
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
23. Data-driven Decision-Making and the Role of Optimization



Today’s lecture

Data-driven optimization under uncertainty 

• Scenario approach


• Portfolio optimization 

What’s left out there? 

The role of optimization

2

[ISA, Ch 1 and 3]



Data-driven robust optimization



Issues with traditional uncertainty set construction
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Data is observed in practice

Are there better ways to model the uncertainty 
that still lead to tractable formulations?

<latexit sha1_base64="PrmZLWfeRBj0XIDmyM4iTMt/zK4="></latexit>

di

<latexit sha1_base64="awV8TNZ82Q7/Y3yZ2NQzMdYdpHk="></latexit>

All we have is the empirical distribution

P̂N =
1

N

N∑

i=1

δdi



Using data to build uncertainty sets
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<latexit sha1_base64="419Y83EAjHEf/jrNcbNT9zCxJyc="></latexit>

minimize f(x)

subject to P(g(u, x) ≤ 0) ≥ 1− ε

how can we build 
uncertainty sets?

data-driven  
probabilistic guarantees

<latexit sha1_base64="3gChLgxwOdfiaeORcVYPOBcpXMg="></latexit>

PN (P(g(u, x!
D) ≤ 0) ≥ 1− ε) ≥ 1− β

product  
distribution

data-driven 
solution

probability of  
constraint 

satisfaction

dataset
<latexit sha1_base64="29h3UHO15Mi8A6RGLKeQePMx/K8="></latexit>

D = {di}Ni=1



Scenario approach



Direct sample approximation
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scenario reformulation 
sampled problem

<latexit sha1_base64="/rWi7Kj6N43z4fmiE88pjojpDOM="></latexit>

x!
D

randomized 
solution

<latexit sha1_base64="5tjiKGBHq9u3itytAd40ihya72E="></latexit>

minimize f(x)

subject to g(di, x) ≤ 0, i = 1, . . . , N

benefits
• no assumptions on distribution
• tractable if not too many samples

challenges
• random reformulation
• solution can violate  

chance constraints

discretized uncertainty set
<latexit sha1_base64="PilmKMb5G4S3yQmzmwpwn2pOZTo="></latexit>

minimize f(x)

subject to g(u, x) ≤ 0, ∀u ∈ U = D = {di}Ni=1



Data-driven probabilistic guarantees

8Introduction to the scenario approach, Campi, Garatti

Assumptions 
•Convex problem

•Unique solution

<latexit sha1_base64="vpV+H34dLcjcJXtQJSXmoZ8Y9n0="></latexit>

How many samples do we need to have at least 1− β?

<latexit sha1_base64="zVldpz0avgMYlAwRKK7P+YAmr/k="></latexit>

cumulative distribution function of beta distribution
B(n,N − n+ 1)

<latexit sha1_base64="4fqPoqUSqTVaULzo2r/fo0QIjqA="></latexit>

PN (P(g(u, x!
D) ≤ 0) ≥ 1− ε) ≥ 1−

n−1)

i=1

(
N

i

)
εi(1− ε)N−i



Sample requirements

9<latexit sha1_base64="rMbqRkQAkYMBpygmqmfWDK7mnks="></latexit>

(1− ε/2) ≤ exp(−ε/2)

Therefore
<latexit sha1_base64="3JnHD/7YT7HgcI73xH0gNF5qq5k="></latexit>

2n−1 exp
(
− ε

2
N
)
≤ β

<latexit sha1_base64="KthWvyMKLFIaRcAMwFiTPQtJSDU="></latexit>

⇐⇒ (n− 1) log 2− ε

2
N ≤ log β

<latexit sha1_base64="HoozDlAisJx5mSPRmgdPiT0EpyE="></latexit>

(log(2) < 1)

<latexit sha1_base64="yEvaWziFrMnwAyfqsidrQXperQE="></latexit>

⇐⇒ N ≥ 2

ε

(
log

1

β
+ (d− 1) log 2

)

<latexit sha1_base64="nBJMUSEbwRZYFPR//PjnEOtRJAY="></latexit>

⇐⇒ N ≥ 2

ε

(
log

1

β
+ n− 1

)

binomial  
theorem

<latexit sha1_base64="2rCcIjRFZbCJbG4EwD+lrl+lp4k="></latexit>

n−1∑

i=0

(
N

i

)
εi(1− ε)N−i = 2n−1

n−1∑

i=0

(
N

i

)
εi

2n−1
(1− ε)N−i

≤ 2n−1
n−1∑

i=0

(
N

i

)( ε

2

)i
(1− ε)N−i

≤ 2n−1
N∑

i=0

(
N

i

)( ε

2

)i
(1− ε)N−i

= 2n−1
( ε

2
+ (1− ε)

)N

= 2n−1
(
1− ε

2

)N

≤ 2n−1 exp
(
− ε

2
N
)



Number of samples required

10

<latexit sha1_base64="3CBG14MrhsDnBgBRSEm1h/ZpNBQ="></latexit>

N ≥ 2

ε

(
log

(
1

β

)
+ n− 1

)
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Portfolio optimization example
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optimization problem
expected 
returns

loss risk 
constraint

unwanted 
return level

scenario approach 
reformulation

<latexit sha1_base64="4TiQGq/fsL73YiyJSGApGoPfBiE="></latexit>

maximize µTx

subject to (ri)Tx ≥ α, i = 1, . . . , N

1Tx = 1

x ≥ 0



Portfolio optimization strategies
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returns

baselines
<latexit sha1_base64="brGsO+oEly1QpRYrEONmFVGCC4o="></latexit>

• nominal minimizer x!
nom = e1

• conservative minimizer x!
con = en

• robust minimizer x!
ro

• scenario minimizer x!
sce

<latexit sha1_base64="xXR68f/rckdYYJxilzx0XYlJzXo="></latexit>

|ri − µi| ≤ ui = 0.05 +
n− i

2n
, un = 0



Portfolio optimization results
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<latexit sha1_base64="Xvj5hd9anPzEhWGbUyAJ3Iw3gg4="></latexit>

β = 10−9, n = 200 ⇒ N = 43, 945

scenario approach  
samples

violation probability
<latexit sha1_base64="1T9hHj03rr6QXxbFkFc3kXMYo8Y="></latexit>

x!
rob

<latexit sha1_base64="/698zRDaTeR3SfB6N5LLKJGjjRs="></latexit>

x!
sce

<latexit sha1_base64="vX7vrhfQ9GAWK3wMcvnFYNQmHdA="></latexit>

0.0
<latexit sha1_base64="BFkj8eZ0pX0U4KydZDMKwzQzc0M="></latexit>

0.00073 scenario approach 
is less conservative

<latexit sha1_base64="yKsymlhQwKQZQgdzL1xXrLMb2rc="></latexit>ε
<latexit sha1_base64="z87uBSiXhmmiHsk05UxisIRoaiI="></latexit>

0.01

solution time
<latexit sha1_base64="1T9hHj03rr6QXxbFkFc3kXMYo8Y="></latexit>

x!
rob

<latexit sha1_base64="/698zRDaTeR3SfB6N5LLKJGjjRs="></latexit>

x!
sce

<latexit sha1_base64="YK9qNG2GUKkCK4CXTNSh0yr7p1I="></latexit>

1.6 ms
<latexit sha1_base64="EP1tHVJQu2Zn9oiZmwUz5FqwTow="></latexit>

41.8 s

scenario approach is 
computationally much 

more expensive

<latexit sha1_base64="l8E8Lz+mrLIiudwzrx3GDzLZlEs="></latexit>

10−2



Issues with scenario approach
• Requires many samples 


• Solvers may require a long time to give a solution 
 

• You may not be able to sample so much 
 
(e.g., in finance you get a sample per trading day ~250/year. We would need 
200 years of trading history to collect 50,000 samples)

14

can we construct sets that  
require fewer samples?



Allowing perturbations around samples
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<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>ε
<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>ε

<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>ε

<latexit sha1_base64="EY67AwhzSKxAtsCQu16fUXZ6yB0="></latexit>

d1
<latexit sha1_base64="+yw7MZv/8GuX7P9Ave44ppmbI8Q="></latexit>

d2

<latexit sha1_base64="CLx7Ke9k6EWtvz5ieGt/jSmjAJ4="></latexit>

d3

Mean Robust Optimization, Wang, Becker, Van Parys, Stellato
A Data-Driven Approach to Multistage Stochastic Linear Optimization, Bertsimas, Shtern, Sturt

<latexit sha1_base64="G71I/gP/dYr1Efy7pKOKcOe+Gp4="></latexit>

U = {u = (v1, . . . , vN ) | ‖vi − di‖ ≤ ε, i = 1, . . . , N}

probabilistic guarantees 
(with light-tailed distributions)

<latexit sha1_base64="tb6OxlcBi3WsR1ViyZIBXDUTQT4="></latexit>

We can pick ε to ensure

<latexit sha1_base64="3gChLgxwOdfiaeORcVYPOBcpXMg="></latexit>

PN (P(g(u, x!
D) ≤ 0) ≥ 1− ε) ≥ 1− β

<latexit sha1_base64="mLC4fYAG3Zx45ls7lvSIspLc554="></latexit>

εN (β) =






(
log(c1/β)

c2N

)1/p

N ≥ log(c1/β)

c2
(
log(c1/β)

c2N

)1/a

N <

(
log(c1/β)

c2

)

active  
research area!



What’s left out there?



What we did not cover in nonlinear optimization
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Second-order methods: High accuracy on small/medium-scale data
• Newton’s method

• Quasi-Newton (BFGS, L-BFGS)

• Interior-point methods for nonlinear optimization (IPOPT) 

Stochastic gradient methods
• Stochastic gradient descent

• Variance reduction methods

• Deep learning optimizers

Covered in  
ELE539: Optimization for Machine 

Learning

Optimization in data science
• Compressed sensing

• Matrix completion

• Many more…

covered in 
ORF525: Statistical 
Foundations of Data 

Science



What we did not cover in convex optimization?
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More in details on convex analysis

Conic optimization
• Second-order cone programming

• Semidefinite programming 

• Sum-of-squares optimization

Convex relaxations of NP-hard problems

Covered in  
ORF523: Convex and Conic 

Optimization



The role of optimization



Optimization as a surrogate for real goal
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Very often, optimization is not the actual goal

The goal usually comes from practical 
implementation (new data, real dynamics, etc.)

Real goal is usually encoded (approximated) in cost/constraints



Optimization problems are just models
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“All models are wrong, some are useful.”
— George Box

Implications
• Problem formulation does not need to be “accurate”

• Objective function and constraints “guide” the optimizer

• The model includes parameters to tune

We often do not need to solve most problems to extreme accuracy



Portfolio

22

<latexit sha1_base64="VogGWAwsF1JWbmXk/TsKJzzA+gY="></latexit>

TH_PTPaL µTx− γxTΣx

Z\IQLJ[ [V 1Tx = 1

x ≥ 0

Optimization problem

Goal 
Optimize backtesting performance 

Uncertain returns Backtesting performance 
(sum over all past realizations)<latexit sha1_base64="KwRoyzxP75U1HAp9L9rQiV2B9m8="></latexit>

pt YHUKVT ]HYPHISL!
TLHU µ� JV]HYPHUJL ⌃

<latexit sha1_base64="sEkwMnsFgzauI7eYIYMGb4gsSBU="></latexit>

 ;V[HS YL[\YUZ
 *\T\SH[P]L YPZR �X\HKYH[PJ [LYT�



Model fitting
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<latexit sha1_base64="AOpVDujyMu6WgvcCHyHtzaHugig="></latexit>

Dtrain = {(xi, yi)}Ni=1

Training data Optimization problem

Goal 
Optimize test performance 

<latexit sha1_base64="tlblsp8H/G8utBwBrKatJ7FLB8A="></latexit>

Dtest = {(xi, yi)}Ni=1

Test data  
(unknown) Test performance 

<latexit sha1_base64="Q4aQtyG+MK01ND0Lw/Akd4li/8k="></latexit>

ftest(w) =
∑

(xi,yi)∈Dtest

!(yi, hw(xi))

<latexit sha1_base64="P6LJTqX6LvLdBr/5xV8+IrHi7XA="></latexit>

TPUPTPaL
w

ftrain(w) =
∑

(xi,yi)∈Dtrain

!(yi, hw(xi))



Control
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Optimization problem 
(control policy)

Real dynamics

Goal: 
Optimize closed-loop performance 

<latexit sha1_base64="KbpPwEqUIt450sUlJZ/Z5A4Lp9Y="></latexit>

J =
∞∑

t=0

!(xt, ut)

Closed-loop 
performanceControl input

<latexit sha1_base64="MviP+yd+l0OFqP3LnONAqgIc9dk="></latexit>

ut = φ(xt)

<latexit sha1_base64="cE0S2ZkQrCoW5Phw8G61EvbBFzc="></latexit>

xt+1 = f(xt, ut, wt)
wt \UJLY[HPU[`

<latexit sha1_base64="rTabPi1XfMuaS3jfQ0lJGrKso2g="></latexit>

φ(x̄) = HYNTPU
u

T−1∑

t=0

"(xt, ut)

Z\IQLJ[ [V xt+1 = f(xt, ut)

x0 = x̄

xt ∈ X , ut ∈ U



Quadcopter control
Low accuracy works well
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Quadcopter example
<latexit sha1_base64="oXqY088AICcRaPKKLxzG/jxKZ0E="></latexit>

3PULHYPaLK K`UHTPJZ xt+1 = Axt +But + wt

<latexit sha1_base64="cBN24A6XaWL9cTkWmL1RFQC+5mA="></latexit>

:PT\SH[LK K`UHTPJZ xt+1 = Axt +But + wt

Closed loop simulation
random variable 
(nonlinearities,  

disturbances, etc.)

<latexit sha1_base64="cxx/CLQMoXdN0E9DkVI7feFlEBo="></latexit>

xt ∈ [x, x], ut ∈ [u, u]

Input and state constraints

<latexit sha1_base64="2GPP8O7cXdY3IYdTO+Z/apVl6AM="></latexit>

.VHS! [YHJR [YHQLJ[VY` TPUPTPaL
X

t

kxt � xdes
t k22 + �kutk22

<latexit sha1_base64="oVZxmSLa/OKzFCmj//yBiZRCyN0="></latexit>

xt ∈ R12, ut ∈ R4



Quadcopter control
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Altitude reference tracking
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Control effort

Closed-loop behavior 
with OSQP solver

<latexit sha1_base64="xHa4wz46+7GsDQyAT05jPK6XAno="></latexit>

 3V^ HJJ\YHJ`! ✏ = 0.1
 /PNO HJJ\YHJ`! ✏ = 0.0004



Conclusions
In ORF522, we learned to:


• Model decision-making problems across different disciplines as 
mathematical optimization problems.


• Apply the most appropriate optimization tools when faced with a concrete 
problem.


• Implement optimization algorithms and prove their convergence. 

• Understand the limitations of optimization

27



Optimization cannot solve all our problems
It is just a mathematical model

28

Thank you!

Bartolomeo Stellato

But it can help us making better decisions


