
Bartolomeo Stellato — Fall 2024

ORF522 – Linear and Nonlinear Optimization
3. Geometry and polyhedra



Today’s agenda
Readings [Chapter 2, LO]

• Polyhedra and linear algebra

• Corners: extreme points, vertices, basic feasible solutions

• Constructing basic solutions

• Existence and optimality of extreme points
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Polyhedra and linear algebra



Hyperplanes and half spaces
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hyperplane halfspace

Geometrical interpretation

G = {x | aTx = b} H = {x | aTx ≤ b}

a

u = (b/∥a∥2)a

x

x − u

0

G

a

x u

x − u H

• the vector u = (b/∥a∥2)a satisfies aTu = b

• x is in hyperplane G if aT (x− u) = 0 (x− u is orthogonal to a)

• x is in halfspace H if aT (x− u) ≤ 0 (angle ̸ (x− u, a) ≥ π/2)
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<latexit sha1_base64="05Hb9HzfFhYtVeRV3yCmmIzDI7o="></latexit>

G = {x | aTx = b}
<latexit sha1_base64="KD3Na9Vn4v0wzFk6ndkRYFwPZ7U="></latexit>

H = {x | aTx ≤ b}

<latexit sha1_base64="wmTHAJe8Y1hM8bqR/Tv7ilynsFQ="></latexit>

• the vector u = (b/kak2)a satisfies a
T
u = b

• x is in hyperplane G if aT (x� u) = 0 (x� u is orthogonal to a)
• x is in halfspace H if aT (x� u)  0 (angle \(x� u, a) � ⇡/2)



Polyhedron
Definition
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• Intersection of finite number of halfspaces


• Can include equalities

Polyhedron

solution set of a finite number of linear inequalities

aT1 x ≤ b1, aT2 x ≤ b2, . . . , aTmx ≤ bm

a1 a2

a3

a4

a5

• intersection of a finite number of halfspaces

• in matrix notation: Ax ≤ b if A is a matrix with rows aTi

• can include equalities: Fx = g is equivalent to Fx ≤ g, −Fx ≤ −g

Introduction 1–24

P = {x | aTi x ≤ bi, i = 1, . . . ,m} = {x | Ax ≤ b}

<latexit sha1_base64="CdMoNCLNPRseDWioEYDO0pCEt3k="></latexit>



Convex set
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αx+ (1− α)y ∈ C

<latexit sha1_base64="HVp2+y++UwIx80CeeBDjJdV9cMY="></latexit>

-VY HU` x, y 2 C HUK HU` ↵ 2 [0, 1]

<latexit sha1_base64="3jBFVtbNU9fwWJb27JezHXmIvPw="></latexit>

Definition
24 2 Convex sets

Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every affine set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form θ1x1 + · · · + θkxk, where θ1 + · · · + θk = 1 and
θi ≥ 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with affine
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with θi the fraction of xi in the mixture.

The convex hull of a set C, denoted conv C, is the set of all convex combinations
of points in C:

conv C = {θ1x1 + · · · + θkxk | xi ∈ C, θi ≥ 0, i = 1, . . . , k, θ1 + · · · + θk = 1}.

As the name suggests, the convex hull conv C is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then conv C ⊆
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose θ1, θ2, . . .

Convex Not convex

 Rn

 /`WLYWSHULZ
 /HSMZWHJLZ
 7VS`OLKYH

<latexit sha1_base64="eggV53HSziUa6v2Q7yZ34M0GRPU="></latexit>

Examples



Convex combinations
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Convex combination

Convex hull

24 2 Convex sets

Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every affine set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form θ1x1 + · · · + θkxk, where θ1 + · · · + θk = 1 and
θi ≥ 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with affine
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with θi the fraction of xi in the mixture.

The convex hull of a set C, denoted conv C, is the set of all convex combinations
of points in C:

conv C = {θ1x1 + · · · + θkxk | xi ∈ C, θi ≥ 0, i = 1, . . . , k, θ1 + · · · + θk = 1}.

As the name suggests, the convex hull conv C is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then conv C ⊆
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose θ1, θ2, . . .

<latexit sha1_base64="6J/ufrxKqjUKruTkBP/0Jzp7Y3c="></latexit>

convC =

{
k∑

i=1

αixi | xi ∈ C, α ≥ 0, 1Tα = 1

}

↵1x1 + · · ·+ ↵kxk MVY HU` x1, . . . , xk HUK ↵1, . . . ,↵k

<latexit sha1_base64="DR6UO1IZWco3FokYftIQgzpOGB4="></latexit>

Z\JO [OH[ ↵i � 0,
Pk

i=1 ↵i = 1

<latexit sha1_base64="IXS2ebO/tp5jhHedt7zBj3Jm6OA="></latexit>



Linear independence
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α1v1 + · · ·+ αkvk = 0

<latexit sha1_base64="KRF/7+f94e+VIWnO3YHgF7QM688="></latexit>

H UVULTW[` ZL[ VM ]LJ[VYZ {v1, . . . , vk} PZ SPULHYS` PUKLWKLUKLU[ PM

<latexit sha1_base64="2x2DYQiOeYmWIpRUxTdDu1RxjYo="></latexit>

OVSKZ VUS` MVY ↵1 = · · · = ↵k = 0

<latexit sha1_base64="oo55kH9z6uxn4B3QjqaGURCuJGA="></latexit>

Properties

 ;OL JVLɉJPLU[Z ↵k PU H SPULHY JVTIPUH[PVU x = ↵1v1 + · · ·+ ↵kvk HYL \UPX\L

 5VUL VM [OL ]LJ[VYZ vi PZ H SPULHY JVTIPUH[PVU VM [OL V[OLY ]LJ[VYZ

<latexit sha1_base64="E8GhWobmDcf7tgC3Bg4Kbm3VSqM="></latexit>



Geometrical interpretation of linear optimization
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TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE="></latexit>

+HZOLK SPULZ �O`WLYWSHULZ� HYL SL]LS ZL[Z cTx = ↵ MVY KPɈLYLU[ ↵

<latexit sha1_base64="rGc6WpdQBp/Ja7Qe15votLzxnjQ="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>



Example of linear optimization
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TPUPTPaL −x1 − x2

Z\IQLJ[ [V 2x1 + x2 ≤ 3

x1 + 4x2 ≤ 5

x1 ≥ 0, x2 ≥ 0

<latexit sha1_base64="2lnKk+yfxvARZ6I6mnt2k5m6yWo="></latexit>

Example

minimize −x1 − x2

subject to 2x1 + x2 ≤ 3
x1 + 4x2 ≤ 5
x1 ≥ 0, x2 ≥ 0

x1

x2

−x1 − x2 = 0

−x1 − x2 = −1

−x1 − x2 = −2

−x1 − x2 = −3

−x1 − x2 = −4

−x1 − x2 = −5

optimal solution is (1, 1)

Introduction 1–28

x⋆ = (1, 1)

<latexit sha1_base64="D5ENbKupS4HbiguR7JiR/Pd6SS8="></latexit>

Optimal solutions tend to be at a “corner” of the feasible set

How do we formalize it?



Corners of linear optimization



Extreme points
Definition
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v

<latexit sha1_base64="RfeNp0q9rHKQ609nKItZ3LrONTo="></latexit>

w

<latexit sha1_base64="ofZiVLlq2cHRUO4dlwAfPc5RJPE="></latexit>

u

<latexit sha1_base64="we9wkcA52GCq3HyCiVzWnPRFIro="></latexit>

y

<latexit sha1_base64="vRXLmWSWNUAkpy498Jp4HpfCIus="></latexit>

x

<latexit sha1_base64="mujD+dT4O/F7J4ucgnGEWKVHNJM="></latexit>

z

<latexit sha1_base64="j5eKkFSzQ2QI6dhe8BUqy3Ofpa4="></latexit>

x 2 P PZ ZHPK [V IL HU L_[YLTL WVPU[ VM P PM

<latexit sha1_base64="rO8xWCfYgnJIapd8S+W0jTf5fTc="></latexit>

<latexit sha1_base64="o8Y6pCyOf/KONnOPpExKRqlrsZI="></latexit>

6 9y, z 2 P (y 6= x, z 6= x) and ↵ 2 (0, 1) such that x = ↵y + (1� ↵)z



Extreme points
Convex sets

13

• Convex sets can have an infinite number of extreme points


• Polyhedra are convex sets with a finite number of extreme points



Vertices
Definition
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x 2 P PZ H ]LY[L_ PM 9c Z\JO [OH[ x PZ [OL \UPX\L VW[PT\T VM

<latexit sha1_base64="XinY73bMwKObViAqiem3KF+RSEk="></latexit>

TPUPTPaL cT y

Z\IQLJ[ [V y ∈ P

<latexit sha1_base64="dIJJMDsNGpnqhrmrUaYr+E1dESM="></latexit>

w

<latexit sha1_base64="ofZiVLlq2cHRUO4dlwAfPc5RJPE="></latexit>

{y | cT y = cTw}

<latexit sha1_base64="eWWr4VHGhnHvK8Bp0Bd5oJa5K9Y="></latexit>

{y | cT y = cTx}

<latexit sha1_base64="WGQCfPtRUxY+9zL2lihr4m6sCuw="></latexit>

x

<latexit sha1_base64="mujD+dT4O/F7J4ucgnGEWKVHNJM="></latexit>



Basic feasible solution
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P = {x | aTi x ≤ bi, i = 1, . . . ,m}

<latexit sha1_base64="5W7VR71BzoEwCFbfX/9vBULC7hA="></latexit>

 {ai | i 2 I(x̄)} OHZ n SPULHYS` PUKLWLUKLU[ ]LJ[VYZ

<latexit sha1_base64="TaxDB+LItt6PM4zEHhzHOPDnM8k="></latexit>

)HZPJ ZVS\[PVU x̄

<latexit sha1_base64="MVtU8SZq9GjmjwLmsscQwCfSPOQ="></latexit>

x̄

<latexit sha1_base64="a5e87ZDyMx2QQwA3406b0h2YQgw="></latexit>

 x̄ 2 P
 {ai | i 2 I(x̄)} OHZ n SPULHYS` PUKLWLUKLU[ ]LJ[VYZ

<latexit sha1_base64="skDM03FmuHa3zk1QRDGYHMSvF5w="></latexit>

)HZPJ MLHZPISL ZVS\[PVU x̄

<latexit sha1_base64="+dv5Cjc7OVWCvqRLiQDqRgeP+EA="></latexit>

Index of all the constraints 
satisfied as equalityI(x̄) = {i ∈ {1, . . . ,m} | aTi x̄ = bi}

<latexit sha1_base64="oscbIXuQkTlbV5DJEvzMU91qftE="></latexit>

(J[P]L JVUZ[YHPU[Z H[ x̄

<latexit sha1_base64="kKEAZ9ZK+R0T9sSfigOFjWA8xoY="></latexit>



Degenerate basic feasible solutions
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( ZVS\[PVU x̄ PZ KLNLULYH[L PM |I(x̄)| > n

<latexit sha1_base64="3Uie9Z0G0tHumd5qauI3eapUO0I="></latexit>

P

<latexit sha1_base64="FmklyEZzjjTLBeAdUsLiJPb7K3w="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

z

<latexit sha1_base64="8OV09/77OMFd6K/sUIsbARRqcc4="></latexit>

)HZPJ -LHZPISL +LNLULYH[L

x

y

z

<latexit sha1_base64="+rB0hkYUoRXGEh4uKYodLx8GDIA="></latexit>

True or False?



Equivalence
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.P]LU H UVULTW[` WVS`OLKYVU P = {x | Ax  b}

<latexit sha1_base64="s9qCnMF9xZ3KGk5vRIKD1AvJVtM="></latexit>

Theorem

3L[ x 2 P

<latexit sha1_base64="XS5zs+hqLCv00t5nOH9Se/OMLtA="></latexit>

x PZ H ]LY[L_ () x PZ HU L_[YLTL WVPU[ () x PZ H IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="CZipqTCt+czbO/EWv7Or38SO+Oc="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>



Equivalent theorem proof
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0M x PZ H ]LY[L_� 9c Z\JO [OH[ cTx < cT y, 8y 2 P, y 6= x

<latexit sha1_base64="E97h0pA8p/deIYkZMo6NZMCcQqQ="></latexit>

<latexit sha1_base64="yyb7aKcF7u0I6xEzlpN2DiZ6qDk="></latexit>

;OLYLMVYL� cTx = �cT y + (1� �)cT z > �cTx+ (1� �)cTx = cTx

<latexit sha1_base64="fPSXR4BYVibezDcaGLo4jS4Vwoc="></latexit>

=) JVU[YHKPJ[PVU

<latexit sha1_base64="iVtFkTNtaxuDKxZ4drV7xNAAL2k="></latexit>

3L[»Z HZZ\TL x PZ UV[ HU L_[YLTL WVPU[!

<latexit sha1_base64="E0Fo9IHaX/9z63zRfeUsZZUXi/4="></latexit>

:PUJL x PZ H ]LY[L_� cTx < cT y HUK cTx < cT z

<latexit sha1_base64="ec2jy9GhlReVeLw5+83tvUalMvk="></latexit>

Vertex =) Extreme point

<latexit sha1_base64="wLyitmZR0g4WfS0Vp/kEKPlnZis="></latexit>

9y, z 6= x such that x = �y + (1� �)z with 0 < � < 1



Equivalent theorem proof
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(proof by contraposition)

:\WWVZL x 2 P PZ UV[ IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>

9d 2 Rn WLYWLUKPJ\SHY [V HSS VM [OLT! aTi d = 0, 8i 2 I(x)

<latexit sha1_base64="mgcwXo5NQk0NwGTTnDcLg6oC2cs="></latexit>

{ai | i 2 I(x)} KVLZ UV[ ZWHU Rn

<latexit sha1_base64="5datbaVabgt5YtSy7fa2kSvw1Fg="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

{ai | i ∈ I(x)}

<latexit sha1_base64="4KVdAd3tqopwmDI0cViBBPNKCQ8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

<latexit sha1_base64="D/IEYeHTBo6mlUbkmo34dqKGqhc="></latexit>

Extreme point =) Basic feasible solution



Equivalent theorem proof
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(proof by contraposition)

9d 2 Rn WLYWLUKPJ\SHY [V HSS VM [OLT! aTi d = 0, 8i 2 I(x)

<latexit sha1_base64="mgcwXo5NQk0NwGTTnDcLg6oC2cs="></latexit>

{ai | i 2 I(x)} KVLZ UV[ ZWHU Rn

<latexit sha1_base64="5datbaVabgt5YtSy7fa2kSvw1Fg="></latexit>

:\WWVZL x 2 P PZ UV[ IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>

3L[ ✏ > 0 HUK KLÄUL y = x+ ✏d HUK z = x� ✏d

<latexit sha1_base64="/W/uqpY3Q73RO/GfEQyK97Lnfs4="></latexit>

-VY i 2 I(x) ^L OH]L aTi y = bi HUK aTi z = bi

<latexit sha1_base64="6PLKU4K7e70VzKAwha0txs/c2xU="></latexit>

-VY i /2 I(x) ^L OH]L aTi x < bi ) aTi (x+ ✏d) < bi HUK aTi (x� ✏d) < bi

<latexit sha1_base64="vSuQyTkZIIMaWqRGmqsrIrUb+js="></latexit>

/LUJL� y, z 2 P HUK x = �y + (1� �)z ^P[O � = 0.5�

<latexit sha1_base64="lnNEJJJrWolisulBG37XLFdpvEk="></latexit>

<latexit sha1_base64="8+ykAH4oY9/pGvgGBGuIziEee8s="></latexit>

=) x PZ UV[ HU L_[YLTL WVPU[

<latexit sha1_base64="D/IEYeHTBo6mlUbkmo34dqKGqhc="></latexit>

Extreme point =) Basic feasible solution



Equivalent theorem proof
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:\WWVZL x 2 P PZ UV[ IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="7wVdLbNjyWINDOq3FKpYt4JxTJE="></latexit>

x

<latexit sha1_base64="m3P6ekWQxPLQ1yTpoX784/8KsZc="></latexit>

{ai | i ∈ I(x)}

<latexit sha1_base64="4KVdAd3tqopwmDI0cViBBPNKCQ8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

y

<latexit sha1_base64="KoB4NUJYVht9YOipvyMj2J0QdkU="></latexit>

z

<latexit sha1_base64="I+7UcK7KsHQt1EaluDqviLZLdms="></latexit>

/LUJL� y, z 2 P HUK x = �y + (1� �)z ^P[O � = 0.5�

<latexit sha1_base64="lnNEJJJrWolisulBG37XLFdpvEk="></latexit>

<latexit sha1_base64="8+ykAH4oY9/pGvgGBGuIziEee8s="></latexit>

=) x PZ UV[ HU L_[YLTL WVPU[

(proof by contraposition)
<latexit sha1_base64="D/IEYeHTBo6mlUbkmo34dqKGqhc="></latexit>

Extreme point =) Basic feasible solution



Equivalent theorem proof
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Left as exercise

Hint
<latexit sha1_base64="S5/H7wv9/pRdDNwFy1C9cfiqfE4="></latexit>

+LÄUL c = �
P

i2I(x) ai

<latexit sha1_base64="Znk5DUI9pV+P4/4onwHj3WqIdtE="></latexit>

Basic feasible solution =) Vertex



How about nonlinear optimization?

23

Polyhedral sets
• Extreme points

• Vertices

• Basic feasible solutions

Nonpolyhedral sets

all  
equivalent

equivalence  
fails!

extreme point 
(but not vertex)



Constructing basic solutions



Standard form polyhedra
Definition

25

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

Standard form polyhedron

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

Assumption

Interpretation
P SP]LZ PU (n�m)�KPTLUZPVUHS Z\IZWHJL

<latexit sha1_base64="pKaiozJdIyKLr5+ySyyL82AT5ak="></latexit>



Example of basic feasible solutions on standard form polyhedra

26

<latexit sha1_base64="x0NCYiBuwMNmFWirl+HXOHa7fcM="></latexit>

d

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

<latexit sha1_base64="hnkuUXGUkQXPyfuJDRma+wlFZ0A="></latexit>a

<latexit sha1_base64="hPBzt2cCQ2dDerb55Fwn9yAkACU="></latexit>

b
<latexit sha1_base64="ivlcxvYJN/j50DCC0kV4Afp/sTM="></latexit>c

<latexit sha1_base64="CC/x3DQm9gCIOeD6iAVfgwQd1kM="></latexit>e

<latexit sha1_base64="MxYvN7fyTijv0JbecCZ6Jfp7Kxg="></latexit>

P = {x | x1 + x2 + x3 = 1, x ≥ 0}

<latexit sha1_base64="jAuV4EcaLg4bDCdOR928sxl8+WA="></latexit>

• a, b, c: basic-feasible solutions

• d: equality constraint not active

• e: only 2 active constraints



Basic solutions
Standard form polyhedra
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P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

with

x PZ H IHZPJ ZVS\[PVU PM HUK VUS` PM

<latexit sha1_base64="TFks65fuPWYdFjPRQCZQTuSQoxo="></latexit>

 Ax = b
 ;OLYL L_PZ[ PUKPJLZ B(1), . . . , B(m) Z\JO [OH[

¶ JVS\TUZ AB(1), . . . , AB(m) HYL SPULHYS` PUKLWLUKLU[
¶ xi = 0 MVY i 6= B(1), . . . , B(m)

<latexit sha1_base64="DT6vWfS/8uJWF7Y+FAivj2sZMek="></latexit>

Theorem

x PZ H IHZPJ MLHZPISL ZVS\[PVU PM x PZ H IHZPJ ZVS\[PVU HUK x � 0

<latexit sha1_base64="df+98hYlyvhUk5fNeo5uTY0jIIM="></latexit>



Intuition: from geometry to standard form 
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TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="UPvtrex6p4yaOxH9Gbcnr/uQ7VE=">AAADHXicbVG7jhMxFHWG1xJeWShpLFZBSIhoJkICukUroVAsWsRmd6WdENnOTWLix2jsCROsKWip6fkHOj6ADiE6REVDAX+BnY2EJsutru7xOb73HJoJbmwc/2hEZ86eO39h42Lz0uUrV6+1Nq8fGF3kDPpMC50fUWJAcAV9y62AoywHIqmAQzrbCfjhHHLDtdq3iwwGkkwUH3NGrB8NWy9SChOuHMlzsqicEFUzlVSXTnLFJX 8DFb6N2cv9Mk1XgCnoK2AWWx2gxyVOBWDaTEGNVirD1lbciZeFTzfJqtnafvLt/du7v97tDTcbH9ORZoUEZZkgxhwncWYHXs5yJsCvVBjICJuRCRyP5jwzikgwA1cuDajhjkhjFpJWuC2JnZp1jJpFhXGbajEK+DocZv+lhonVWpj6NoUdPxw4rrLCgmL1TajWM0uoZzTb+KliPhcDeJeUeO4N1DkGAeFk4+HUgGW6UBZy51/sEpvzcid857pxXWBpMjb+F2imOSh4zbSUxNufLiFjc681rVzS6Xqmp/Y9qwdiDt5OggWfTC0ea2Vrlyh9L9w4cAExGYRj/FKScBUm7p/AMyh8Jj7lZD3T081Bt5Pc7zx67uPuoZPaQDfRLXQHJegB2kY9tIf6iKFP6Cf6jf5EH6LP0Zfo68nTqLHi3EC1ir7/BYeqBmw=</latexit>

>OPJO JVYYLZWVUKZ [V m PULX\HSP[PLZ PUHJ[P]L ) x̃i > 0 �IHZPJ�

<latexit sha1_base64="NC/WSFg/TF4EZ1K3YcbwVVrQu94="></latexit>

TPUPTPaL cT (x+ − x−)

Z\IQLJ[ [V
[
A −A I

]
⎡

⎢⎣
x+

x−

s

⎤

⎥⎦ = b

(x+, x−, s) ≥ 0

<latexit sha1_base64="lmEd/M41nTyx4JLqAnaW7rkEMRY="></latexit>

=HYPHISLZ! ñ = 2n+m

<latexit sha1_base64="XClXVnbf5avo8js1I6fHv/KOjAc="></latexit>

<latexit sha1_base64="oY93eErcgqK/uOnuk55hQJgCVCk="></latexit>

�,X\HSP[`� JVUZ[YHPU[Z! m̃ = m =) HJ[P]L

TPUPTPaL c̃T x̃

Z\IQLJ[ [V Ãx̃ = b

x̃ ≥ 0

<latexit sha1_base64="8AWAp8XJq2I4rXthgg0FkqJtbwA="></latexit>

For a basic solution
<latexit sha1_base64="ISO3EYQ/twr6l6W4JoNT90daeFw="></latexit>

>L ULLK ñ� m̃ = 2n
HJ[P]L PULX\HSP[PLZ ) x̃i = 0 �UVU IHZPJ�



Constructing basic solution
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�� *OVVZL HU` m PUKLWLUKLU[ JVS\TUZ VM A! AB(1), . . . , AB(m)

�� 3L[ xi = 0 MVY HSS i 6= B(1), . . . , B(m)
�� :VS]L Ax = b MVY [OL YLTHPUPUN xB(1), . . . , xB(m)

<latexit sha1_base64="fUNKnmFFvJt39//9EjlNOIIAqpU="></latexit>

Basis 
matrix

Basis columns Basic variables
<latexit sha1_base64="mb4z4YwhQ2i3QI1PINthJBqmmt4="></latexit>

AB =

⎡

⎢⎣AB(1) AB(2) . . . AB(m)

⎤

⎥⎦ , xB =

⎡

⎢⎢⎣

xB(1)

���
xB(m)

⎤

⎥⎥⎦
<latexit sha1_base64="+iRwBbBRY0GON+5ZERi161wiBtk="></latexit>

:VS]L ABxB = b

0M xB � 0� [OLU x PZ H IHZPJ MLHZPISL ZVS\[PVU

<latexit sha1_base64="V3mx688Q0Bofe66WYuWEhT+dzkA="></latexit>



Finding a basic solution
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2

6666664

x1

x2

x3

x4

x5

3

7777775

<latexit sha1_base64="z6ko8Gwg0K6SvsialEh96Mt3kIM="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>

AB(3)

<latexit sha1_base64="65NSh9RyZT9C53vFSxUkFFJwrrM="></latexit>

AB(2)

<latexit sha1_base64="Sc/3gAfKlPIWcsHHa8oeizTlMHs="></latexit>

AB(1)

<latexit sha1_base64="ovp+XIwAvFU1YpMdwfATSE8GCrQ="></latexit>

=

<latexit sha1_base64="+xavQSWJHaV/wVKandGrV6ZVWzA="></latexit>

2

64
1

�1

6

3

75

<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>

2

64
x2

x4

x5

3

75

<latexit sha1_base64="D4J4dL0QZhsByaZQapZRP9W59Og="></latexit>

2

64
0 0 1

�1 0 0

2 1 2

3

75

<latexit sha1_base64="X4KtcMS2qdGx9s3ibf+lNpsQjMY="></latexit>

Solve

xB =

2

64
x2

x4

x5

3

75 =

2

64
1

2

1

3

75 � 0

<latexit sha1_base64="RdMOcGDlIM5jqHE5SA/UOrSButw="></latexit>

2

64
1

�1

6

3

75

<latexit sha1_base64="1/NDtEVaOUAyEtqNUXoC5Lb5Ri4="></latexit>

2

64
1 0 1 0 1

2 �1 �3 0 0

0 2 8 1 2

3

75

<latexit sha1_base64="V72Uc2DTmypzOUfkFnl1izOMXeE="></latexit>



Existence and optimality of 
extreme points



Existence of extreme points
Example

32

No extreme points Extreme points

Why?



Existence of extreme points
Characterization
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( WVS`OLKYVU P JVU[HPUZ H SPUL PM

<latexit sha1_base64="mFE8nC5BN9bpmMpc4SQPnb3Rm0E="></latexit>

Corollary 
Every nonempty bounded polyhedron has 

at least one basic feasible solution

9x 2 P HUK H UVUaLYV ]LJ[VY d Z\JO [OH[ x+ �d 2 P, 8� 2 R�

<latexit sha1_base64="F0i6YwB6Y3sMya5UynGGXCtamj8="></latexit>

, the following are equivalent.P]LU H WVS`OLKYVU P = {x | aTi x  bi, i = 1, . . . ,m}

<latexit sha1_base64="1FM8JX4t+UE3I5y3FDiiWEP7cQs="></latexit>

 P KVLZ UV[ JVU[HPU H SPUL
 P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
 n VM [OL ai ]LJ[VYZ HYL SPULHYS` PUKLWLUKLU[

<latexit sha1_base64="PtlBgpv51cSkz1T88susS5ieoSw="></latexit>

Theorem



Optimality of extreme points
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We only need to search between extreme points

TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="g90jmK0cXwHA1Y1Wd8c6+HlybTQ="></latexit>

Ax ≤ b

<latexit sha1_base64="ZRhkbszLWVuWOFb8QIGL8a5FsiA="></latexit>

−c

<latexit sha1_base64="v2CH+OmaKXnJzyJgAQ3Umbc79yo="></latexit>

x⋆

<latexit sha1_base64="Xf4s8Xxn1VLrcVs2ZzPFTzHijSE="></latexit>

 P OHZ H[ SLHZ[ VUL L_[YLTL WVPU[
 ;OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU x?

<latexit sha1_base64="jZVdiAJsIbHjxXo3DFpfpKo+L6o="></latexit>

If

;OLU� [OLYL L_PZ[Z HU VW[PTHS ZVS\[PVU ^OPJO PZ HU L_[YLTL WVPU[ VM P

<latexit sha1_base64="8E4YOFsTmSfbOBTfirH2kB2dSh4="></latexit>

Theorem



Proof of optimality of extreme points
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<latexit sha1_base64="iTgWZTULzS0wat5FldzgV/pxzbA="></latexit>

Let v be the optimal value of the problem
<latexit sha1_base64="/OZ/bL/wu0GQbDj11jzf9lzAJTU="></latexit>

Let X = {x | v = cTx, Ax  b} be the set of optimal solutions

If
<latexit sha1_base64="fiyrMSFkOgYvXJQWREAHDyj/Wq8="></latexit>

• P has at least one extreme point
• There exists an optimal solution x?

<latexit sha1_base64="Q8Izh/RMhY8OmSgsV+qOnAodl+8="></latexit>

Then, there exists an optimal solution which is an extreme point of P

Theorem

<latexit sha1_base64="aN7El1fUZZXXz1hOcZtOC+OVzoU="></latexit>

We have that ; 6= X ✓ P
<latexit sha1_base64="CVKrBtGay35uSrEXWkxHrJLDRMI="></latexit>

=) X contains no line =) X has an extreme point x?

<latexit sha1_base64="YGrV7QGdrP0JXKKBeL4ZODCFZNE="></latexit>

Claim: x? is an extreme point of P

<latexit sha1_base64="An3R7zFD377K3/FShySe5yIayD0="></latexit>

Because of optimality, we have that cT y � v and cTw � v.

<latexit sha1_base64="KzzgqyldbM6TZigMgZz3mOj1Ec4="></latexit>

=) x? is not an extreme point of X (contradiction).

<latexit sha1_base64="M6SS64aoC7aAm9nJcdoWAIa+Agg="></latexit>

Suppose not. Then 9y, w 2 P with y, w 6= x? such that x? = �y + (1� �)w and 0 < � < 1.
<latexit sha1_base64="vUd6yfXoVOivY8dLj+A2b3WC3dY="></latexit>

Then, we can write the optimal value as v = cTx? = �cT y + (1� �)cTw.

<latexit sha1_base64="nvm0BY+eObqaJKqQMftlde1d/SI="></latexit>

Then, the last equality is achieved when cT y = v and cTw = v, and y, w 2 X.



How to search among basic feasible solutions?
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Idea
List all the basic feasible solutions, compare objective values and pick the best one.

Intractable!
0M n = 1000 HUK m = 100� ^L OH]L 10143 JVTIPUH[PVUZ�

<latexit sha1_base64="xnXdcEGq5BLvIa7Q5hNO0rfP9M0="></latexit>



Conceptual algorithm

• Start at corner


• Visit neighboring corner that 
improves the objective

37

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>



Geometry of linear optimization

Today, we learned to:


• Apply geometric and algebraic properties of polyhedra to characterize the 
“corners” of the feasible region. 

• Construct basic feasible solutions by solving a linear system.


• Recognize existence and optimality of extreme points.

38



Next lecture

• Iterations


• Convergence


• Complexity

39

The simplex method


