
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
10. Optimality conditions for nonlinear optimization



Today’s lecture
[Chapter 2 and 12, NO][Chapter 4 and 5, CO]

Optimality conditions for nonlinear optimization 

• Unconstrained optimization


• Constrained optimization (KKT conditions)


• Duality
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Unconstrained optimization



First-order necessary conditions
Fermat’s Theorem

4

Theorem
<latexit sha1_base64="wb3JdYw1Jcq+6fj7eJPgMXmF30o="></latexit>

0M x? PZ H SVJHS VW[PTPaLY MVY [OL JVU[PU\V\ZS` KPɈLYLU[PHISL M\UJ[PVU f � [OLU

<latexit sha1_base64="9qKjlrXJof/GX54yXL1uINX7r6E="></latexit>

∇f(x!) = 0



First-order necessary condition
Proof (contraposition)

5

<latexit sha1_base64="Qkk3qNGpvNh6Q0bx9BBRC5+TkA0="></latexit>

∇f(x!)T d = −‖∇f(x!)‖2 < 0

Then, by Taylor approximation
<latexit sha1_base64="nWJ72r5zuNAceOMRE62PyywJ1LM="></latexit>

f(x! + td) = f(x!) + t∇f(x!)T d+ o(t)

<latexit sha1_base64="wQ1ZECLfBGs3fuxths1kEaWHnf4="></latexit>

f(y) < f(x!)

<latexit sha1_base64="rAPFZWGj756wfDhy4746nn9Z3H4="></latexit>

>P[O ZTHSS LUV\NO t� ^L JHU ÄUK y = x? + td PU [OL ULPNOIVYOVVK VM x? Z\JO
[OH[

<latexit sha1_base64="TXCpFyIDzlHmdkUueHpRd7PXtZU="></latexit>

(ZZ\TL [OH[ rf(x?) 6= 0� +LÄUL d = �rf(x?)� ;OLU�



First-order necessary condition is not sufficient
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<latexit sha1_base64="nohZUI6/VMaSBSWioDbjgb45OJA="></latexit>

f(x) = 10x2(1− x)2 − x
<latexit sha1_base64="OH3180oULplXzWawdOy4jAtnuto="></latexit>

∇f(x) = 40x3 − 60x2 + 20x− 1
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Each local minimum/maximum 
satisfies

<latexit sha1_base64="f2oOukdEtQeNer9vWlAGp2txBgc="></latexit>

∇f(x) = 0



Second-order necessary condition

7

Theorem
<latexit sha1_base64="wb3JdYw1Jcq+6fj7eJPgMXmF30o="></latexit>

0M x? PZ H SVJHS VW[PTPaLY MVY [OL JVU[PU\V\ZS` KPɈLYLU[PHISL M\UJ[PVU f � [OLU
<latexit sha1_base64="ZeQMWEg4f6sHM2m7C2G0s3VXFIk="></latexit>

∇f(x!) = 0 HUK ∇2f(x!) " 0

Proof
<latexit sha1_base64="CQeOBNA0mfQSWADurHa7qDFiSvU="></latexit>

0M rf(x?) = 0� [OLU [OL ZLJVUK�VYKLY HWWYV_PTH[PVU PZ
<latexit sha1_base64="51OWEv0Wn/3mViS8idl0+3CchO8="></latexit>

f(x? + td) = f(x?) + trf(x?)T d+ t2(1/2)dTr2f(x?)d+ o(t2)

= f(x?) + t2(1/2)dTr2f(x?)d+ o(t2)

<latexit sha1_base64="eM7oHds36GcS3gkdhAFnxsL52L4="></latexit>

;V OH]L H SVJHS TPUPT\T dTr2f(x?)d � 0 MVY HU` d

(positive semidefinite)



Example fixed

8

<latexit sha1_base64="nohZUI6/VMaSBSWioDbjgb45OJA="></latexit>

f(x) = 10x2(1− x)2 − x

<latexit sha1_base64="OH3180oULplXzWawdOy4jAtnuto="></latexit>

∇f(x) = 40x3 − 60x2 + 20x− 1
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∇2f(x) = 120x2 − 120x+ 20

minimamaximum Are they sufficient as well?



Second-order necessary condition is not sufficient

9
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<latexit sha1_base64="A6p7hyylJRoLbwBKrwZyjMG68B4="></latexit>

f(x) = x3

<latexit sha1_base64="LJ3kfkbMOnOikCUSJhtahAh7lnY="></latexit>

∇2f(x) = 6x

<latexit sha1_base64="nx5eBcHoRqK+Lc6XBVS1PzVr4TU="></latexit>

∇f(x) = 3x2

not local minimum

<latexit sha1_base64="tALSjcUUwQccNcOpQLZoLuu3Ljs="></latexit>

∇f(0) = 0

Conditions  
satisfied

<latexit sha1_base64="tXY1SCUvOqad1hTFdVYjbKJnpuY="></latexit>

∇2f(0) = 0 " 0

Cubic function



Second-order sufficient condition

10

Theorem
<latexit sha1_base64="1x2p7ABk2HXUA2owxixANshQiFg="></latexit>

3L[ f IL H JVU[PU\V\ZS` KPɈLYLU[PHISL M\UJ[PVU� 0M x? ZH[PZÄLZ
<latexit sha1_base64="xVxYKcNgqt1MJeMetXo9V56yYMA="></latexit>

∇f(x!) = 0 HUK ∇2f(x!) " 0
<latexit sha1_base64="Yt3GUDurrV2ReXCt5OUKYo5owAU="></latexit>

[OLU x? PZ H SVJHS TPUPT\T VM f

Proof
<latexit sha1_base64="qCA8YHSQSvKHotmJAmIGoEurnSQ="></latexit>

0M r2f(x?) � 0� [OLU 9� > 0 Z\JO [OH[ dTr2f(x?)d > �kdk22
<latexit sha1_base64="sdcvqF2ZJJlBClgErTEbr97a1XU="></latexit>

;OLU� PM rf(x?) = 0� PU H ULPNOIVYOVVK VM x? ^L OH]L

<latexit sha1_base64="MCFG9BhCrw/veRzhMIQSZ6gXJdI="></latexit>

MVY HU` d

<latexit sha1_base64="FqfTsxkPpBzjsMwGkervxa2wFlE="></latexit>

f(x! + td) = f(x!) + t2(1/2)dT∇2f(x!)d+ o(t2) > f(x!)



Examples
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<latexit sha1_base64="A6p7hyylJRoLbwBKrwZyjMG68B4="></latexit>

f(x) = x3
<latexit sha1_base64="LJ3kfkbMOnOikCUSJhtahAh7lnY="></latexit>

∇2f(x) = 6x
<latexit sha1_base64="8z53R5Mf+pefhUEdZViG4EoW2Jg="></latexit>

∇2f(0) = 0 (does not satisfy 
sufficient condition)

Cubic function

Least-squares
<latexit sha1_base64="y/7gA1WHPxaGTt98I/w0NT1nkhk="></latexit>

∇2f(x) = 2ATA

<latexit sha1_base64="ijqasAiN+b/fF8nko0wu2qXRzmA="></latexit>

2ATA � 0 PM A PZ M\SS YHUR
<latexit sha1_base64="hVSHlq4IMmQVMSH2gbDdMW5hCd0="></latexit>

�SPULHY PUKLWLUKLU[ JVS\TUZ PU A�

<latexit sha1_base64="91fFnbge7G7FIL1GdOdAonqA/Ts="></latexit>

f(x) = ‖Ax− b‖ = xTATAx− 2xTAT b+ bT b



Constrained optimization



Feasible direction

13

<latexit sha1_base64="V0Ypwa0hYybJAAfDMyWzk/3kmDM="></latexit>

x+ td ∈ C, ∀t ∈ [0, t̄]

<latexit sha1_base64="5aw0staVTT113UfoAX+ZFrFrp8E="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V x ∈ C

<latexit sha1_base64="FE9IljexM14XwAgBh8qQkaIr2GE="></latexit>x<latexit sha1_base64="KFiwi2Lv8Kidtdi9P32bWtmgtw8="></latexit>

d
Examples

<latexit sha1_base64="T0vpldV4keUAEGXdkyYK4BTtXlg="></latexit>

C = {Ax ≤ b} =⇒ F (x) = {d | aTi d ≤ 0 PM aTi x = bi}

<latexit sha1_base64="sJ0AJaLxrVfRqThgR09oEGSBZlA="></latexit>

C = {Ax = b} =⇒ F (x) = {d | Ad = 0}

<latexit sha1_base64="e4e+nIpmsCFK6WMa5E8kXsq+6zs="></latexit>

C = {gi(x) ≤ 0, �UVUSPULHY�} =⇒ F (x) = {d | ∇gi(x)
T d < 0 PM gi(x) = 0}

<latexit sha1_base64="4mXj/9OFtGhx+vnk12Vxo5twVAw="></latexit>

F (x) PZ [OL ZL[ VM HSS MLHZPISL KPYLJ[PVUZ H[ x

<latexit sha1_base64="QQ1qdj/mSauGKGW4KYV6pwZ2R6Q="></latexit>

.P]LU x 2 C� ^L JHSS d H MLHZPISL KPYLJ[PVU H[ x PM [OLYL L_PZ[Z t̄ > 0 Z\JO [OH[



Descent direction

14

<latexit sha1_base64="464QBKPGwtfOuXRWjyob52ekDoQ="></latexit>

.P]LU JVU[PU\V\ZS` KPɈLYLU[PHISL f � ^L JHSS d H KLZJLU[ KPYLJ[PVU H[ x PM [OLYL
L_PZ[Z t̄ Z\JO [OH[

<latexit sha1_base64="T9ftaxFJfU14AVyuGKsCSP86FKs="></latexit>

f(x+ td) < f(x), ∀t ∈ [0, t̄]

Remark
<latexit sha1_base64="3r8NZT4L99TpzqthJ4EQ7FugvmA="></latexit>

-VY HSS KLZJLU[ KPYLJ[PVUZ d H[ x ^L OH]L rf(x)T d < 0

<latexit sha1_base64="tj4vNU1kizMs3kmRwkQNdQvsBAc="></latexit>

∇f(x)

<latexit sha1_base64="KFiwi2Lv8Kidtdi9P32bWtmgtw8="></latexit>

d

<latexit sha1_base64="QSPX9V/f4/H/3LVvNmm2loAa1xI="></latexit>

D(x) PZ [OL ZL[ VM HSS KLZJLU[ KPYLJ[PVUZ



Necessary optimality condition idea

15

<latexit sha1_base64="BVMztpBwckW5iKs5GSK2mPvvX2o="></latexit>

0M x? PZ H SVJHS VW[PT\T� [OLU
<latexit sha1_base64="vbv0N44639Je2Sh8A9vYo/tOj9U="></latexit>

F (x!) ∩D(x!) = ∅

All feasible directions are not descent directions

There is no feasible descent direction



Nonlinear optimization with equality constraints

16

<latexit sha1_base64="fsNmTKEUMQRjgJ7uKm+7G1gZoao="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V Ax = b

Theorem
<latexit sha1_base64="KkVw3v2S7/nS/UZmJASRjp5/pOQ="></latexit>

∇f(x!) +AT y = 0
<latexit sha1_base64="qkqZelF8OsvumSQ43JFmMBOD16I="></latexit>

0M x? PZ H SVJHS VW[PT\T� [OLU 9y Z\JO [OH[

Interpretation
<latexit sha1_base64="5g2LHvHTgk3yERGgjJXbwRX+RcQ="></latexit>

∇f(x!) ∈ range(AT ) = null(A)⊥
<latexit sha1_base64="N9wm9NZsYQUy2GeOsOTTGMjspGQ="></latexit>

∇f(x!) ⊥ null(A)
(perpendicular 

to 
hyperplane)

Example: constrained least squares
<latexit sha1_base64="o+kDkDFISFxtin/4IeLW6/BNG+Q="></latexit>

TPUPTPaL ‖Ax− b‖22
Z\IQLJ[ [V Cx = d

optimality conditions
<latexit sha1_base64="HonirwwJM5n/+81rSNAJL4c6pyQ="></latexit>[
2ATA CT

C 0

[[
x!

y

[
=

[
2AT b

d

[



Proof of the theorem

17

<latexit sha1_base64="1V/SfhSO320bE8D0SmmDaOl1s50="></latexit>

F (x) = {d | Ad = 0}
Feasible directions

Descent directions
<latexit sha1_base64="qEePtNE8qkyZTBTuwWj3Bcvf+ao="></latexit>

D(x) = {d | rf(x)T d < 0}

<latexit sha1_base64="z6s/bUVwjqgNgh8K8y4wcRzdaJ0="></latexit>

Ad = 0

∇f(x!)T d < 0

alternative 1 alternative 2
<latexit sha1_base64="TQGcQJkRp1a1yDs3kD7MLwSZQsk="></latexit>

∃y such that
∇f(x!) +AT y = 0

can’t be both true
<latexit sha1_base64="yVkJ6S/xHlo9kOVqNBgYvOn6Bz8="></latexit>

if ∇f(x!) +AT y = 0 =⇒ ∇f(x!)T d+ yTAd = 0 (contradiction)

can’t be both false

<latexit sha1_base64="g/qB4DQECz4TLvemU9YsD0C16dQ="></latexit>

minimize ∇f(x!)T d

subject to Ad = 0

<latexit sha1_base64="WgRWXouMAgOJGOQANW54J7FWgQw="></latexit>

maximize 0

subject to ∇f(x!) +AT y = 0

<latexit sha1_base64="AeWKyKiwLi9VW3oygGqDK95FbZg="></latexit>

if alternative 1, then p! = −∞ ⇒ d! = −∞ (dual infeasible)
<latexit sha1_base64="Kf0JvnlRIemv52YM8Du3FOBSkP0="></latexit>

if alternative 2, then p! = 0 ⇒ d! = 0 (dual feasible)



Necessary conditions for smooth nonlinear optimization

18

<latexit sha1_base64="EOJPF8U85YYW4ttLsibdSsIFXn8="></latexit>

TPUPTPaL f(x)

Z\IQLJ[ [V gi(x) ≤ 0, i = 1, . . . ,m

Linearly independence constraint qualification (LICQ)

<latexit sha1_base64="0JVEFwvsIL80MIm8WvpGehTGhZ8="></latexit>

{rgi(x), i 2 A(x)} PZ SPULHYS` PUKLWLUKLU[

<latexit sha1_base64="GVN37+bLHwrbBdbL7Gc+IYslQBI="></latexit>

.P]LU x HUK [OL ZL[ VM HJ[P]L JVUZ[YHPU[Z A(x) = {i | gi(x) = 0}� ^L ZH` [OH[
30*8 OVSKZ PM HUK VUS` PM

Theorem
<latexit sha1_base64="kxmk+t5eSEQ4aOEyahQCRkhn574="></latexit>

0M x? PZ H SVJHS TPUPT\T HUK 30*8 OVSKZ� [OLU [OLYL L_PZ[Z y � 0 Z\JO [OH[
<latexit sha1_base64="rR7U+GsSl6rQOtiwiq9HvGvddKk="></latexit>

rf(x?) +
mX

i=1

yirgi(x
?) = 0

yigi(x
?) = 0, i = 1, . . . ,m

<latexit sha1_base64="jH+pgXKY3OKvyzJCdf416kT4ZTk="></latexit>

�gi(x) UVUSPULHY�



Useful Lemma
Farkas lemma variation

19

<latexit sha1_base64="ShG4bwZQVnmUtBeaaRXHa96RYfw="></latexit>

.P]LU A� L_HJ[S` VUL VM [OL MVSSV^PUN Z[H[LTLU[Z PZ [Y\L

Proof
They cannot be both true.

<latexit sha1_base64="tULZFqCxe/DsA1Qi/0uM9Afb2Tc="></latexit>

Ad < 0 ⇒ uTAd < 0 (contradiction)

<latexit sha1_base64="bYexwsjG9KLQdFEXRK0ijJHize0="></latexit>

�� ;OLYL L_PZ[Z HU d ^P[O Ad < 0

�� ;OLYL L_PZ[Z H u ^P[O ATu = 0� 1Tu = 1� HUK u � 0

They cannot be both false

, equivalent to 2.
By Farkas lemma (Lec 9) , we have the alternative

1 is equivalent to
<latexit sha1_base64="cM0ZM77n0hB8OGM8RM8iE69tUtE="></latexit>

with Ã =
[
A 1

]
, c = (0, . . . , 0, 1) and d̃ = (−d,−ε)

<latexit sha1_base64="hCtK0NZO+Z8IWkBL/8dfg9SusbY="></latexit>

Ãd̃ ≥ 0, cT d̃ < 0

<latexit sha1_base64="X0tqM8qXjsUM+9LVLgzT3Qn6J5E="></latexit>

ÃTu = c, u ≥ 0



Necessary conditions for smooth nonlinear optimization
Proof
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Feasible directions Descent directions
<latexit sha1_base64="qEePtNE8qkyZTBTuwWj3Bcvf+ao="></latexit>

D(x) = {d | rf(x)T d < 0}
<latexit sha1_base64="ie7XI9xL+Czqkw38J/5g363kohY="></latexit>

F (x) = {d | rgi(x)T d < 0, i 2 A(x)}

Optimality condition Infeasible system
<latexit sha1_base64="PXW7bvneEkd8YR+tzXtmEmhjt4Y="></latexit>

F (x) \D(x) = ;
<latexit sha1_base64="1d8cYCTVdDJXv2JLqwWJBzib3cs="></latexit>

Ad < 0, A =
[
∇f(x) ∇gA(x)1(x) . . . ∇gA(x)n(x)

]T

<latexit sha1_base64="WZnQbytc4mJwm2O+LkVwACIr8SU="></latexit>

u0rf(x?) +
X

i2A(x?)

uirgi(x
?) = 0

u � 0, 1Tu = 1

Therefore,

Farkas lemma variation
<latexit sha1_base64="GD8b4MiLgGjQam2ELaL2Sq0563c="></latexit>

9u � 0 Z\JO [OH[ ATu = 0 HUK 1Tu = 1



Necessary conditions for smooth nonlinear optimization
Proof (continued)

21

<latexit sha1_base64="HqXcIWNv6waMOQEY5CRNIBgC77U="></latexit>

0M u0 = 0� [OLU
X

i2A(x?)

uirgi(x
?) = 0 �30*8 ]PVSH[LK��

<latexit sha1_base64="WZnQbytc4mJwm2O+LkVwACIr8SU="></latexit>

u0rf(x?) +
X

i2A(x?)

uirgi(x
?) = 0

u � 0, 1Tu = 1

<latexit sha1_base64="lZlkoOJLNztq9/gYs3OxcG4cqTo="></latexit>

/LUJL� u0 > 0� 3L[»Z KLÄUL y = u/u0� VI[HPUPUN
<latexit sha1_base64="kK22i89nj9Sy6GDsKK1xhNteLN8="></latexit>

∇f(x!) +
∑

i∈A(x)

yi∇gi(x
!) = 0

Which can be rewritten as 
<latexit sha1_base64="rR7U+GsSl6rQOtiwiq9HvGvddKk="></latexit>

rf(x?) +
mX

i=1

yirgi(x
?) = 0

yigi(x
?) = 0, i = 1, . . . ,m
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What happens if LICQ fails?

22

<latexit sha1_base64="JILTNPl7HBtE3IBvueW0oxBfyBo="></latexit>

rf(x?)

<latexit sha1_base64="zQSevchGDrzZiP6UG9jQV2B3O40="></latexit>

rg1(x
?)

<latexit sha1_base64="lAMO6x/SLbT49B2uINQG2JS9/iU="></latexit>

rg2(x
?)



KKT necessary conditions for nonlinear optimization

23

Theorem

stationarity

dual feasibility

primal feasibility

complementary slackness

<latexit sha1_base64="PqiD03/c/k7BLlosq0MmoCifYoo=">AAAE5XichVPLbhMxFJ2UACW8WliysehDBdJoJqKCTaVK3ZRFUZFIW6kOkcdzM7Hix9T2hETWfAJigxCs+B/+gL/Bk47UTiKEV1fnnHvuw3accWZsGP5prNxq3r5zd/Ve6/6Dh48er60/OTUq1xR6VHGlz2NigDMJPcssh/NMAxExh7N4fFjyZxPQhin50c4y6AuSSjZklFgPDdYbK1iSmBM03Jl+wsYS/QK9QtjkYuDYflR8cq </latexit>

rf(x?) +
mX

i=1

y?i rgi(x
?) +

pX

i=1

v?i rhi(x
?) = 0

y? � 0

gi(x
?)  0, i = 1, . . . ,m

hi(x
?) = 0, i = 1, . . . , p

y?i gi(x
?) = 0, i = 1, . . . ,m



Duality



Lagrangian dual function

25

<latexit sha1_base64="aFqQdrBuu6P//Qe6v/1BVYyqa8U=">AAAEenicZVPbThNBGN5CVawn0EtvJpyCWprdBtAbEhJu8AKDiQWSTiWz27/tyByWmdnaOtn38Jl8A9/FGP8pTXDLXP35Dv9pZtJccOvi+Hdtabn+4OGjlceNJ0+fPX+xuvby3OrCZNDJtNDmMmUWBFfQcdwJuMwNMJkKuEivjwN/MQZjuVZf3DSHnmRDxQc8Yw6hq9Wf+VdqHTPkkNAUhlx5Zgybll3X80KUDSpTPfGSKy75Dy </latexit>

p! = minimize f(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

<latexit sha1_base64="2MI+DcNeFLy15mAVrdSDegfHlF4="></latexit>

L(x, y, v) = f(x) +
m∑

i=1

yigi(x) +
p∑

i=1

vihi(x)

Lagrangian

Lagrange dual function

Lower bound property
<latexit sha1_base64="Q/LTmb0WO7XGSkx+yZzoUyb+mpU="></latexit>

For any y ≥ 0 and v, q(y, v) ≤ p!

Proof.
<latexit sha1_base64="kco4oXPBwpZDcon6VGS8MtmuJGs="></latexit>

Let x̃ be a feasible point. Then,<latexit sha1_base64="CSmzTM/oP7rc6q4Fo061rVTzZak="></latexit>

q(y, v) = inf
x

L(x, y, v) ≤ f(x̃) +
m∑

i=1

yigi(x̃) +
p∑

i=1

vihi(x̃)
<latexit sha1_base64="9RSsG2tvzFH0IMmfGbOw+slUR5Y="></latexit>

≤ f(x̃)

<latexit sha1_base64="lG90JUvOLVcs2dStkeWtTj8aALc="></latexit>≤ 0
<latexit sha1_base64="ofKeG1xlpgnhuuLdysBvj0gNyjI="></latexit>

= 0
<latexit sha1_base64="2CM8UKthtmnTcPbAqhd66jY1oGM="></latexit>

=⇒ g(y, v) ≤ p!

<latexit sha1_base64="d46kkZSYHw9+TJ1tMm2NY2+QFAw="></latexit>

q(y, z) = inf
x

L(x, y, v)



Dual problem and weak duality
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<latexit sha1_base64="aFqQdrBuu6P//Qe6v/1BVYyqa8U="></latexit>

p! = minimize f(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

primal problem
dual function

<latexit sha1_base64="AgQsgX8YgtYDm3isoMSUSb5L7qw="></latexit>

q(y, z) = inf
x

f(x) +
m∑

i=1

yigi(x) +
p∑

i=1

vihi(x)

weak duality 
(from lower bound property)

<latexit sha1_base64="EP3uG+CyecZm44uAY3Jf8upOHqo="></latexit>

d! ≤ p!

dual problem 
(find best lower bound)

<latexit sha1_base64="q9q8LpP9gjtTxcM3AiSkc0lAGPI="></latexit>

d! = maximize q(y, v)

subject to y ≥ 0

always convex optimization problem 
(even when primal is not)



Strong duality
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• Does not hold in general

• (usually) holds for convex problems

• needs conditions  

(constraint qualifications)

<latexit sha1_base64="shc5T1dIAzP0g5t3Hq4H2MNOJgA="></latexit>

When is p! = d!?

theorem

Slater’s condition

<latexit sha1_base64="Wshlf4oTK9/uyFX926HCfNu8ztA="></latexit>

0M [OL WYVISLT PZ JVU]L_ HUK [OLYL L_PZ[Z H[ SLHZ[ H Z[YPJ[S` MLHZPISL x� P�L��
<latexit sha1_base64="NuxRTj5q98BUGbGDcoUcZ1ctdro="></latexit>

gi(x)  0, (MVY HSS HɉUL gi)

gi(x) < 0, (MVY HSS UVU�HɉUL gi)

hi(x) = 0, i = 1, . . . , p

<latexit sha1_base64="aFqQdrBuu6P//Qe6v/1BVYyqa8U="></latexit>

p! = minimize f(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

• Slater’s condition implies that dual is not unbounded

• Generalizes LP duality

remarks



KKT necessary conditions revisited
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Theorem

stationarity

dual feasibility

primal feasibility

complementary slackness

<latexit sha1_base64="PqiD03/c/k7BLlosq0MmoCifYoo="></latexit>

rf(x?) +
mX

i=1

y?i rgi(x
?) +

pX

i=1

v?i rhi(x
?) = 0

y? � 0

gi(x
?)  0, i = 1, . . . ,m

hi(x
?) = 0, i = 1, . . . , p

y?i gi(x
?) = 0, i = 1, . . . ,m

<latexit sha1_base64="Jfq4jyxaWtIn7r1aBQX8E47VCE4="></latexit>

(∇xL(x, y, v) = 0)

<latexit sha1_base64="7ooYHPB4pQoqEekOHd8NdAH0y24="></latexit>

If x! is a local minimizer and strong duality holds, then ∃y!, v! such that

<latexit sha1_base64="FqqIN+CXwCs8sFZjClnuscpuB8I="></latexit>

minimize f(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p



KKT conditions for convex problems
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<latexit sha1_base64="FqqIN+CXwCs8sFZjClnuscpuB8I="></latexit>

minimize f(x)

subject to gi(x) ≤ 0, i = 1, . . . ,m

hi(x) = 0, i = 1, . . . , p

conditions are also sufficient
<latexit sha1_base64="N/mQcOZnAA0CFMneT0s/hjUaeuY="></latexit>

If x!, y!, v! satisfy KKT conditions for convex problem, then they are optimal.

<latexit sha1_base64="e/4GhLulhDE2ySAHnc3ocrJh1n8="></latexit>

f, gi convex
hi affine

Proof
from complementary 


slackness

<latexit sha1_base64="yjWimd7EEjA0WCVdb2YyAoLMDHM="></latexit>

f(x!) = f(x!) +
m∑

i=1

y!i gi(x
!) +

p∑

i=1

v!i hi(x
!) = L(x!, y!v!)

<latexit sha1_base64="nyeI7W/4KsfvpaNIcRevnhxf9oU="></latexit>

Since L(x, y, v) is convex in x and ∇xL(x!, y!, v!) = 0
<latexit sha1_base64="YDs4y4gGJcVtpP3VQgVQySjiwkU="></latexit>

⇒ q(y!, v!) = infx L(x, y!, v!) = L(x!, y!, v!)
<latexit sha1_base64="jSs5Ne3iS0w29E4Ft9UXwcOT15c="></latexit>

⇒ p! = f(x!) = q(y!, v!) = d!



KKT remarks
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• First appeared in publication by Kuhn and Tucker (1951)

• It already existed in Karush’s unpublished master thesis (1939)

History

Convex problems
KKT conditions are always sufficient

If Slater condition holds, KKT conditions are necessary and sufficient

Unconstrained problems
<latexit sha1_base64="nmurjfFMc4pqh03TvQ8FdwjW1Sk="></latexit>

;OL` YLK\JL [V ULJLZZHY` ÄYZ[�VYKLY JVUKP[PVU rf(x) = 0

Strong duality
In general, we can replace LICQ assumption with strong duality 



Example: KKT conditions for convex QP
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<latexit sha1_base64="Zhb80Kw9tbZfIv+/EbdEyEWuEVg="></latexit>

L(x, y, v) = (1/2)xTPx+ qTx+ yT (Cx� d) + vT (Ax� b)

Lagrangian

Stationarity condition

<latexit sha1_base64="64M+hLAZ/1/S5lg5RFi/zwhse7Y="></latexit>

^OLYL y � 0

<latexit sha1_base64="h+bcu13B/g3zfX4QBF/7l2URfus="></latexit>

∇xL(x, y, u) = Px+ q + CT y +AT v = 0



Example: KKT conditions for convex QP
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stationarity condition

KKT Optimality conditions
<latexit sha1_base64="E8sigZnZAQBtLmSmVvm1zyQmnc4="></latexit>

Px? + q + CT y? +AT v? = 0

y? � 0

Ax� b = 0

Cx� d  0

yi(c
T
i x

? � di) = 0, i = 1, . . . ,m

dual feasibility

primal feasibility

complementary slackness



Optimality conditions in nonlinear optimization

Today, we learned to:


• Prove optimality conditions for unconstrained optimization 

• Compute feasible and descent directions


• Derive optimality conditions for constrained optimization


• Connect optimality conditions to duality theory
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Next lecture

• Optimization algorithms

34


