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4. The simplex method
ORF522 – Linear and Nonlinear Optimization



Recap



Equivalence

3

.P]LU H UVULTW[` WVS`OLKYVU P = {x | Ax  b}

<latexit sha1_base64="s9qCnMF9xZ3KGk5vRIKD1AvJVtM="></latexit>

Theorem

3L[ x 2 P

<latexit sha1_base64="XS5zs+hqLCv00t5nOH9Se/OMLtA="></latexit>

x PZ H ]LY[L_ () x PZ HU L_[YLTL WVPU[ () x PZ H IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="CZipqTCt+czbO/EWv7Or38SO+Oc="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>



Basic feasible solution

4

P = {x | aTi x ≤ bi, i = 1, . . . ,m}

<latexit sha1_base64="5W7VR71BzoEwCFbfX/9vBULC7hA="></latexit>

 {ai | i 2 I(x̄)} OHZ n SPULHYS` PUKLWLUKLU[ ]LJ[VYZ

<latexit sha1_base64="TaxDB+LItt6PM4zEHhzHOPDnM8k="></latexit>

)HZPJ ZVS\[PVU x̄

<latexit sha1_base64="MVtU8SZq9GjmjwLmsscQwCfSPOQ="></latexit>

x̄

<latexit sha1_base64="a5e87ZDyMx2QQwA3406b0h2YQgw="></latexit>

 x̄ 2 P
 {ai | i 2 I(x̄)} OHZ n SPULHYS` PUKLWLUKLU[ ]LJ[VYZ

<latexit sha1_base64="skDM03FmuHa3zk1QRDGYHMSvF5w="></latexit>

)HZPJ MLHZPISL ZVS\[PVU x̄

<latexit sha1_base64="+dv5Cjc7OVWCvqRLiQDqRgeP+EA="></latexit>

Index of all the constraints 
satisfied as equalityI(x̄) = {i ∈ {1, . . . ,m} | aTi x̄ = bi}

<latexit sha1_base64="oscbIXuQkTlbV5DJEvzMU91qftE="></latexit>

(J[P]L JVUZ[YHPU[Z H[ x̄

<latexit sha1_base64="kKEAZ9ZK+R0T9sSfigOFjWA8xoY="></latexit>



Basic solutions
Standard form polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x PZ H IHZPJ ZVS\[PVU PM HUK VUS` PM

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

 Ax = b
 ;OLYL L_PZ[ PUKPJLZ B(1), . . . , B(m) Z\JO [OH[

¶ JVS\TUZ AB(1), . . . , AB(m) HYL SPULHYS` PUKLWLUKLU[
¶ xi = 0 MVY i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>

Theorem

x PZ H IHZPJ MLHZPISL ZVS\[PVU PM x PZ H IHZPJ ZVS\[PVU HUK x � 0

<latexit sha1_base64="df+98hYlyvhUk5fNeo5uTY0jIIM="></latexit>



Intuition: from geometry to standard form 
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TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE=">AAADHXicbVG7jhMxFHWG1xJeWShpLFZBSIhoJkICukUroVAsWsRmd6WdENnOTWLix2jsCROsKWip6fkHOj6ADiE6REVDAX+BnY2EJsutru7xOb73HJoJbmwc/2hEZ86eO39h42Lz0uUrV6+1Nq8fGF3kDPpMC50fUWJAcAV9y62AoywHIqmAQzrbCfjhHHLDtdq3iwwGkkwUH3NGrB8NWy9SChOuHMlzsqicEFUzlVSXTnLFJX 8DFb6N2cv9Mk1XgCnoK2AWWx2gxyVOBWDaTEGNVirD1lbciZeFTzfJqtnafvLt/du7v97tDTcbH9ORZoUEZZkgxhwncWYHXs5yJsCvVBjICJuRCRyP5jwzikgwA1cuDajhjkhjFpJWuC2JnZp1jJpFhXGbajEK+DocZv+lhonVWpj6NoUdPxw4rrLCgmL1TajWM0uoZzTb+KliPhcDeJeUeO4N1DkGAeFk4+HUgGW6UBZy51/sEpvzcid857pxXWBpMjb+F2imOSh4zbSUxNufLiFjc681rVzS6Xqmp/Y9qwdiDt5OggWfTC0ea2Vrlyh9L9w4cAExGYRj/FKScBUm7p/AMyh8Jj7lZD3T081Bt5Pc7zx67uPuoZPaQDfRLXQHJegB2kY9tIf6iKFP6Cf6jf5EH6LP0Zfo68nTqLHi3EC1ir7/BYeqBmw=</latexit>

>OPJO JVYYLZWVUKZ [V m PULX\HSP[PLZ PUHJ[P]L ) x̃i > 0 �IHZPJ�

<latexit sha1_base64="NC/WSFg/TF4EZ1K3YcbwVVrQu94="></latexit>

TPUPTPaL cT (x+ − x−)

Z\IQLJ[ [V
[
A −A I

]
⎡

⎢⎣
x+

x−

s

⎤

⎥⎦ = b

(x+, x−, s) ≥ 0

<latexit sha1_base64="lmEd/M41nTyx4JLqAnaW7rkEMRY="></latexit>

=HYPHISLZ! ñ = 2n+m

<latexit sha1_base64="XClXVnbf5avo8js1I6fHv/KOjAc="></latexit>

<latexit sha1_base64="oY93eErcgqK/uOnuk55hQJgCVCk="></latexit>

�,X\HSP[`� JVUZ[YHPU[Z! m̃ = m =) HJ[P]L

TPUPTPaL c̃T x̃

Z\IQLJ[ [V Ãx̃ = b

x̃ ≥ 0

<latexit sha1_base64="8AWAp8XJq2I4rXthgg0FkqJtbwA="></latexit>

For a basic solution
<latexit sha1_base64="ISO3EYQ/twr6l6W4JoNT90daeFw="></latexit>

>L ULLK ñ� m̃ = 2n
HJ[P]L PULX\HSP[PLZ ) x̃i = 0 �UVU IHZPJ�



Constructing basic solution
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�� *OVVZL HU` m PUKLWLUKLU[ JVS\TUZ VM A! AB(1), . . . , AB(m)

�� 3L[ xi = 0 MVY HSS i 6= B(1), . . . , B(m)
�� :VS]L Ax = b MVY [OL YLTHPUPUN xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables
<latexit sha1_base64="mb4z4YwhQ2i3QI1PINthJBqmmt4="></latexit>

AB =

⎡

⎢⎣AB(1) AB(2) . . . AB(m)

⎤

⎥⎦ , xB =

⎡

⎢⎢⎣

xB(1)

���
xB(m)

⎤

⎥⎥⎦
<latexit sha1_base64="+iRwBbBRY0GON+5ZERi161wiBtk="></latexit>

:VS]L ABxB = b

0M xB � 0� [OLU x PZ H IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Optimality of extreme points

8
We only need to search between extreme points

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

 P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
 ;OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU x?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

;OLU� [OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU ^OPJO PZ HU L_[YLTL WVPU[ VM P

<latexit sha1_base64="8E4YOFsTmSfbOBTfirH2kB2dSh4="></latexit>

Theorem



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

9

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



Today’s agenda
Readings: [Chapter 3, LO]

Simplex method 
- Iterate between neighboring basic solutions

- Optimality conditions

- Simplex iterations

10



The simplex method
Top 10 algorithms of the 20th century

11[SIAM News (2000)]

1946: Metropolis algorithm 
1947: Simplex method 
1950: Krylov subspace method 
1951: The decompositional approach to matrix computations 
1957: The Fortran optimizing compiler 
1959: QR algorithm 
1962: Quicksort 
1965: Fast Fourier transform 
1977: Integer relation detection 
1987: Fast multipole method

George Dantzig



Neighboring basic solutions



Neighboring solutions

13

x

<latexit sha1_base64="H3tO1OlS6re8CGmMtrCXjzGdbE0="></latexit>

y

<latexit sha1_base64="wO7JwEx9yskURCE8d1DLTnSuRPY="></latexit>

Two basic solutions are neighboring if their 
basic indices differ by exactly one variable

<latexit sha1_base64="g121zA88CEu+4gxodONG3tM51KU=">AAADWHicbVJNbxMxEHUToG34aFqOXCyiSBxKtBs+L0gVvYRDUZFIW6kbRV5nkljxx8qeDYms/SVc4UfBr8EOkdCmzGn03rzxm/HkhRQOk+TXXqN57/6D/YPD1sNHj58ctY9PrpwpLYchN9LYm5w5kELDEAVKuCksMJVLuM4X55G/XoJ1wuivuC5gpNhMi6ngDAM0bh99pB9o5tNT+uqUvsmqcbuT9JJN0LtJuk06ZBuX4+NGmk 0MLxVo5JI5d5smBY48syi4hKqVlQ4KxhdsBn5aSlmEpIbeTpaicJopcCO/2oxUVzHl3FrlFe0qhnO3y+VuXVHazY2cRH6Xjth/pRFBY6Sruylx+n7khS5KBM3rTnJjFsjyoGh16SfNw6Yd0Au2okvgaCwFCXERLtCZA+Sm1AjWh4oLhlaszuNzvp/UGzBr2Zq68Aq0MgsavnGjFNMTn20ohzb0mlc+7fWDMkiHQTUAuYSwZEalmM2RTo3G2iTavIwzjnxkXAFxmGBKMaEj4v81+Axl+JPaqKBLJRBU0NT9zJTQlc9iZ1P4zCq6xXYqObOTet0Gif7DkaW7J3U3uer30re95Mvrztlge24H5Bl5Tl6QlLwjZ2RALsmQcFKS7+QH+dn43STN/ebh39LG3lbzlNSiefIHE80UYA==</latexit>

B = {1, 3, 5}

<latexit sha1_base64="q+tOo6oObIFIZmmGiI7fjxKK/Ko=">AAADUnicbVJNixNBEO0k6q5x1V09emkMAS+GmbCol4XVvcTDygpmdyETQk+nkjTpj6G7JiY08zO86p/y4l/xZHcMyGQtGCjeq1ddr6byQgqHSfKr0Wzdu//g4PBh+9HR4ydPj0+eXTtTWg5DbqSxtzlzIIWGIQqUcFtYYCqXcJMvLyJ/swLrhNFfcFPAWLG5FjPBGQZo9H7yga7Dd0bzyXEn6SXboHeTdJd0yC6uJifNNJsaXi rQyCVzbpQmBY49syi4hKqdlQ4KxpdsDn5WSlmEpIaOpitROM0UuLFfb83UVUw5t1F5RbuK4cLtc7nbVJR2cyOnkd+nI/ZfaUTQGOnq05Q4ezf2Qhclgub1SXJjlsjyoGh36UfNw44d0Eu2pivgaCwFCXERLtCZA+Sm1AjWh4pLhlasL+Jzvp/UGzBr2Ya68Aq0MwsavnKjFNNTn20phzb0WlQ+7fWDMkiHQTUAuYKwZEalmC+QzozGmhNtXkePYx8ZV0A0E4ZSTOiI+H8NPkEZ/knNKuhSCQQVNPV55kroymexsyl8ZhXdYXuVnNlpvW6LxPnDkaX7J3U3ue730je95PNp53ywO7dD8oK8JK9ISt6SczIgV2RIODHkG/lOfjR/Nn+3Gq3W39JmY6d5TmrROvoDFKsUYA==</latexit>

ABxB = b

<latexit sha1_base64="AxY6/wqH9fhC+K4oL4mkZB2yfTw="></latexit>

xB =

2

64
x1

x3

x5

3

75 =

2

64
0

1

2.5

3

75

<latexit sha1_base64="CqNY/jqPLnfuyICthgX22d5YFPk="></latexit>

x2 = x4 = 0

Example
<latexit sha1_base64="1FnNRc5l8/2Jdww5Y4/CTARQwjY="></latexit>

A
<latexit sha1_base64="+TaFCBQRkOWe05h6v5Y6C7wee3M="></latexit>

b
<latexit sha1_base64="wEYlTmec4tJvyjaojqODJFQLcLU="></latexit>

2

64
1 �1 0 3 �2

2 0 �1 �1 0

0 2 4 �1 4

3

75

2

6666664

x1

x2

x3

x4

x5

3

7777775
=

2

64
�5

�1

14

3

75

<latexit sha1_base64="t8ytXMUUUsA8/eGxFrlgXcO/Nao="></latexit>

B̄ = {1, 3, 4}

<latexit sha1_base64="63PGkml6n6u8Ko21B6ua5GMyr1U="></latexit>

AB̄yB̄ = b

<latexit sha1_base64="PRqdFUuzxEg3+k3OCo348jVYHO0="></latexit>

y2 = y5 = 0
<latexit sha1_base64="eMpFaw31KIr2659XZpxUmmy9NrE="></latexit>

yB̄ =

2

64
y1
y3
y4

3

75 =

2

64
0.1

3.0

�1.7

3

75



Feasible directions
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

^L OH]L IHZPJ MLHZPISL ZVS\[PVU x!

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

<latexit sha1_base64="W2UrMzn+arcseCOeLJrw2vN4pWs="></latexit>

.P]LU H IHZPZ TH[YP_ AB =
h
AB(1) . . . AB(m)

i

<latexit sha1_base64="0Q2qH2lqdAvuZpAJ2eaLkyOcn+w="></latexit>

 xB ZVS]LZ ABxB = b
 xi = 0, 8i 6= B(1), . . . , B(m)

Conditions

-LHZPISL KPYLJ[PVU d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

 A(x+ ✓d) = b =) Ad = 0
 x+ ✓d � 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>

3L[ x 2 P � H ]LJ[VY d PZ H MLHZPISL KPYLJ[PVU H[ x

<latexit sha1_base64="VlY1U59cuBPxPCz8Kmw+UBIxQPw="></latexit>

PM 9✓ > 0 MVY ^OPJO x+ ✓d 2 P

<latexit sha1_base64="eA3gMT/UNWKcaWVZpEeWk7NGjgs="></latexit>



Feasible directions

15

Nonbasic indices

Basic indices
<latexit sha1_base64="iGekcHrgTA1UP1NF3aSxQZHfMcI="></latexit>

Ad = 0 =
n∑

i=1

Aidi = ABdB +Aj = 0 =⇒ dB = −A−1
B Aj

Computation

Basic direction dj = 1
 dk = 0, 8k /2 {j, B(1), . . . , B(m)}

<latexit sha1_base64="j7gjCALL3UxrZCYogKBTUMPfWbI="></latexit>

Non-negativity (non-degenerate assumption)
 5VU�IHZPJ ]HYPHISLZ! xi = 0� 5VUULNH[P]L KPYLJ[PVU di � 0
 )HZPJ ]HYPHISLZ! xB > 0� ;OLYLMVYL 9✓ > 0 Z\JO [OH[ xB + ✓dB � 0

<latexit sha1_base64="veYMvytyChEhq40fjAfVjnrCL1w="></latexit>

-LHZPISL KPYLJ[PVU d

<latexit sha1_base64="aaXKfgHpgww2AjIgi2u5dGhEIiI="></latexit>

 A(x+ ✓d) = b =) Ad = 0
 x+ ✓d � 0

<latexit sha1_base64="cKZ7cXmBaTTGVD43OlEe5II8WZ8="></latexit>



x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

Feasible directions
Example

16

P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

<latexit sha1_base64="Q3WU75T6ptn2FETW94GyKLi7ZN0="></latexit>

ABdB = �Aj ) dB = �1

d = (�1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

<latexit sha1_base64="9cNPw6xfMJ5U3Fe9d9+0J6vuYbU="></latexit>

5VUIHZPJ PUKL_ j = 3

d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>



How does the cost change?

17

<latexit sha1_base64="CazlamDStpvd6kSeb18yeabiQx8="></latexit>

cT (x+ ✓d)� cTx = ✓cT d

Cost improvement

New cost Old cost

<latexit sha1_base64="dMNqqLB/lwXiaAuwvLibvUuSPf8="></latexit>

>L JHSS c̄j [OL YLK\JLK JVZ[ VM
�PU[YVK\JPUN� ]HYPHISL xj PU [OL IHZPZ

<latexit sha1_base64="rBLTcQZPF8X14GqLN3CaUJ30tII="></latexit>

c̄j = cT d =
n∑

i=1

cidi = cj + cTBdB = cj − cTBA
−1
B Aj



Reduced costs
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Interpretation
*OHUNL PU VIQLJ[P]L�THYNPUHS JVZ[ VM HKKPUN xj [V [OL IHZPZ

<latexit sha1_base64="gemyJhJSZ2EZJi6rrzuB8T+o2Rk="></latexit>

Reduced costs for basic variables is 0
<latexit sha1_base64="CkNYGzlfHKmrNLJSfi3ePabBtaI="></latexit>

c̄B(i) = cB(i) � cTBA
�1
B AB(i) = cB(i) � cTB(A

�1
B AB)ei

= cB(i) � cTBei = cB(i) � cB(i) = 0

*VZ[ WLY�\UP[ PUJYLHZL
VM ]HYPHISL xj

<latexit sha1_base64="DbN/s4J08PZt8e5kwllrJf9lOs0="></latexit>

*VZ[ [V JOHUNL V[OLY ]HYPHISLZ
JVTWLUZH[PUN MVY xj

[V LUMVYJL Ax = b

<latexit sha1_base64="TmN6yO/EEZDrWRbkBbZkjursIiA="></latexit>

<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − cTBA
−1
B Aj

<latexit sha1_base64="0W3Aa1C/uPLhbw56Rc80UYneuG0="></latexit>

 c̄j > 0! HKKPUN xj ^PSS PUJYLHZL [OL VIQLJ[P]L �IHK�
 c̄j < 0! HKKPUN xj ^PSS KLJYLHZL [OL VIQLJ[P]L �NVVK�



Vector of reduced costs
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<latexit sha1_base64="CMjuK4kjGgmDqvhg9Th+X1dcMJ4="></latexit>

c̄ = (c̄1, . . . , c̄n)

Full vector in one shot?
<latexit sha1_base64="UIkC/qW6EBq2qh1b7vE+3LbT3wc="></latexit>

c̄j = cj − cTBA
−1
B Aj

Reduced costs

<latexit sha1_base64="pRua0XtnWbyKo1epL8jm+4N7Rck="></latexit>

p = (A−1
B )T cB ⇒ AT

Bp = cB

<latexit sha1_base64="L4vez8KmJL8hILuQ8H6lrMwo6kw="></latexit>

6I[HPU p I` ZVS]PUN SPULHY Z`Z[LT

<latexit sha1_base64="AM194YwExqEy3KEqAGHKVn3p854="></latexit>

5V[L! (M�1)T = (MT )�1

MVY HU` ZX\HYL PU]LY[PISL M

Computing reduced cost vector
<latexit sha1_base64="4m0KNJkq8gNzC0YT6TdNbhPMg0s="></latexit>

�� :VS]L AT
Bp = cB

�� c̄ = c�AT p

<latexit sha1_base64="ILbiX0JOeGBT7XnHCo3ZxL/5Fp0="></latexit>

c̄j = cj −AT
j (A

−1
B )T cB = cj −AT

j p

<latexit sha1_base64="n7Nb2LT96obpaqc45ZHMzfbJPAo="></latexit>

0ZVSH[L IHZPZ B�YLSH[LK JVTWVULU[Z p
<latexit sha1_base64="bWdHrmLJxH6LEo1Fo3tMD2NyhoE="></latexit>

�[OL` HYL [OL ZHTL HJYVZZ j�



Optimality conditions



Optimality conditions
Theorem
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0M c̄ � 0� [OLU x PZ VW[PTHS

<latexit sha1_base64="GOymXuiptvHwIVi3usaJkA5R1eY="></latexit>

3L[ c̄ IL [OL ]LJ[VY VM YLK\JLK JVZ[Z�

<latexit sha1_base64="s5wGd0bFCq/yu0vBEU71jO2dr74="></latexit>

Remark
This is a stopping criterion for the simplex algorithm.
If the neighboring solutions do not improve the cost, we are done (because of 
convexity).

<latexit sha1_base64="YYB93aSxY26x64ZHKO48QilIpkw="></latexit>

3L[ x IL H IHZPJ MLHZPISL ZVS\[PVU HZZVJPH[LK ^P[O IHZPZ TH[YP_ AB



Optimality conditions
Proof
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*VUZPKLY HU` MLHZPISL ZVS\[PVU y HUK KLÄUL d = y � x

<latexit sha1_base64="S/wQiJ5bEfkADOcb82C0pTOBVpM="></latexit>

The change in objective is
<latexit sha1_base64="xWVQaf52Z5d5lCgACY9gfZIRvkA="></latexit>

cT d = cTBdB +
∑

i∈N

cidi =
∑

i∈N

(ci − cTBA
−1
B Ai)di =

∑

i∈N

c̄idi

:PUJL y � 0 HUK xi = 0, i 2 N � [OLU di = yi � xi � 0, i 2 N

<latexit sha1_base64="Q1+K5PEkPOtKRlWFPsgvQjG4FOI="></latexit>

cT d = cT (y − x) ≥ 0 ⇒ cT y ≥ cTx.

<latexit sha1_base64="3AovL4EiSeKXRyQIMBlCPRNAHuk="></latexit>

:PUJL x HUK y HYL MLHZPISL� [OLU Ax = Ay = b HUK Ad = 0

<latexit sha1_base64="szOYJ87sVde8bVile2Wx6dADb5o="></latexit>

N HYL [OL
UVUIHZPJ PUKPJLZ

<latexit sha1_base64="HabOP6qa45mf+pcjk00i6iT0XPU="></latexit>

<latexit sha1_base64="7pZFau8si2xYJSWn5Ac5qonvhEc="></latexit>

Ad = ABdB +
∑

i∈N

Aidi = 0 ⇒ dB = −
∑

i∈N

A−1
B Aidi

<latexit sha1_base64="CCJn9v4KsA4o//r7LoMETTlrkq0="></latexit>

-VY H IHZPJ MLHZPISL ZVS\[PVU x ^P[O IHZPZ B [OL YLK\JLK JVZ[Z HYL c̄ � 0�



Simplex iterations



Stepsize
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>OH[ OHWWLUZ PM ZVTL c̄j # �&

<latexit sha1_base64="BgA/N1KyykZ8lWmPqGNPoSyhhDk="></latexit>

>L JHU KLJYLHZL [OL JVZ[ I` IYPUNPUN xj PU[V [OL IHZPZ

<latexit sha1_base64="e/pT3QbcUYxP8s5/CyE6OC3Qp+c="></latexit>

Unbounded
0M d � 0� [OLU ✓? = 1� ;OL 37 PZ \UIV\UKLK�

<latexit sha1_base64="3dGuwBvjRt0t9tiXsM1UNTOQCGQ="></latexit>

How far can we go?
θ⋆ = max{θ | θ ≥ 0 HUK x+ θd ≥ 0}

<latexit sha1_base64="tVGmmOKi5CBkWULOkuXYuIEKvm4="></latexit>

d PZ [OL j�[O IHZPJ KPYLJ[PVU

<latexit sha1_base64="HN8GbZ/sdUeyKll2x8TJqDqMub8="></latexit>

Bounded
0M di < 0 MVY ZVTL i� [OLU

<latexit sha1_base64="WJW9niqTNIKuAXUe6HvWUCiQezQ="></latexit>

θ⋆ = min
{i|di<0}

(
−xi

di

)
= min

{i∈B|di<0}

(
−xi

di

)

<latexit sha1_base64="F2doJCzsyGZmR+7xVwJgXp5AAok="></latexit>

<latexit sha1_base64="A+czC7Dfpn5AoQ44TvLRGb9Rt5I="></latexit>

�:PUJL di � 0, i /2 B�



Moving to a new basis
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3L[ B(`) 2 {B(1), . . . , B(m)} IL [OL PUKL_ Z\JO [OH[ ✓? = �
xB(`)

dB(`)
� ;OLU�

<latexit sha1_base64="vn5XdzSb1je9KhJwkxDZ7Ut5yxI="></latexit>

xB(ℓ) + θ⋆dB(ℓ) = 0

<latexit sha1_base64="k2VkjGWKxdNMyvH9jXpOmiWYPlY="></latexit>

Next feasible solution
x+ θ⋆d

<latexit sha1_base64="6G8G1nf6ziMxQYaYNzqBo5iDpv8="></latexit>

New solution
 xB(`) ILJVTLZ 0 �L_P[Z�
 xj ILJVTLZ ✓? �LU[LYZ�

<latexit sha1_base64="raiwTiVOmO4qzrWZjCTxLb0OK6Q="></latexit>

New basis
<latexit sha1_base64="NhLPOUn26Cnk/2XXEVz/Z4jFARo="></latexit>

AB̄ =
[
AB(1) . . . AB(ℓ−1) Aj AB(ℓ+1) . . . AB(m)

]



An iteration of the simplex method
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Initialization

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

Iteration steps

<latexit sha1_base64="NZvWvRsjwpn+rbOIRkvNiZ1PVnQ="></latexit>

 H IHZPJ MLHZPISL ZVS\[PVU x
 H IHZPZ TH[YP_ AB =

h
AB(1) . . . , AB(m)

i



d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example
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P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

θ⋆ = −x1

d1
= 2

<latexit sha1_base64="uZyIR3uIyTQMiGU4M4SsxKi84Ao="></latexit>

Stepsize

)HZPJ PUKL_ j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

d = (�1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

<latexit sha1_base64="Q3WU75T6ptn2FETW94GyKLi7ZN0="></latexit>

ABdB = �Aj ) dB = �1

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>

y = x+ θ⋆d = (0, 0, 2)

<latexit sha1_base64="ab7qMaz547EdpFdEF59B8zURGdQ="></latexit>

New solution B̄ = {3}

<latexit sha1_base64="9qCezgbtAUXf1B7yu2+m2VFvFeE="></latexit>



Finite convergence
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If  P = {x | Ax = b, x � 0} UV[ LTW[`
 ,]LY` IHZPJ MLHZPISL ZVS\[PVU UVU KLNLULYH[L

<latexit sha1_base64="dydeeSYf+VULqcJJQQN0QHFnoE8="></latexit>

Then
<latexit sha1_base64="AvLn3z6C8lOzkk6KiN2yZLAIAfk="></latexit>

• The simplex method terminates after a finite number of iterations
• At termination we either have one of the following

– an optimal basis B

– a direction d such that Ad = 0, d � 0, cT d < 0 (with optimal cost �1)

Theorem



Finite convergence
Proof sketch
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At each iteration the algorithm improves 
 I` H WVZP[P]L HTV\U[ ✓?
 HSVUN [OL KPYLJ[PVU d Z\JO [OH[ cT d < 0

<latexit sha1_base64="0KMr+Xc3a75OH1iMrF88mfz620c="></latexit>

Therefore
 ;OL JVZ[ Z[YPJ[S` KLJYLHZLZ
 5V IHZPJ MLHZPISL ZVS\[PVU JHU IL ]PZP[LK [^PJL

<latexit sha1_base64="yDvq+hu3TUNFlpkRqMJbZWHtx/U="></latexit>

Since there is a finite number of basic feasible solutions
The algorithm must eventually terminate



The simplex method

Today, we learned to:


• Iterate between basic feasible solutions


• Verify optimality and unboundedness conditions 

• Apply a single iteration of the simplex method


• Prove finite convergence of the simplex method in the non-degenerate case

30



Next lecture

• Finding initial basic feasible solution


• Degeneracy


• Complexity
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