

X erh y evi tvimmeperh hyepstxmgepmerh srg n
b X w primal feasible> AXx =berhx=0
5 y w dual feasible> Aly +¢ =0

5 X1i duality gap w ~ivs> ¢! x +bly =0
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Primal and dual basic feasible solutions

Primal problem Dual problem
ammorai ¢z maximize —b'y
wyfrigcxs Az =10 subjectto ATy +c=0

xr =0

Kizi r e feww aexwl B
- _ . Reduced costs
Tvigepjiewfi@>Ax =b, X >0 = XxXg=Agbh>0 /
Dual feasible>A"'y +¢=0: Sety=—A;'cg. Dualfeasibleifc=c+ ATy =0

Zero duality gap: c"x +b"y = cixg —bTAZ'cg = cgxg — CLAG'D :T 0

(by construction) 1o



The primal (dual) simplex method

Primal problem

gmmoymi ¢z
wyfrigxxs Az =0b
x =0

Primal simplex

I Primal feasibility"

| Zero duality gap

Dual feasibility

Dual problem

maximize —b'y
subjectto ATy +c=0

Dual simplex!
(solve dual instead)

| Dual feasibility"
| Zero duality gap

Primal feasibility
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Adding new constraints and
variables



Adding new variables

gmmgmi ¢’z minimize  ¢' X 4 Che1Xn+1
wyfrigxxs Axr=b —> subjectto AX+ Ap+1Xp+1 =D

Solution x*, y*

w xlI 1 wspyxisr (x50), y-optimal jsvxl 1 ri{ tvsfiiqC

16



Adding new variables

Optimality conditions

minimize  ¢' X + Ch+1Xp+1

subjectto AX+ Ap+1Xpn+1 =b ——— Solution (x*, 0) is still tvmmepjiewnfia
X, Xp+1 = 0

Is y =still dual feasible?

.
Ant1Y +Cnp1 =0

Yes Otherwise

(Xx50) still stxnogepfor new problem Primal simplex
17



Adding new variables

Example

T —

minimize  —60x; — 302, — 2025 -profit
subjectto 8z + 6xy + 13 < 48 material

dr, + 21, + 1523 =20  production

2xy + 151, +0.003 =8  quality control

r =0

¢ = (=60, —30, —20.0. 0,0)
[ ] |
minimize  c¢ix 1 1 0 O

subjectto AX =D

(2,0,8,24,0,0),

X =0

3 6
A=td 2 15 0 1 o
2 15 05 0 0 1

h = (48, 20, 8)

Y

— (0,10,10), c'z-=—280, fewm{1,3,4}
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Adding new variables

- ?
Example: add new product® . (_|:|60’ —30.—20.0.0. 0. _15>|
minimize  ¢' X + Ch+1Xp+1 8 6 1 1 0 0 1

X, Xp+1 = 0 2 1.5 05 0 0 1 1

h = (48, 20, 8)

Previous solution
v (2,0,8,24,0,0), y-=(0,10,10), c'z"=—280, Ffewm{l,3,4}

(x*, 0) is still optimal

Shall we add a
new product?

] ? U
Aﬁﬂy':—L Ch+1= 1 1 1 lU” —|15 =o0=0
10
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Adding new constraints

T gmmgmi  cl'x

gmmgml ¢ x :
wyfrigxxs Az =b — wyFrigxxs AX =

r =0
X =0
Solution xX*, y*
Dual
geligi~i —bly

wy i gxxs A'y +a,,41Yme1 +C=0

Is the solution x5y 50) stxmgepfor the new problem?
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Adding new constraints

Optimality conditions

geligi~i —bly
wyfii gxxs A’y +a,,+1Ym+1 +C=0 ——— Solution (y*,0) is still dual feasible
w z —Wxmotvraepj1ewnfra C
AX =D
8m+1X = bmy1
X > 0
Yes Otherwise

x* wxmpstxngepjsyv ri{ tvstag Dual simplex
21



Adding new constraints

Example = “Wxmofeasible

x Add new constraint

.

X* miirewniios




Global sensitivity analysis



Changes in problem data

Goal: 1]xvegx rjsvgexisr jvsq x*,y* efsyx xhmv wrrwnizx} €l viwtigx xs
glerkiwir tvsfirg hexe

Modified LP
minimize ¢’ x
subjectto AX=Db+ U

X >0

Stxmmepgswx p )

24



Global sensitivity

Dual of modified LP

agelig~i  —(b+u)'y
wyFiigxxs A'y+c >0

Global lower bound
Given y—a dual optimal solution for u = 0, then

* 1\ %
p*(u) = —(b+u)’y (from weak duality and ¢
= p*(0) — uTy* dual feasibility)

Ix Isphw jsv er} u

25



Global sensitivity

Example

Xeortu=td ¥l d CH™ Ali1h

gmmogmi ¢!

wytrigxxs Ax =b+td

X

r =0

p*(td) w xIi stxqge) zepyyl ew e Jyrgxsr sj t

Sensitivity information ,ewvyqirk d‘y -2 0-

b t < O0xli stxge
b t > 0xli stxige

) Z€E
) Z€E

Y1 Irgviewiw

y 1 higviewiw ,rsxws qygl 1] ¢t w wgejp-
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Optimal value function

p{U) = min{c' X | AX=b+u, x=0}

Ewwvyqtxsr> p0) is finite

Properties

* p*(u) > —oo everywhere (from global lower bound)
* p*(u) is piecewise-linear on its domain

27



Optimal value function is piecewise linear

Proof
Dual feasible set

p5U) = min{c"x | AXx =b+u, x =0} D={y| ATy +c >0}

Ewwvyqtxisr> p0) is finite

j p(t) Arm

*(w)=max—(b+u)'y= max —yru—>5b'
pr(u) =max—(b+u) y= max —ycu—b y

v1,...,Y, are the extreme points of D

28



| ocal sensitivity analysis



Local sensitivity

uw In neighborhood of the origin

Original LP Optimal solution
ammmi ¢ Primal =0 18
wyfrigxxs Az =b —— Xp = Ap'b

r =0 Dual y = —Ag'cg
Modified LP Modified dual
minimize c¢'Xx gelig~i —(b+u)Ty
subjectto Ax=b+u wyfii gxxs ATy +c>0
X >0

Modified optimal solution

x5 (U) = Azt (b +u) = x5 +AgTU

y(u) =y"

Optimal basis!
does not change

30



Derivative of the optimal value function

Modified optimal solution
x5(U) = Az (b+u) = x5 +Az'u

y(u) =y"

Optimal value function

pu) = c' x{u)

=c'x' = cg AL u

= pH) — y (affine for small u)

Local derivative

Vp-tk) = —y" (y* are the shadow prices) .



Sensitivity example
minimize
subject to

v (2,0,8,24,

—6021 — 302, — 20x5 -profit
8r1 + 6z + 13 < 438 material
dr, + 21, + 1523 =20  production

2x1 + 152, +0.523 <8

r =0

0,0), y-—=(0,10

,10), c'ax—E —280,

[l exhsiwy;= 10 qierC

quality control

fewm {1,3, 4}

Pixiw ir gviewl xh1 uyepx} gsrxvs) fyhkix £} 10120 u = (0,0, 1)

P

) =p

) —y™"

U= —2380 — 10 = —290
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Sensitivity analysis

Today, we learned to:"
" Reuse primal and dual solutions when variables or constraints are added"
" Analyze value function as problem parameters change"

" Compute local sensitivity to parameter perturbations
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Next lecture

| Network optimization
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