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15. Operator theory II



Recap



Operators
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<latexit sha1_base64="mRbcKtp2nu1acOO/nnPXv8dkDdg="></latexit>

(U VWLYH[VY T THWZ LHJO WVPU[ PU Rn [V H Z\IZL[ VM Rn

Example
<latexit sha1_base64="7pIhQlcsWEyUMkxypbnJOqzJvnA="></latexit>

 ;OL Z\IKPɈLYLU[PHS @f PZ H ZL[�]HS\LK VWLYH[VY
 ;OL NYHKPLU[ rf PZ H ZPUNSL�]HS\LK VWLYH[VY

<latexit sha1_base64="JFu8WX5rWIcdkRVZh0JHlMKcyaU="></latexit>x

<latexit sha1_base64="ajXGqEsOqU4x0SNodEd6EZ5OkDs="></latexit>

T (x)
<latexit sha1_base64="+w7JTvaN7UpUH5VZUG1ZAeqBXmw="></latexit>

0
<latexit sha1_base64="iFTAQXoCjcV5HLuCPU1wPi5tMjk="></latexit>

;OL KVTHPU VM T PZ [OL ZL[ domT = {x | T (x) 6= ;}

<latexit sha1_base64="KqO4nW0BCFuXHksagXm6oUCpx3Q="></latexit>

 ZL[ ]HS\LK T (x) YL[\YUZ H ZL[
 ZPUNSL�]HS\LK T (x) �M\UJ[PVU� YL[\YUZ H ZPUNSL[VU



Summary of monotone and cocoercive operators
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Monotone

Strongly monotone Cocoercive

Lipschitz

<latexit sha1_base64="JY5R4eSqnZsrnWl4elEx7Z1Zulk="></latexit>

µ = 0

Nonexpansive

<latexit sha1_base64="DqFmEvrHw1STm89ZWxiSrMDfGmY="></latexit>

F = T−1

<latexit sha1_base64="XRDioB2bmHoXBVBbmPuSVjwWJG0="></latexit>

(F (x)− F (y))T (x− y) ≥ µ‖F (x)− F (y)‖2

<latexit sha1_base64="imdwUdXvBw9oB9RqyMYSBOJs95E="></latexit>

L = 1/µ

<latexit sha1_base64="YmGeGe8/JuxShET2QZPboTkcz8g="></latexit>

‖F (x)− F (y)‖ ≤ L‖x− y‖

<latexit sha1_base64="bOkI4uuFFb0mFs9HkpUNV3pT1kU="></latexit>

G = I − 2µF

<latexit sha1_base64="XzmzWzDtkMxQMMGkmPUoHPoVb9g="></latexit>

‖G(x)−G(y)‖ ≤ ‖x− y‖

<latexit sha1_base64="1Lvadn3xlyT9F7P16dYO9wxG4Ik="></latexit>

(T (x)− T (y))T (x− y) ≥ µ‖x− y‖2

<latexit sha1_base64="a5hlNMLDablWgP5O4MvYm+gwjPE="></latexit>

(T (x)− T (y))T (x− y) ≥ 0



Zeros
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Zero
<latexit sha1_base64="aESfailnLSKDOIk0fqv2N9P78Fs="></latexit>

x PZ H aLYV VM T PM 0 2 T (x)

Zero set
<latexit sha1_base64="k6jA+GZXfYUMiTHeIjLYAojiFVE="></latexit>

;OL ZL[ VM HSS [OL aLYVZ T�1(0) = {x | 0 2 T (x)}

<latexit sha1_base64="XU9+oem2Fd2fR50VNLAQMFt00e0="></latexit>

,_HTWSL
0M T = @f HUK f : Rn ! R� [OLU
0 2 T (x) TLHUZ [OH[ x TPUPTPaLZ f

Many problems 
can be posed as finding zeros 

of an operator



Fixed points
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Examples
<latexit sha1_base64="oyL3z7uZdils0ZkMx26anmzr5dA="></latexit>

 0KLU[P[` T (x) = x� (U` WVPU[ PZ H Ä_LK WVPU[
 ALYV VWLYH[VY T (x) = 0� 6US` 0 PZ H Ä_LK WVPU[

Set of fixed points
<latexit sha1_base64="WX1Jj+ijYl58UAKvPVbNmL8wxGk="></latexit>

fixT = {x ∈ domT | x = T (x)} = (I − T )−1(0)

<latexit sha1_base64="DET/OfjzL0FRNeA+VFRGf9J/XuE="></latexit>

x̄ = T (x̄)

<latexit sha1_base64="jIJdGMZ2SVlHw+yCK2fag+pkOME="></latexit>

x̄ PZ H Ä_LK�WVPU[ VM H ZPUNSL�]HS\LK VWLYH[VY T PM



Lipschitz operators and fixed points
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<latexit sha1_base64="UoJg0D+c4pg5rckcCMkluC/tXXg="></latexit>

‖Tx− x̄‖ = ‖Tx− T x̄‖ ≤ L‖x− x̄‖

<latexit sha1_base64="JsBiiARlEla/GzKX9AwG9xCMxic="></latexit>

.P]LU H L�3PWZJOP[a VWLYH[VY T HUK H Ä_LK WVPU[ x̄ = T x̄�

<latexit sha1_base64="vNlG9weajBa/aNDRWVrYp2LsIa0="></latexit>

x̄

<latexit sha1_base64="r7h+L0hyBsPhi6+7vP/WDJTzbBM="></latexit>

L

<latexit sha1_base64="QZB9S7hYUfMgDw4nMT0GbCh4Pno="></latexit>x

Proof
<latexit sha1_base64="LsA9KYCVbvC1mrk55MXweQUfnVY="></latexit>

0M x̄, ȳ 2 fixT HUK x̄ 6= ȳ [OLU
kx̄� ȳk = kT (x̄)� T (ȳ)k < kx� yk �JVU[YHKPJ[PVU�

<latexit sha1_base64="ax+3QALf6tAsoMMAufQOadw3FeU="></latexit>

( JVU[YHJ[P]L VWLYH[VY �L < 1� JHU OH]L H[ TVZ[
VUL Ä_LK WVPU[� P�L�� fixT = {x̄}

<latexit sha1_base64="HLlXSqoRZ2Ila09F3IyYgqnpxBU="></latexit>

( UVUL_WHUZP]L VWLYH[VY �L = 1� ULLK UV[
OH]L H Ä_LK WVPU[

<latexit sha1_base64="l4/YGWX9sZnQ2RoEjBPsEb1q+mE="></latexit>

,_HTWSL T (x) = x+ 2

<latexit sha1_base64="fO7ZZIzyyc79f56locZpjbL+TK0="></latexit>

T (x)



How to design an algorithm
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Algorithm (operator) construction
<latexit sha1_base64="zFc4FOGHhY49KicKcvVaAfnGMVY="></latexit>

�� -PUK H Z\P[HISL T Z\JO [OH[ x̄ 2 fixT ZVS]L `V\Y WYVISLT
�� :OV^ [OH[ [OL Ä_LK WVPU[ P[LYH[PVU JVU]LYNLZ

<latexit sha1_base64="qAAH03Hu2rXiEnXYVwdC02IQ7BQ="></latexit>

TPUPTPaL f(x)

<latexit sha1_base64="2k/XMhLHSeSD3ibuIcC01FKWhlI="></latexit>

0M T PZ JVU[YHJ[P]L =) SPULHY JVU]LYNLUJL
0M T PZ H]LYHNLK =) Z\ISPULHY JVU]LYNLUJL

Most first order algorithms can be constructed in this way

Problem



Today’s lecture
[LSMO][Chapter 4, FMO][PA]

Operator theory 

• Linking operators and functions


• Conjugate functions and duality


• Subdifferential operator


• Operators in optimization problems


• Operators in algorithms

9



Conjugate functions and duality



Dual norms
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<latexit sha1_base64="ERNTLM4ihXS3U1tZDLGdM861uWA="></latexit>

‖ · ‖ and ‖ · ‖∗ are a pair of dual norms:
<latexit sha1_base64="vlR1j6jyPAA1VwCP8ituP8z0HTY="></latexit>

‖z‖∗ = sup
‖x‖≤1

zTx

<latexit sha1_base64="p8ZSc9Y1JSfCcs079jLn6ajO9VI="></latexit>

This implies inequality zTx ≤ ‖x‖‖z‖∗ ∀x, z

<latexit sha1_base64="c9pab5Mq+6ayP73pn9HDGLIFlh0="></latexit>

Norm (p) Dual norm (q)

2 2
1 ∞
∞ 1

relationships
<latexit sha1_base64="f6lLopwM9zEHbyiATz5ftrzDM+M="></latexit>

sup
‖x‖2≤1

zTx = zT
z

‖z‖2
= ‖z‖2

<latexit sha1_base64="qNr1abe8p+QkmAOTsK9RVTl6uYI="></latexit>

sup
‖x‖∞≤1

zTx =
∑

i

|zi| = ‖z‖1

examples

<latexit sha1_base64="Sof85cwdktkTCAdg3AWiUh23/YI="></latexit>

• all norms equivalent up to constant
(e.g., ‖x‖2/

√
n ≤ ‖x‖∞ ≤ ‖x‖2)

• wlog we use ‖ · ‖ = ‖ · ‖∗ = ‖ · ‖2

remarks



Conjugate function
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<latexit sha1_base64="uiIq2qEJRwH2EWZD6uILVg8Pzmg="></latexit>

.P]LU H M\UJ[PVU f : Rn ! R ^L KLÄUL P[Z JVUQ\NH[L f⇤ : Rn ! R HZ

<latexit sha1_base64="tmtEEhos/zsXt84/WK/PfvlmtLE="></latexit>

5V[L f⇤ PZ HS^H`Z JVU]L_ �WVPU[^PZL TH_PT\T VM HɉUL M\UJ[PVUZ PU y�

<latexit sha1_base64="0vXPnB2XQEYmBkGlE7+xgCsMwYk="></latexit>

f⇤ PZ [OL TH_PT\T NHW
IL[^LLU yTx HUK f(x)

<latexit sha1_base64="C6D7kF8k1AH4M2rSpgIc0qym2TE="></latexit>

yTx

<latexit sha1_base64="zsl1i/m+pyR6zKAQnG3WtcwZ4+8="></latexit>

f(x)

<latexit sha1_base64="vVk4OKkxrGzTOOvOEyT0YF5uFWE="></latexit>x
<latexit sha1_base64="e6lQapM2EB+ZMzq45ZUOeVPnmbM="></latexit>

(0,−f∗(y))

<latexit sha1_base64="jA5jBHEcaQ6LXfSCeyLe1hHAs+Q="></latexit>

f∗(y) = sup
x

yTx− f(x)



Conjugate function properties and examples
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Properties

More examples of conjugate functions [Page 101, FMO]

support  
function

<latexit sha1_base64="3QQ0lBepIjHJwjfGD+60cpKbsqs="></latexit>

Indicator function f(x) = IC(x): f∗(y) = I∗
C(y) = sup

x∈C
yTx = σC(y)

Examples
<latexit sha1_base64="LHhNzLuG0b4e9piU5aybAKsoBHs="></latexit>

5VYT f(x) = kxk! f⇤(y) = Ikyk⇤1(y)
indicator function  
of dual norm set

<latexit sha1_base64="Ftd3hJVCn2BEnkrFbZVPny+Z8IM="></latexit>

)PJVUQ\NH[L MVY **7 M\UJ[PVUZ 0M f **7� [OLU f⇤⇤ = f

<latexit sha1_base64="5icP/5mWci1Ny2BzEEuJITH6DJI="></latexit>

-LUJOLS»Z PULX\HSP[` f(x) + f⇤(y) � yTx �MYVT max PUZPKL JVUQ\NH[L�
<latexit sha1_base64="Wrhwpdberu/8iCil9ZbecPnVP5Q="></latexit>

Biconjugate f∗∗(x) = sup
y

xT y − f∗(y) =⇒ f(x) ≥ f∗∗(x)



Fenchel dual
Dual using conjugate functions
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<latexit sha1_base64="dDFlxbJVi6MQuI6dWMbST00dB2I="></latexit>

TPUPTPaL f(x) + g(x)

<latexit sha1_base64="theOYMxGlAJie4tDjavMfbdK7bo="></latexit>

TPUPTPaL f(x) + g(z)

Z\IQLJ[ [V x = z

Equivalent form (variables split)

Dual function
<latexit sha1_base64="lpIoqgqoJTCq11BgaLB35HbJtDA="></latexit>

inf
x,z

L(x, z, y) = −f∗(y)− g∗(−y)

Lagrangian
<latexit sha1_base64="5SEOssn2hbUNz4P9lt7FZxu1F3c="></latexit>

L(x, z, y) = f(x) + g(z) + yT (z − x) = −(yTx− f(x))− (−yT z − g(z))

Dual problem
<latexit sha1_base64="md/qCmoHICf4tDwg/JlhsDB5y1U="></latexit>

TH_PTPaL − f∗(y)− g∗(−y)



Fenchel dual example
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Dual problem
<latexit sha1_base64="4ySt97qyI2ydPwAR8DuCGuyY16g="></latexit>

TPUPTPaL f(x) + IC(x)

Constrained optimization
<latexit sha1_base64="d4kMRJilzWqXcTlJQSozXWz7l24="></latexit>

TH_PTPaL − f∗(y)− σC(−y)

Norm penalization
<latexit sha1_base64="gp7mLgdtrdLjEOWhRQh0UweNXnM="></latexit>

TPUPTPaL f(x) + ‖x‖

<latexit sha1_base64="d+/KqhsTnycNaTEf47soZRzb+BQ="></latexit>

TH_PTPaL −f∗(y)

Z\IQLJ[ [V ‖y‖∗ ≤ 1

Dual problem

• Fenchel duality can simplify derivations

• Useful when conjugates are known

• Very common in operator splitting algorithms

Remarks



Subdifferential operator and monotonicity



Subdifferential operator monotonicity

17

<latexit sha1_base64="hJtAQU3YFuRBUazt4YuSW7orwe0="></latexit>

∂f(x) = {g | f(y) ≥ f(x) + gT (y − x)}

<latexit sha1_base64="rZuU7FJHUF7JBh++qDBB8KA9nKk="></latexit>

7YVVM :\WWVZL u 2 @f(x) HUK v 2 @f(y) [OLU
<latexit sha1_base64="TFSLm29qgKh3Y89xC26Mf5lS9dg="></latexit>

f(y) ≥ f(x) + uT (y − x), f(x) ≥ f(y) + vT (x− y)
<latexit sha1_base64="cU9NZRIWE9IgbR/lR0JR6IwDO20="></latexit>

)` HKKPUN [OLT� ^L JHU ^YP[L (u� v)T (x� y) � 0

<latexit sha1_base64="xpdtaikMMaXg/TH5xXjzXhTNdEM="></latexit>

0M f PZ JVU]L_� JSVZLK HUK WYVWLY �**7�� [OLU @f(x) PZ TH_PTHS TVUV[VUL
Maximal monotonicity

<latexit sha1_base64="vtONH8YnI7nyZElWnN5gA/48fvM="></latexit>

@f(x) PZ TVUV[VUL �HSZV MVY UVUJVU]L_ M\UJ[PVUZ�

<latexit sha1_base64="uf0XoFjsHUWlI7WuR8e0w11UUFg="></latexit>

Remark: For differentiable f , convexity ⇐⇒ ∇f monotone (lecture 11)



Strongly monotone and cocoercive subdifferential
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<latexit sha1_base64="KQSling7lZitf4CSto/OonuLWmY="></latexit>

f PZ µ �Z[YVUNS` JVU]L_ () @f µ�Z[YVUNS` TVUV[VUL
<latexit sha1_base64="Oy8ih24mItYnEmEt3ecbPKAY6Ik="></latexit>

(∂f(x)− ∂f(y))T (x− y) ≥ µ‖x− y‖2

<latexit sha1_base64="UqzSp3GB/LKc93yzo5ZpPv6dnRM="></latexit>

f(y)

<latexit sha1_base64="qNnRbwxFqvfk6+T/88VKpRF3PFU="></latexit>

(x, f(x))

<latexit sha1_base64="6glgbLdSYJpQxY1zciBNCzuKdbU="></latexit>

f(x) +∇f(x)T (y − x) +
L

2
‖x− y‖2

<latexit sha1_base64="rwcNzUv7DQBbIC89RZtEW5JbRdg="></latexit>

f(x) +∇f(x)T (y − x) +
µ

2
‖x− y‖2

<latexit sha1_base64="xxakx/w3/9SQ4rn7SYAw4cRxmkE="></latexit>

f PZ L�ZTVV[O
() @f L�3PWZJOP[a HUK @f = rf ! krf(x)�rf(y)k  Lkx� yk
() @f (1/L)�JVJVLYJP]L! (rf(x)�rf(y))T (x� y) � (1/L)krf(x)�rf(y)k2



Inverse of subdifferential

19

<latexit sha1_base64="ZEDScHmZMHBZ0oEr/kOhc8VaRrE="></latexit>

0M f PZ **7� [OLU� (@f)�1 = @f⇤

Proof
<latexit sha1_base64="kHZ6v/VJyf1pl1QGFC1G8OS5PZ0="></latexit>

(u, v) ∈ gph(∂f)−1 ⇐⇒ (v, u) ∈ gph∂f

⇐⇒ u ∈ ∂f(v)

⇐⇒ 0 ∈ ∂f(v)− u

⇐⇒ v ∈ argmin
x

f(x)− uTx

⇐⇒ f∗(u) = uT v − f(v)

⇐⇒ f∗(u) + f(v) = uT v

⇐⇒ f∗(u) + f∗∗(v) = uT v (f is CCP)
⇐⇒ (u, v) ∈ gph∂f∗



Strong convexity is the dual of smoothness

20

Proof
<latexit sha1_base64="UsKYnlI13AYRcaXb7uWFYBdAwhI="></latexit>

f µ�Z[YVUNS` JVU]L_ () @f µ�Z[YVUNS` TVUV[VUL
() (@f)�1 = @f⇤ µ�JVJVLYJP]L
() f⇤ (1/µ)�ZTVV[O

Remark: strong convexity and (strong) smoothness are dual

<latexit sha1_base64="zOSpB/Qr+41lO0Aaj79O0Vplv+w="></latexit>

f PZ µ�Z[YVUNS` JVU]L_ () f⇤ PZ (1/µ)�ZTVV[O



Operators in optimization problems



KKT operator

22

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V Ax = b

<latexit sha1_base64="YMUdWUlBoCFwjt0KDp70/giEk/w="></latexit>

L(x, y) = f(x) + yT (Ax− b)

Lagrangian

KKT operator
<latexit sha1_base64="gTEdEEW/A7nDGtagYdXYYSsjaJc="></latexit>

T (x, y) =

[
∂xL(x, y)

−∂yL(x, y)

]
=

[
∂f(x) +AT y

b−Ax

]
=

[
rdual

−rprim

]

<latexit sha1_base64="felBztVKyRoVrzsURNQG3WeADV8="></latexit>

aLYV ZL[ {(x, y) | 0 2 T (x, y)} PZ [OL ZL[ VM WYPTHS�K\HS VW[PTHS WVPU[Z

Monotonicity
<latexit sha1_base64="RI7lxXthdTEClChgstiQO44DIhw="></latexit>

T (x, y) =

[
∂f(x)

b

]
+

[
0 AT

−A 0

][
x

y

]

skew-symmetric

sum of monotone 
operators



“multiplier to residual” mapping

23

<latexit sha1_base64="dNlbNDbGXhDc0n1FpN/pLPezVV0="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V Ax = b

Proof

<latexit sha1_base64="ML6NWOnz1Wf+q5Sl8nIzkqfowCY="></latexit>

;OLYLMVYL� T (y) = b�A(@f)�1(�AT y) = @y
�
bT y + f⇤(�AT y)

�
= @(�g)

<latexit sha1_base64="ouQ73abMnDXOPWDYml8Ov/XnI5s="></latexit>

0 ∈ ∂xL(x, y) = ∂f(x) +AT y ⇐⇒ x = (∂f)−1(−AT y)

<latexit sha1_base64="YMUdWUlBoCFwjt0KDp70/giEk/w="></latexit>

L(x, y) = f(x) + yT (Ax− b)

Lagrangian

Dual problem
<latexit sha1_base64="vN/zIExqvO0VAKD3KGeBH6uu8ks="></latexit>

maximize g(y) = inf
x

L(x, y) = − sup
x

−L(x, y) = −(f∗(−AT y) + yT b)

<latexit sha1_base64="I2rQuog2laeKv/aVHagaFOjm4c8="></latexit>

T (y) = b�Ax� ^OLYL x = argminz L(z, y)

Operator Monotonicity
<latexit sha1_base64="ieWYgrJPu/oEp7cObCcUBJPNIGY="></latexit>

0M f **7� [OLU T PZ TVUV[VUL

monotone



Operators in algorithms



Forward step operator

25

<latexit sha1_base64="RhtNXTQtP0XltySdJMRZiMvzgss="></latexit>

I − γT

<latexit sha1_base64="xW5GIgrqrsMHBebIiXrNc3N3dJM="></latexit>

;OL MVY^HYK Z[LW VWLYH[VY VM T PZ KLÄULK HZ

Example
<latexit sha1_base64="2ZvfuEPhFcaed3F8DbHKmBRMTls="></latexit>

TPUPTPaL x

Z\IQLJ[ [V x = 0

KKT operator
<latexit sha1_base64="MXnSGKx+eljRKtj4D6FMzvqS6Hg="></latexit>

A =

[
0 1

−1 0

]
<latexit sha1_base64="QxY500pQKWs/UxIw8+TssmD4Bu4="></latexit>

A+AT = 0 ! 0

Monotone (skew-symmetric)
<latexit sha1_base64="MtA+qdMb3z62EWimzQWQD1Zq5b4="></latexit>

T (x, y) =

[
0 1

−1 0

][
x

y

]
+

[
1

0

]

Forward step Expansive
<latexit sha1_base64="W3J9mvl4auhx6XZp+fRpnr/FtKo="></latexit>∥∥∥∥∥

[
1 −γ

γ 1

]∥∥∥∥∥
2

> 1, ∀γ

<latexit sha1_base64="g+OjdUwqKMb7Q2ZpMMyUWnyTiTM="></latexit>

(I − γT )

[
x

y

]
=

[
1 −γ

γ 1

][
x

y

]
−

[
1

0

]

<latexit sha1_base64="9BKaozagKcEm27HXMfh8hmjBYqI="></latexit>

0U NLULYHS TVUV[VUPJP[` VM T PZ UV[ LUV\NO MVY JVU]LYNLUJL



Gradient step: special case of forward step

26

Construct averaged iterations
<latexit sha1_base64="PVSkqKx2hKUaALl8vk1OnsmFkuo="></latexit>

I − γ∇f = (1− α)I + α(I − (2/L)∇f)
<latexit sha1_base64="hbxyh875Pu5G26w7JEVcotWG2QA="></latexit>

^OLYL ↵ = �L/2 2 (0, 1) () � 2 (0, 2/L)

<latexit sha1_base64="wKe5DDqL7GQq3ferqIMo1LwtOWM="></latexit>

f L�ZTVV[O () rf (1/L)�JVJVLYJP]L () I � (2/L)rf UVUL_WHUZP]L

Remark
<latexit sha1_base64="aXuZ575swA9nv0zqGYexqf0y+P0="></latexit>

 6US` ZTVV[OULZZ HZZ\TW[PVU NP]LZ Z\ISPULHY JVU]LYNLUJL
 :PTPSHY YLZ\S[ ^L VI[HPULK PU NYHKPLU[ KLZJLU[ SLJ[\YL

(to be averaged)



Resolvent and Cayley operators
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<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1

<latexit sha1_base64="8rhmdvP25+vsiB4YNdZbiIR1FUM="></latexit>

;OL YLZVS]LU[ VM VWLYH[VY A PZ KLÄULK HZ

Properties

<latexit sha1_base64="wcanNN8lADrNj0453awbuxezwGE="></latexit>

;OL *H`SL` �YLÅLJ[PVU� VWLYH[VY VM A PZ KLÄULK HZ

<latexit sha1_base64="kGvfITf9mdT7J4Izx9krN6VCq9Y="></latexit>

2L` YLZ\S[ ^L JHU ZVS]L 0 2 A(x) I` ÄUKPUN Ä_LK WVPU[Z VM CA VY RA

<latexit sha1_base64="HYEkIilVJi1Neigr09NHjUsoMLo="></latexit>

 0M A PZ TH_PTHS TVUV[VUL� domRA = domCA = Rn �4PU[`»Z [OLVYLT�
 0M A PZ TVUV[VUL� RA HUK CA HYL UVUL_WHUZP]L �[O\Z M\UJ[PVUZ�
 ALYVZ VM A HYL Ä_LK WVPU[Z VM RA HUK CA

<latexit sha1_base64="sbqRaYen8UfrTmTlozPEPwRcskQ="></latexit>

CA = 2RA − I = 2(I +A)−1 − I



Proof
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<latexit sha1_base64="MoTKZZXbc6rNocrk6lqg3/3cEos="></latexit>

-P_LK WVPU[Z VM RA HUK CA HYL aLYVZ VM A

<latexit sha1_base64="I4WEYVetByaDl2WbSOTllfYCEXc="></latexit>

x 2 fixRA
<latexit sha1_base64="a+0g+MvwcbCrXdhg/z4AiIBoGLw="></latexit>

0 2 A(x) () x 2 (I +A)(x)

() (I +A)�1(x) = x

() x = RA(x)

<latexit sha1_base64="ftH+x5cL1cyIurkg8wSXF1v3l6o="></latexit>

x 2 fixCA
<latexit sha1_base64="27Qv0Eru7448q7G+bUu8KKTTOfw="></latexit>

CA(x) = 2RA(x)� I(x) = 2x� x = x

<latexit sha1_base64="3CvAwfwEN25NSIlY35A1TfJY7AU="></latexit>

RA = (I +A)−1



<latexit sha1_base64="t6Wfdx7O8hPgMyItB2J2VjbXBr0="></latexit>

0M A PZ TVUV[VUL� [OLU RA PZ UVUL_WHUZP]L
Proof
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<latexit sha1_base64="Tnwfxu9LWMqGOsKwzH0ZJwxq80o="></latexit>

u+A(u) ! x, v +A(v) ! y

<latexit sha1_base64="Ln4OL//2J1W/JIhuxvU1Dj4r6AU="></latexit>

:\I[YHJ[ [V NL[ u� v + (A(u)�A(v)) 3 x� y

<latexit sha1_base64="sc3IY8VX023vPwQRaOO9hvUgMA4="></latexit>

‖u− v‖2 ≤ (x− y)T (u− v)

<latexit sha1_base64="vzOJSTY2aPN5eVQ/UcLA+7Ebz08="></latexit>

4\S[PWS` I` (u� v)T HUK \ZL TVUV[VUPJP[` VM A �ILPUN HSZV H M\UJ[PVU! 2 ! =��

<latexit sha1_base64="a+qfGvWVOPFg/dE/X2jeGu4WonE="></latexit>

(WWS` *H\JO`�:JO^HYa HUK KP]PKL I` ku� vk [V NL[
<latexit sha1_base64="ESQJcDQJxqJ/85QZ4SZaZ4Tp8n8="></latexit>

‖u− v‖ ≤ ‖x− y‖

<latexit sha1_base64="B8zu5wkiy7sKfzfiFKYxtpKOnmc="></latexit>

0M (x, u) 2 gphRA HUK (y, v) 2 gphRA� [OLU



<latexit sha1_base64="3d4CgyHIVAwBTdbCD+oMlDjws4w="></latexit>

0M A PZ TVUV[VUL� [OLU CA PZ UVUL_WHUZP]L
Proof
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<latexit sha1_base64="dzVxcqtXvy/kGC6drxVmuU4foCE="></latexit>

.P]LU u = RA(x) HUK v = RA(y) �RA PZ H M\UJ[PVU�
<latexit sha1_base64="mimlC/7ADeGkr2jSA4eS4rW3ftI="></latexit>

kC(x)� C(y)k2 = k(2u� x)� (2v � y)k2

= k2(u� v)� (x� y)k2

= 4ku� vk2 � 4(u� v)T (x� y) + kx� yk2

 kx� yk2

<latexit sha1_base64="3C+1BoF0WGPoUCAQCJaIN6OswOQ="></latexit>

5V[L RA TVUV[VUPJP[` �WYL] ZSPKL�! ku� vk2  (u� v)T (x� y)

Remark
<latexit sha1_base64="es+Jof5o6OH5zOYGFspTu7Tbgaw="></latexit>

RA PZ UVUL_WHUZP]L ZPUJL P[ PZ [OL H]LYHNL VM I HUK CA!
<latexit sha1_base64="tRrIr6bb9VyA5KRlS8eX36dJMMY="></latexit>

RA = (1/2)I + (1/2)CA = (1/2)I + (1/2)(2RA − 1)



Role of maximality
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<latexit sha1_base64="zSVmanoQ4GjmluF1wVdF9kMa6jM="></latexit>

>L TVZ[S` JVUZPKLY TH_PTHS VWLYH[VYZ A ILJH\ZL VM

<latexit sha1_base64="l+62ny9wgdPvsc0Ywh6BHWuC0zs="></latexit>

7YHJ[PJL! OHYK [V JVTW\[L RA HUK CA MVY UVU�TH_PTHS TVUV[VUL VWLYH[VYZ�
L�N�� ^OLU A = @f(x) ^OLYL f UVUJVU]L_�

<latexit sha1_base64="n0rN5YY36s5GAWIksKrlRGjvmIw="></latexit>

;OLVY`! RA HUK CA KV UV[ IYPUN P[LYH[LZ V\[ZPKL [OLPY KVTHPUZ



Resolvent of subdifferential: proximal operator
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<latexit sha1_base64="Po24SK3dk3p6InUEluObp3PShak="></latexit>

proxf = R∂f = (I + ∂f)−1

<latexit sha1_base64="6pAn2QJFg5QsudC2+H1zSz39B98="></latexit>

3L[ z = proxf (x)� [OLU
<latexit sha1_base64="x858dD7xpBHn4siDPhNA0F151E4="></latexit>

z = argmin
u

f(u) +
1

2
ku� xk2

() 0 2 @f(z) + z � x �VW[PTHSP[` JVUKP[PVUZ�
() x 2 (I + @f)(z)

() z = (I + @f)�1(x)

Proof



Resolvent of normal cone: projection
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Proof

<latexit sha1_base64="pMSORzHFYn792WSFtsw+NuLqgtg=">AAAFwXicbVTdT9swEE8Z3Vj3AWyPe7EGSO22dkkltEnTJKS+wAMTk1ZAIqVykktr4djGdroUkz90T/tXZodKkDA/nX4fd76zdZGgRGnf/9Nae7Lefvps43nnxctXrze3tt+cKp7LGMYxp1yeR1gBJQzGmmgK50ICziIKZ9HVyPFnC5CKcPZLLwVMMjxjJCUx1haabi1z9B11j9BHFAosNcEUhRnW8xhTc1ROR71L0w/KbtFD4X </latexit>

u = (I + ∂IC)−1(x) ⇐⇒ u = argmin
z

IC(u) + (1/2)‖z − x‖2 = ΠC(x)

<latexit sha1_base64="t/xCKXWVsilDnT3gSbxGkNPYlGA=">AAAFi3icbVRfaxNBEN/WRmu02uqjL4tNQaQNl0hRRKEQhBasVDBtoRfC3t5csnT/XHf3YsJyH8hP46v9Nu6egfYu7tPw+zOzM3O3Sc6ZsVF0u7b+YKP18NHm4/aTp1vPnm/vvDg3qtAUhlRxpS8TYoAzCUPLLIfLXAMRCYeL5HoQ+IsZaMOU/GEXOYwEmUiWMUqsh8bbg69gcSfDn3EsiJ1Swt1JOR509rGdAmYyDUqlcVZIGh </latexit>

3L[ f = IC � [OL PUKPJH[VY M\UJ[PVU VM H JVU]L_ ZL[ C
<latexit sha1_base64="rJDX3PW99uLrz3f8YLAXlXhsi1E=">AAAFn3icbVRLbxMxEHZLAyW8WjhyMTSVCqLRJlIFQkKq1APtoVVBpC3qRpHXO0ms+rG1vWEja38aP4QzV/gP2NtI7W7wafQ9Zjwzu04yzoyNol8rq/fWWvcfrD9sP3r85Omzjc3nZ0blmsKAKq70RUIMcCZhYJnlcJFpICLhcJ5cHQT+fAbaMCW/2XkGQ0Emko0ZJdZDo43zr0AJ5x9xJ86ItoxwHAtipx50R+XoYKd4gz/dQi </latexit>

9LJHSS! @IC(x) = NC(x) UVYTHS JVUL VWLYH[VY

<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>x<latexit sha1_base64="ZXqjuIA0izeTNF6VJCUO1TszS28="></latexit>x

<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)
<latexit sha1_base64="oUxVCtGAHUTnpXbW2ZrWRInHjhA="></latexit>

NC(x)

Proof of monotonicity
add to obtain 
monotonicity

<latexit sha1_base64="eeSDAqUm8j7m4Trxkz84Ynad8fw="></latexit>

NC TVUV[VUL =) ⇧C UVUL_WHUZP]L
<latexit sha1_base64="lCKKH7LNc1uOlkcrT+4ouoS2OeQ="></latexit>

u 2 NC(x) ) uT (z � x)  0, 8z 2 C ) uT (y � x)  0

v 2 NC(y) ) vT (z � y)  0, 8z 2 C ) vT (x� y)  0

<latexit sha1_base64="Yvi59AKANxFBLtqHmKekWZpNjas=">AAAFbXicbVTNbhMxEHYhgRIotCBOIGTRRhREo01E+TkgVcqlPRQVRNpK3Sjy7k4Sq/7Z2t6wkbVPwHtw5wpPwlPwCtjbSO1u8Gn0/cx4ZixHKaPaBMGflRs3G81bt1fvtO7eW7v/YH3j4bGWmYphEEsm1WlENDAqYGCoYXCaKiA8YnASnfc9fzIDpakUX808hSEnE0HHNCbGQaP19peRDVOiDCUMh5yYaUyYPShG/QJ/xOERHf </latexit>

R∂IC = ΠC(x)



Operator theory
Today, we learned to:


• Use conjugate functions to define duality


• Relate subdifferential operator and monotonicity


• Recognize monotone operators in optimization problems


• Apply operators in algorithms: forward step, resolvent, Cayley
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Next lecture

• Operator splitting algorithms
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