ORF307 b Optimization

10. Applications of linear optimization

Bartolomeo Stellato N Spring 2022



Ed Forum

| Midterm March 3"
Time: 1:30pm — 2:50pm !

Students with ODS approved extensions will start earlier at 12:30pm!
Location: Friend 006!

Topics: Up to last lecture (excluding equivalence theorem)!
Material allowed: Single sheet of paper. Double sided. Hand-written or typed.!

| Questions

" What does it mean that n-m inequalities have to be tight? Is it that they cannot be equal to
07 Do they have to intersect? #

" When we are picking x(i) values to hold tight, can we just choose them arbitrarily? Would
picking di$erent ones lead to di$erent solutions?






Constructing basic solutions



Constructing a basic solution

Two equalities (M =2,n=3)

gmmgmi ¢’ X

wyTfrigxxs X3 +X3 =1
(1/72)X; + Xo + (1/2)X3 =1
X1,X2,X3 >0

n—m =1 ruyemnw lezi xs 1 xklx» xX; =0

Wix X; = 0 erh V\SpZi
j - _

1 0 1 X9 1
-l ; — — — Xo,X3) = (0.5,1
1/2 1 1/2 1 1/2  Xa 1 (X2,%3) = (0.5,1)




Basic solutions
Standard form polyhedra

P={x]|]Ax=Db, x=0} with ALR™"[ewiymvsfverom=<n

X me Fewrg wspyxisr merh srg n
b AX =D
6 XTave 1]mwx nrhngiw B(1), ..., B(m) wygl xlex

g yqgrw AB(l),.. AB(m) evi pireevp} irhrtarhirx
O Xi=0jsviEB(1),...,B(m)

X m e basic feasible solution mx m e basic solutionerh x =0



Constructing basic solution

57 Glsswi er} mirhrtairnirx gspyyqrwsj A> Agay,---, Asm)
6 Pixxj =0])svep: 8 B(1),..., B(m)

72 Wspzn Az = b jsvxbrvigemrk zgay, - .., T(m)
Basis Basis columns Basic variables
matrix r | | | - XB (1)
Ap = AB(l) AB(Z) e AB(m) , XB — % —— Solve AgXg =D
- | | XB(m)_

I Xxg = 00 xhi r X w e basic feasible solution



Existence and optimality of
extreme points



Existence of extreme points

Example

No extreme points Extreme points



Existence of extreme points

Characterization

A polyhedron P gsrxenrw e pri if
X € P erhersr~ivs zigxsvdwygl xlex X + Ad € P,VA € R?

Kizir e tsglihvsr P = {x|aj x<b;, i=1,...,m} the following are equivalent

b P hsiw rsx gsrxeir e piri
b P lewexpiewx sri 1|xvigi tsirx
b nsjxIt aj zigxsw evi priev} rrhitirhirx

Corollary”
Every nonempty bounded polyhedron has

at least one basic feasible solution
10



Optimality of extreme points

gmgmi ¢’z
wyfrigxxs Ax <b

If

A4

ew ex prewx sri 1xvigi tsirx
Ivi i |wxw er staqgep wspyxisr x*

A4

Then, there e Ists an optimal sol\tion that Is an e treme point of P.

Solution method: restrict search to extreme points.
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How to search among basic feasible solutions?

ldea
List all the basic feasible solutions, compare objective values and pick the best one.

Intractable!
lin=1000 erh m = 1000 €1 lezi 10**3 gsgfirexsrw
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Conceptual algorithm

" Start at cornert

" Visit neighboring corner that
Improves the objective
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Today(s agenda

Applications of linear optimization

" Optimal control#
" Character recognitiont

" Portfolio optimization

14



Optimal control



Optimal control problems

b X nlzi gxsv X w xB wxext ex xiql t

b X mlzi gxsv ue iw xhi nirtyx ex i t

X1 plzi gxsvye w xh syxtyx ex xiql t
X6 nxnqgexwi] Amwxli h}reqgigw gexv|
XI nxmqgexvi] B wxhi nrtyx gexw
X1 pxnqgexi] Cmwxli syxtyx gexv|

Linear dynamical system

Xt+1 = AXy + Buy, t=1,2,...
yt:CXt, t=1,2,

G &6 G623 G623 G

Simulation
» The sequence X1, Xo, ... Is called wxexn xvenigxsv}

» The sequence y1, Yo, ... Is called syxtyx xvenrgxsv}

« Ksep Given Xi,Uq, U, ..., find X5, X3,... and y,,V3,....
- Obtained by recursion. Fort=1,2,..., compute
Xt+1 = AX¢ + Buf and yy = CX; 16



Optimal control problem

Linear dynamical system

Xt+1 = AXy + Buy, t=1,2,...
yt:CXt, t=12,...

The problem
5 X1 momapwxexi X; = X™ w kizir
0 Kse[j Glsswi uq,Us,...,ur—; xs eglhzi wsqi ksew) 12k

0 Kixxs hiwwvih Arepwxexi xp = xdes
0 Qnrngr~1 xIr nrtyx 1{svx ,geol LuJUqu M JSv epp t-

0 Xvego hiwwih syxtyx ydes qeoi [y] — ydes Dugep jsv ep t-

17



| east squares optimal control problem

- T ——T
ammami - g lye— Y82 +p  (Zp fluel?

Wy Fngxxs Xi+1 =AX+Bug, t=1,...,T -1
yt:CXt, t:].,,T

X, = yInit
Remarks
X1t zemefpawevh xo, ..., 270 yo, ..., yrlern ue ..., ut_1

<G> &

Teveiixivp > 0 gsrxvswxvehr sJ fFix{nir
gsrxs) ~1rivk}+ erh xvegorrk rwsy
b Ix w e gypilsthigxzi erh gsrwxverrih prewx wuyeviw tvsfiiq

18



1-norm optimal control problem

minimize  _, d—ydSGHp [ g
subjectto xt+1 = Ax¢+Bue, t=1,...,7—1
Yyt = Cx¢, t=1,....T
Dei=d, t=1...,T

Fuwu<e t=1....1T—1

Ty = xlnlt

Remarks

b I hrwxieh sj 5]
b Pirieviriuyepx} gsrwxvenrw
DXt < d Jsvwxexiw erh Euf < e Jsvirtyxw
b Iw e priev staqgr~exisr tvshirq ,{mxl ehhmisrep zemefiw-
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Vehicle example In a plane

Weqtpr tswxisr erh zipsgn} ex xigqiwr =0, h, 2h, ...
ZI Inaoi €£mixlI aeww m

b 61zigxsyv pe w xk1 tswixisr ex xig 1 ht

b 61lzigxsv ve wxhT zipsgn} ex g i ht

b 61zigxsv us w xh 1 jsvgi ettpih ex xigi ht
b —nve wxh 1 jwigxisr jsvgi ettpih ex ht

Waemxrai 1 mxivzeph

Pt+1 — Pt _ v
h t Pt+1 = Pt + hvy
V V —
m t+1 t — _th + Uy Vt_|_1 — (1 — hn/m)Vt + (h/m)Ut




Vehicle example In a plane

State
81zi OXSV It = (pt, Ut)

Laws of physics

Pt+1 = Pt + hvy
Ver1 = (1 — hn/m)ve + (h/m)uy

Dynamics

output = position
Xt4+1 — AX¢ + BUg

Yt — Pt
Yt = CXq
1 0 h 0 - -0 0o ] |
1 0 0 O
CBELL L e -
0 1-—hAn/m 0 m 0 0 1 0 O
0 O 0 1 — hn/m 0 h/m
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Vehicle example with output tracking

L east squares results
Parameters

T=100, h=01, »=01 m=1

optimal state trajectory optimal input trajectory
3 : T (Up)1
> """" (Up)2
o 4 |
§ 3 |
3 S X
N O V1
g = I
= S 21§
2 = ‘a
£ 1
1 O | SN — T TLTLTIT=
\
— Pt AN
N o y‘Sles —1 I
0 2 4 0 25 50 75 100



Vehicle example with output tracking

1-norm results
Parameters

T=100, h=01, »=01, m=1

optimal state trajectory optimal Input trajectory
5_ ............. E L (Ut)l
307 !
T (Up)2
4 201
3 !E
s 10 &
3 S :
gy = |
=3 g 0 L"f—"“‘“‘“‘“‘“‘“‘—j‘;’,; ““““““““““““
2 = !
210 |
1 —201
- P
............... des —30-
Yi
O_ T T T T T T T T
0 2 4 0 25 50 75 100



Vehicle example with output tracking

1-norm with constraints

Linear optimization can have more interesting constraints

qmrmmi | :[r:1 Ijtl_y’?eS'—l_—H_ P =1 [ug [ |
Wy Fagxxs Xir1 =AXt+Bug, t=1,...,T—1

max-input Ve =CX¢, t=1,...,T
- ldd=u"?*, t=1,...,T —1

U — U L =s™* t=1,...,T —1
/Xlzxinit

max-input variation

24



Vehicle example with output tracking

1-norm with constraints results
Parameters

max S 10

optimal state trajectory

Inputs components

s'ar = 0.1

optimal input trajectory

A
i ST (Up):
i
My _____
i (Ut)2
4 Iq \
1.0{  f
A
[ 4
[ \
[\
[y
0.5_ / vl
/ Vo
| Vo
/ \
Il \
v
Vo A
OO Vo .rl}..‘_ ............... _
‘\ \ ,'\\ .I" ‘\, -------------
\ ,’.A.‘\ .I',
\ ".I ‘.‘\ .I"
AT
Vol l’! \-‘“ Il’
_O 5 VoL \-“ !
. ‘\ \_l'.l ‘.\ .I"
Vool ol
Noob
1 Ao
Wi
\ N
Wi \‘\[ |
\'l -“'I
—1.0; v
0 50 100
T
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Character recognition



Character recognition

MNIST data set of handwritten numerals
" Each character is 28 x 28 pixels#

" 60k example images #

" 10k further testing imagest

" Each sample comes with a label 0 — 9

Goal
Use linear classification to identify handwritten numbers

27



lmages representation

Monochrome images

Igekiw vitviwirxith ew er m x n gexvi] X

legl zepyn X;; vitviwirxw e ] npw
irxarwix} ,0 = fpegol erh 255 = L hixi-

1 gervitviwirxer m x n gexw] X
T} ewrkpr zigixsy x € R™"

Xij:Xk, k:m(j—1)+i

B

Ir QRMX m = n = 28-

28



L inear classification

Support vector machine (linear separation)

Kizir e wix s tsirxw {vi,...,vn } Il firev} pefipws; [L{+1, 1}
Find hyperplane that strictly separates the tho classes .
aTvi+b>O If s; =1

—_— si(aTvi+b)21
aTvi+b<O If s; =—1

Minimize sum of the violations + regularization

ammoymi >.; max{0,1 — sj(a"v; +b)} + Alaly; <«— regularization

29



Learn to Classify 0

Not 5

A e B HH

0.08
0.06-
0.04
0.02-

0.00-

— 'Irain error

............... Test error

BT

30



Multiclass classification

predicted label: 1  predicted label: 9  predicted label: 4

52 Xvelr sri gpewwrAnv tivpefip k
predicted label: 2  predicted label: 1  predicted label:

A2k k zw er }xhirk npwi-0 sfxenrrk (ag, by )
62 Tvihigx ep viwypw erh xeon xIt gel|ngyQg . . .

y) = evkgel, a v + by

predicted label: 2  predicted label: 5 predlcted label:



Portfolio optimization



Portfolio allocation weights

L1 {erxxsirziwx V hspew ir n hnfavirx ewwnxw ,wxsgow) fsrhwi 22-
over periodst=1,...,T

Portfolio allocation weights
nlzigxsv w knziw xI1 jvegxisr sj syv xsxep tsvxjsms Fiph nr 1egl ewwix

Properties
V w, hspev zepyr Isph ir ewwix J
1w =1 ,rsvgep~ih-
w, <0 grerwwlsv tswixisrw ,}sy fsws{-
gywx 1 vixyvrih exxigi T-
b 1legtyp> w=(-0.2,0.0,1.2)

T T~

WI svx tswixisr Hsrux | sph er } Hold 1.2V
S1 0.2V sr ewwix 5 S| ewwix 6 in asset 3

<G> &6 &G




Return over a period

Asset returns

7w xLi jvegusrep- vixyvr | |eqgtyi > ry = (0.01, —0.023, 0.02)
sj iegl ewwix sziv tivish ¢ (often expressed as percentage)

Portfolio return . :
Total portfolio value

_ =T -
e =Ty W after a period

me xl_i_,jveg_xmsrep_- vixyvr_ _ Vitr = Vi + Vify W = V(1 + 1)
Jsv X1 Irxvi tsvxsps sziv tivish ¢




Return matrix

Lsph gsrwxerx tSsvxjspis
{xl {nklxww szivT tivishw

Columns interpretation
Gsyqgr J mxma i WiIvmw
Sj eWwwix J VEXyVIw

Rows Interpretation
Row t iIs 1t IS the asset

return vector over period t

R is the T x n matrix of ewwl x vi xyvrw
Re; wxl 1 vixyvr sjewwix Jir tivish t

AAPL
0.00219

R = |0.00744
0.01488

GOOG
0.0006

—0.00894

MMM

—0.0011

—0.000-

3
9

—0.00215  0.00433

US$
0.00005

0.00005

0.00005

Rsx12If nth asset risk-free,
the last column of R is pu1,
where P is the risk-free
per-period interest reate

Portfolio returns (time series)

r= Rw

T 1Z1gxsy-

Mar 1, 2016
Mar 2, 2016
Mar 3, 2016

35



Returns over multiple periods

r mxgn Wivimw T 1Z1gxsv S] TSVXJSEB VEXYVIWw

average return ” risk”
(or just return) (deviation from mean return)
avg(r) =1"r/T std(r) = |Ir — avg(r)1||/VT

Total portfolio value
V141 =Vi(l+ry) (1 +r7)
=V +Vi(ri+--+ry)

=V, + Tavg(r)Vl

JSV |re| wgemd 12k20 < 0.01
Ikrsvi Inkl1v svhiv xivgw-

Jsv Ikl tsvxpsps zepyn {1 r 11h pevki avg(r) 36



Portfolio optimization

Ls{ wlhep LI glsswi xhi tsvxsps {1 1klx zi gxsv wC

Goals

High (average) return Low risk

Data

b [ 1 orsq{ realized asset returns Tyx rsx Jyxyvi sriw
) Optimization. [1 glsswi wxlex {syph lezi {svoih {ipr x11 tewx
5 True goal. Lsti nx Lm Lsvo Lipnr xIi jyxyvi nywx moi hexe Axxark-

37



Linear optimization for portfolio objective

Average return

avg(r) = (1/T)1" (Rw) i xli nlzi grsy sj
= (/T)(R"D)'w=pu"w ezi vekl vi xyvrw ti v ewwl X

1-norm risk approximation 4 oo s rkiv std(r) hizthi £} T irwiehsj T

[+ avg(r)1 1T b Piriev stxigr~exisr vitviwirxefpi
b Mhygiw wtewiv aygxyexisrw |r; — avg(r)]

Risk-return objective
—u'w+ ARW — (U wW)LGAT

!

(tradeo$ parameter) 58



Portfolio optimization

Minimize risk-return tradeo#
Chose n-vector w to solve

gmuomi —p'w+ AN|Rw — (u"w)l]||1/T

wyfrigxxs 1Tw =1
w > 0

Remarks

» Can have inequality constraints (e.g., long-only)
» Tune A to get desired Pareto-optimal point

« Gives the best allocation w

—given the past returns

39



Example
20 assets over 2000 days (past)

b Stxige) tSvxSpisw Sr e
wxvenk Ix pr

b Piri wxevxw ex viwoljvi i
TSvxSps ,\ = oo-

5 1/n gqygl Tixxivxler
wirkpn €Svxjspisw

0.20-

0.15;

Annualized return

0.05-

0.00-

©
 —
o

Risk-free

2 3
Annualized risk

40



The big assumption

Robinhood #

Future returns will look like past ones

© 2021 Robinhood. All rights reserved.

b Isy evi {evrih xkw mw jepwi0 1ziv} xiq } Sy nrz iwx oo e oot 1 o pplston ndven
G MX W SjX i vV i ewsS rEfp i \ Robinhood Financial, Robinhood Securities, and Robinhood Crypto.

All investments involve risk and loss of capital.

5 Hywirk gviwmw0 gevoix wlnpxwl sxav fik 1zirw rsx xvyi

Viewwygtxisr Isphw ,1zir ettvs|igexip}d e Kssh w sr tewx vixyvrw
niehw xs kssh jyxyvi ,yrors{ r- vixyvrw

Example

Tngo w Fewlh sr pewx 6 }revw Sj VEXyvrw
Ywi w hywirk ri]x: gsrxlw

<G> &G

41



Total portfolio value

Portfolio value (thousand dollars)

150

100-

-
-

—_
-

Xverr vi xyvr - X Wx vi Xyvr  Xverr viwo - X WX VIWO
Viwoljvi | 0.01 0.01 0.00 0.00
A =1.0e —02 0.19 0.30 2.97 2.18
A =4.6e — 03 0.19 0.31 3.05 2.21
A=22e—03 0.19 0.33 3.45 2.42
A =1.0e —03 0.19 0.34 3.93 2.73
1/n 0.10 0.21 2.33 1.51
Train Test
—— Risk-free
A = 1.0e — 02 18-
— A =4.6e —03
—— A=22e—-03 16-
— A=1.0e — 03 |
— 1/n 14- N . iy
N N
12- /$~“Fj\’ ~wa§§“A
/MMW‘W
10-

500 1000
Day

1500

2000

100

200

Day

300

400

500
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Build your quantitative hedge fund

Rolling portfolio optimization

For each period t, find weight w; using L past returns
't—1, ..., Tt—L

Variations
b Ythexi w iziv} K tivishw ,gsrxp} uyevxiv} 222-

) Ehh wigsrhev} stiigamzr A Dwgk — wi_q [ kS
hiwgsyvekl xyvrsziv vihygi xverwegxisr gswx

b Ehh pskng xs haxagx Lhir xIT jyxyvi iw poip} xs
I'sx )SSso ol xh1 tewx

b Ehh owkrepw= xlex tvihngx Jyxyvi VIXyvr Sj ewwixw
XLIXXIV WEFXIg 1 rx erepwiw-
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Applications of linear optimization

Today, we learned to apply linear optimization in#
" Optimal control problems with vehicle dynamicst#

Machine learning problems for character recognition#

| Portfolio optimization for investment strategies

44



References

" Github companion notebooks
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Next steps

" Simplex method
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