
Bartolomeo Stellato — Spring 2025

ORF307 – Optimization
12. The simplex method implementation



Recap



Standard form polyhedra

3

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

Standard form LP
P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>

Standard form polyhedron

A 2 Rm⇥n OHZ M\SS YV^ YHUR m  n

<latexit sha1_base64="4E9mFuBAhFpYMiz36gYx/4CUGt4="></latexit>

Assumption

Interpretation
P is an (n�m)-dimensional surface

<latexit sha1_base64="w1lEJ105hAgOtHsZjB/xRzrhKO4="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

n = 3,m = 1

<latexit sha1_base64="Q1eQoT0hukYedziFxmafbeYKPTs="></latexit>



An iteration of the simplex method

4

Initialization

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

Iteration steps

<latexit sha1_base64="NZvWvRsjwpn+rbOIRkvNiZ1PVnQ="></latexit>

 H IHZPJ MLHZPISL ZVS\[PVU x
 H IHZPZ TH[YP_ AB =

h
AB(1) . . . , AB(m)

i



d1

<latexit sha1_base64="Yq7ecvXxveZBirZrhwYz6k0ZE7M="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x

<latexit sha1_base64="JvuulZ2BKPaZlOrtWwU5mYllQ5c="></latexit>

d3

<latexit sha1_base64="b02m/wEg2wcOvyj8GguiWrShPR8="></latexit>

d

<latexit sha1_base64="WsUCwA7K6QMDAjFTLONLqCqpBS0="></latexit>

Example
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P = {x | x1 + x2 + x3 = 2, x ≥ 0}

<latexit sha1_base64="0zlKL7If00PkAEXJXNKZM1gKuXY="></latexit>

x = (2, 0, 0)

<latexit sha1_base64="V6NygxApep1GYwlz2VmyzDi/Qd0="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

θ! = −x1

d1
= 2

<latexit sha1_base64="uZyIR3uIyTQMiGU4M4SsxKi84Ao="></latexit>

Stepsize

)HZPJ PUKL_ j = 3

<latexit sha1_base64="ia73nZ4XPxK85MUiFS7MGbtzp8Y="></latexit>

d = (�1, 0, 1)

<latexit sha1_base64="th8JJhkccOYDaY+lqfKC2AIoMhc="></latexit>

dj = 1

<latexit sha1_base64="rGktQHZKP18eHhSwbqG1Ujo4s2M="></latexit>

<latexit sha1_base64="Q3WU75T6ptn2FETW94GyKLi7ZN0="></latexit>

ABdB = �Aj ) dB = �1

B = {1}

<latexit sha1_base64="ZzOyNc3QgKL1r5Bhl9gGy7GC2Ko="></latexit>

y = x+ θ!d = (0, 0, 2)

<latexit sha1_base64="ab7qMaz547EdpFdEF59B8zURGdQ="></latexit>

New solution B̄ = {3}

<latexit sha1_base64="9qCezgbtAUXf1B7yu2+m2VFvFeE="></latexit>



Finite convergence

6

Assume that
 P = {x | Ax = b, x � 0} UV[ LTW[`
 ,]LY` IHZPJ MLHZPISL ZVS\[PVU UVU KLNLULYH[L

<latexit sha1_base64="dydeeSYf+VULqcJJQQN0QHFnoE8="></latexit>

Then

 ;OL ZPTWSL_ TL[OVK [LYTPUH[LZ HM[LY H ÄUP[L U\TILY VM P[LYH[PVUZ
 ([ [LYTPUH[PVU ^L LP[OLY OH]L VUL VM [OL MVSSV^PUN

¶ HU VW[PTHS IHZPZ B

¶ H KPYLJ[PVU d Z\JO [OH[ Ad = 0, d � 0, cT d < 0 HUK [OL VW[PTHS JVZ[ PZ �1

<latexit sha1_base64="SGXb6IXbFsE80EcQVr0UPdmbNFc="></latexit>



Finite convergence
Proof sketch
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At each iteration the algorithm improves 
 I` H WVZP[P]L HTV\U[ ✓?
 HSVUN [OL KPYLJ[PVU d Z\JO [OH[ cT d < 0

<latexit sha1_base64="0KMr+Xc3a75OH1iMrF88mfz620c="></latexit>

Therefore
 ;OL JVZ[ Z[YPJ[S` KLJYLHZLZ
 5V IHZPJ MLHZPISL ZVS\[PVU JHU IL ]PZP[LK [^PJL

<latexit sha1_base64="yDvq+hu3TUNFlpkRqMJbZWHtx/U="></latexit>

Since there is a finite number of basic feasible solutions
The algorithm must eventually terminate



Today’s lecture
The simplex method implementation

• Finding an initial basic feasible solution


• Degeneracy


• Full simplex example


• Efficiency

8



Find an initial point



Initial basic feasible solution
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

/V^ KV ^L NL[ HU PUP[PHS IHZPJ MLHZPISL ZVS\[PVU x HUK H IHZPZ B &

<latexit sha1_base64="tKevXtWiEptAnsP8pNu8UY95kDw="></latexit>

+VLZ P[ L_PZ[&

<latexit sha1_base64="IXn75ocirHeI/qVynG5Acefv+B8="></latexit>



Finding an initial basic feasible solution
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TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="Zs8r51jllvVlqCLDc4l3JrKWQHU="></latexit>

(ZZ\TW[PVU b � 0 �̂S�V�N� �PM UV[ T\S[PWS` JVUZ[YHPU[ I` �1�

<latexit sha1_base64="M6ps24wDXV5g3iX8BJh4xYBweDA="></latexit>

;YP]PHS IHZPJ MLHZPISL ZVS\[PVU! x = 0, y = b

<latexit sha1_base64="Zhegg7WC8SwT03pybBFSEMcCUwE="></latexit>

Minimize  
violations

Possible outcomes
 -LHZPISL WYVISLT �JVZ[ $ ��! y? = 0 HUK x? PZ H IHZPJ MLHZPISL ZVS\[PVU
 0UMLHZPISL WYVISLT �JVZ[ % ��! y? > 0 HYL [OL ]PVSH[PVUZ

<latexit sha1_base64="IbKyAgvLSJQhdj0E9x+Cvdznou0="></latexit>

Auxiliary problem

TPUPTPaL 1T y

Z\IQLJ[ [V Ax+ y = b

x ≥ 0, y ≥ 0

<latexit sha1_base64="+pCm4bomt6xnRomjEw91XEDHRfg="></latexit>



Two-phase simplex method
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Phase I

Phase II 
�� 9LJV]LY VYPNPUHS WYVISLT �KYVW ]HYPHISLZ y HUK YLZ[VYL VYPNPUHS JVZ[�
�� :VS]L VYPNPUHS WYVISLT Z[HY[PUN MYVT [OL ZVS\[PVU x HUK P[Z IHZPZ B�

<latexit sha1_base64="XBC7kbiKACIk8VGE7yCa+h/eIXc="></latexit>

�� *VUZ[Y\J[ H\_PSPHY` WYVISLT Z\JO [OH[ b � 0
�� :VS]L H\_PSPHY` WYVISLT \ZPUN ZPTWSL_ TL[OVK Z[HY[PUN MYVT (x, y) = (0, b)
�� 0M [OL VW[PTHS ]HS\L PZ NYLH[LY [OHU 0� WYVISLT PUMLHZPISL� IYLHR�

<latexit sha1_base64="DCFBzVwUmb+lA/IyLdgAFid9r+4="></latexit>



Degeneracy



Degenerate basic feasible solutions
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P

<latexit sha1_base64="FmklyEZzjjTLBeAdUsLiJPb7K3w="></latexit>

y

<latexit sha1_base64="0DzzaOjvnm3TEFKEaeNi+awmPIc="></latexit>

<latexit sha1_base64="KNnRp9yP7safL2CuekCcHSbERls="></latexit>

P = {x | Ax ≤ b}

Inequality form polyhedron
<latexit sha1_base64="zorWsV+o+Yz3X+/ANH1rtNq04HU="></latexit>

( ZVS\[PVU y PZ KLNLULYH[L PM |I(y)| > n



Degenerate basic feasible solutions
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^L OH]L IHZPJ MLHZPISL ZVS\[PVU x!

<latexit sha1_base64="GfvWojYGOg5KCDp6XdPuqR4HkW4="></latexit>

<latexit sha1_base64="W2UrMzn+arcseCOeLJrw2vN4pWs="></latexit>

.P]LU H IHZPZ TH[YP_ AB =
h
AB(1) . . . AB(m)

i

<latexit sha1_base64="nJHRDakn3fIjj4QDuG4rQDla+p0="></latexit>

 ABxB = b
 xi = 0, 8i 6= B(1), . . . , B(m)

0M ZVTL VM [OL xB = 0� [OLU
P[ PZ H KLNLULYH[L ZVS\[PVU

<latexit sha1_base64="jCR/fN7UmhEYPIjtHLq2noD1djo="></latexit>

Standard form polyhedron

x
1
=
0

<latexit sha1_base64="vUI2x4DFP8pWbSkB8mPq6vCvJwk="></latexit>

x2 = 0

<latexit sha1_base64="HjGchzv7wORPe3VrfA2B6GQf69E="></latexit>

x 3
=
0

<latexit sha1_base64="4QY8aNLBoe4lgAp4nJh1BhVRMlw="></latexit>

x
4 = 0

<latexit sha1_base64="DCS6uqKPwEN7OTGXWt6Qg9Ti3vw="></latexit>

x5
=
0

<latexit sha1_base64="QdaZ1PVIvC20/sSvDkK+5YWA02Q="></latexit>

x
6
=
0

<latexit sha1_base64="zI6ioGbcrADSokamZkRs5cefqqY="></latexit>

P = {x | Ax = b, x ≥ 0}

<latexit sha1_base64="Pb1euq8zO1c1t7w61bGi+wUOyKs="></latexit>



Degenerate basic feasible solutions
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Example

Degenerate solutions

)HZPZ B = {1, 2}

<latexit sha1_base64="+8aHgAYXuk0GiD1sU3MlNn8pbe8="></latexit>

x = (0, 1, 0)

<latexit sha1_base64="2Rflfc8qBlzOPFGlssnZ+SgNQck="></latexit>

x1 + x2 + x3 = 1

�x1 + x2 � x3 = 1

x1, x2, x3 � 0

<latexit sha1_base64="u4knQCalVpynyGV9ftVs9qZNl+A="></latexit>

)HZPZ B = {2, 3}

<latexit sha1_base64="Q4JBMK/WKN98U13mEATpcTyxxCI="></latexit>

y = (0, 1, 0)

<latexit sha1_base64="Xhpc15VtD9cpJpfe9oZn6MA3900="></latexit>



Cycling
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Stepsize

0M i 2 B� di < 0 HUK xi = 0 �KLNLULYH[L�

<latexit sha1_base64="ReUG7vJ+1CTLgMzeB72VoGh5c08="></latexit>

✓? = 0

<latexit sha1_base64="bdoQlcqMdZHggQRhUxvbxQDxGH0="></latexit>

Same solution and cost 
Different basis

<latexit sha1_base64="L9TiZB6GBgzW5w0NiwZo6PbrfJA="></latexit>

;OLYLMVYL y = x+ ✓?x = x HUK B 6= B̄

Finite termination no longer guaranteed!

How can we fix it?
Pivoting rules

<latexit sha1_base64="6+AtkSL/hsZ8kfX3UEf5QFImfAc="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�



Pivoting rules
Choose the index entering the basis 

18

Simplex iterations
>OPJO j&

<latexit sha1_base64="PhQZFgLyRkIK590g3Ni3ko3BqFc="></latexit>

Possible rules
 :THSSLZ[ Z\IZJYPW[! ZTHSSLZ[ j Z\JO [OH[ c̄j < 0
 4VZ[ ULNH[P]L! JOVVZL j ^P[O [OL TVZ[ ULNH[P]L c̄j
 3HYNLZ[ JVZ[ KLJYLTLU[! JOVVZL j ^P[O [OL SHYNLZ[ ✓?|c̄j |

<latexit sha1_base64="AJnm9+4xzDW5aEa0iPYXipPnX9I="></latexit>

<latexit sha1_base64="6+AtkSL/hsZ8kfX3UEf5QFImfAc="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�



�� *VTW\[L [OL YLK\JLK JVZ[Z c̄j = cj � cTBB
�1Aj MVY j 2 N

�� 0M c̄j � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU JVTWVULU[Z dB = �B�1Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

<latexit sha1_base64="fYUEYkg++HB1Ieu7GjCx0v/sXis="></latexit>

Pivoting rules
Choose index exiting the basis

19

Simplex iterations
>L JHU OH]L TVYL [OHU
VUL i MVY ^OPJO xi = 0
�UL_[ ZVS\[PVU PZ KLNLULYH[L�

<latexit sha1_base64="j4oP/bEA7P+RMp01APtjCxNzWlA="></latexit>

>OPJO i&

<latexit sha1_base64="brwBgtjsFQo7OHDwcG5BW679jxI="></latexit>

Smallest index rule
:THSSLZ[ i Z\JO [OH[ ✓? = �xi

di

<latexit sha1_base64="Fru0ZPIKtRBcZwyQ9I0gwVaTgpw="></latexit>



Bland’s rule to avoid cycles

20

Theorem
0M ^L \ZL [OL ZTHSSLZ[ PUKL_ Y\SL MVY JOVVZPUN IV[O [OL j LU[LYPUN [OL IHZPZ
HUK [OL i SLH]PUN [OL IHZPZ� [OLU UV J`JSPUN ^PSS VJJ\Y�

<latexit sha1_base64="udWhuvAZ+ILbNtdwer0uJiBOwbc="></latexit>

Proof idea [Vanderbei, Ch 3, Sec 4][Bertsimas and Tsitsiklis, Sec 3.4]
• Assume Bland’s rule is applied and there exists a cycle with different bases.

• Obtain contradiction.



Example



Example 
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TPUPTPaL −10x1 − 12x2 − 12x3

Z\IQLJ[ [V x1 + 2x2 + 2x3 ≤ 20

2x1 + x2 + x3 ≤ 20

2x1 + 2x2 + x3 ≤ 20

x1, x2, x3 ≥ 0

<latexit sha1_base64="usNGG8DKhJ+RZwsB1VO0mjdZ3l0="></latexit>

TPUPTPaL −10x1 − 12x2 − 12x3

Z\IQLJ[ [V




1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1









x1

x2

x3

x4

x5

x6





=




20

20

20





x ≥ 0

<latexit sha1_base64="pwvlE0EV3XEWZsW6hDn8EidWvEs="></latexit>

Standard form
x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x! = (4, 4, 4)

<latexit sha1_base64="fVT4LpE+OSdaJW3i7JqndJF+ie8="></latexit>

Inequality form



<latexit sha1_base64="pj0YDJUtCXIXaIb2FFq4WYRZqm4="></latexit>

AB =

2

64
1 0 0

0 1 0

0 0 1

3

75

Example
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x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

TPUPTPaL cTx

Z\IQLJ[ [V Ax = b

x ≥ 0

<latexit sha1_base64="GIZSzAxP0EwiwbSVaV/CjKtaKFM="></latexit>

Initialize

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Start
c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>



<latexit sha1_base64="pj0YDJUtCXIXaIb2FFq4WYRZqm4="></latexit>

AB =

2

64
1 0 0

0 1 0

0 0 1

3

75

Example
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x = (0, 0, 0, 20, 20, 20)

<latexit sha1_base64="/4ZExEYqF/HDTPCle57lIQqra4M="></latexit>

Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 1

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
<latexit sha1_base64="1HVmrYT/0bgageLrK1IFBRw4wNY="></latexit>

:VS]L ABdB = �Aj ) dB = (�1,�2,�2)
d = (1, 0, 0,−1,−2,−2), j = 1

<latexit sha1_base64="YEvZpWo8h8+2zD9bbm+xHoW/a94="></latexit>

)HZPZ! {4, 5, 6}

<latexit sha1_base64="PnbNbNU5HbzJwA175laPtDuGxeo="></latexit>

<latexit sha1_base64="M7qwkINqEhybP5sz527XOauQ1yU="></latexit>

:VS]L AT
Bp = cB ) p = cB = 0

Reduced costs

c̄ = c−AT p = c

<latexit sha1_base64="bCFZ6C4LeeBTnqhhEdIKwM4mKyA="></latexit>

c̄ = c

<latexit sha1_base64="RhRdBfLSw8mc56zyQUlXSRFe/wY="></latexit>

Step

5L^ x x+ ✓?d = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="iwhj0zbS164Lk2rr659Xa4RanHI="></latexit>

θ! = min
{i|di<0}

(−xi/di) = min{20, 10, 10}

<latexit sha1_base64="k/QkpSGXHvFxfY6JV7dxzNjQNuk="></latexit>

θ! = 10, i = 5

<latexit sha1_base64="uL+ePOPmba3Qinr4lAmxGzYjPyo="></latexit>

cTx = 0

<latexit sha1_base64="KMrZpbPJGCvIk9IyFMRDG+rXves="></latexit>



Example
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 2

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
<latexit sha1_base64="nx76TnJ8gYW/K3W++GHT+CDKOGI="></latexit>

:VS]L ABdB = �Aj ) dB = (�1.5,�0.5,�1)
d = (−0.5, 1, 0,−1.5, 0,−1), j = 2

<latexit sha1_base64="LLCoBIIaVgoJ04EOG4cJ7RZuQeY="></latexit>

Reduced costs

c̄ = c−AT p = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="U3z/VFdhw+x81uScbEYmZ/i/qrU="></latexit>

c̄ = (0,−7,−2, 0, 5, 0)

<latexit sha1_base64="8i10wu0rJFyNnvT3Bg9HUOXOU7Y="></latexit>

<latexit sha1_base64="UFjJGVLvOzMDtdv7P7fSTPZp4xM="></latexit>

:VS]L AT
Bp = cB ) p = (0,�5, 0)

Step

5L^ x x+ ✓?d = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="iwhj0zbS164Lk2rr659Xa4RanHI="></latexit>

θ! = min
{i|di<0}

(−xi/di) = min{6.66, 20, 0}

<latexit sha1_base64="DZyXrWJRPH7zNzdaZ4TBOK9DrX4="></latexit>

θ! = 0, i = 6

<latexit sha1_base64="hSPKnM4e9dBXjc15kp2QTeKLpiU="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

)HZPZ! {4, 1, 6}

<latexit sha1_base64="JQ1TeNCxoeZx9+n69R1YEKeXJQw="></latexit>

cTx = �100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>

<latexit sha1_base64="6aifmeWMNQPrymPoKo5KzryhiBY="></latexit>

AB =

2

64
1 1 0

0 2 0

0 2 1

3

75



<latexit sha1_base64="t8ws1jlo5ADi/2Vhc0jDlyVPFQk="></latexit>

AB =

2

64
1 1 2

0 2 1

0 2 2

3

75

Example
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 3

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Direction
<latexit sha1_base64="floRhfj9ybgqDFdHAWLR6BKrBuE="></latexit>

:VS]L ABdB = �Aj ) dB = (�2.5,�1.5, 1)
d = (−1.5, 1, 1,−2.5, 0, 0), j = 3

<latexit sha1_base64="s0vH36icHUdmPzve1AN2/xJ45JI="></latexit>

Reduced costs

c̄ = c−AT p = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="+vMPmFWH26mAqqn70Hp229iaBCY="></latexit>

c̄ = (0, 0,−9, 0,−2, 7)

<latexit sha1_base64="r9Oyr10s7k3OUAo2Y7WJiNGFQic="></latexit>

<latexit sha1_base64="Jz9uIfXCQxUinhsw9xpLnFou5sY="></latexit>

:VS]L AT
Bp = cB ) p = (0, 2,�7)

Step

5L^ x x+ ✓?d = (4, 4, 4, 0, 0, 0)

<latexit sha1_base64="5DA7uXloNK/gt8p/5eep/q4Svhw="></latexit>

θ! = min
{i|di<0}

(−xi/di) = min{4, 6.67}

<latexit sha1_base64="RW3AyH1FZ87K+lxa+PlTtMeioyc="></latexit>

θ! = 4, i = 4

<latexit sha1_base64="yFkS027UMeXLAq5AKTcNIwvWa8s="></latexit>

x = (10, 0, 0, 10, 0, 0)

<latexit sha1_base64="usFHfrOjuTuofnYWICw55XU+Z0c="></latexit>

)HZPZ! {4, 1, 2}

<latexit sha1_base64="e/gyfG1nlNYLANU7ka3NPx1dSNY="></latexit>

cTx = �100

<latexit sha1_base64="fG0lcLoeU0zVK/i9PqAe0SuruO0="></latexit>
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Current point

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Iteration 4

c = (�10,�12,�12, 0, 0, 0)

A =

2

64
1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1

3

75

b = (20, 20, 20)

<latexit sha1_base64="hEvuL1DzEMS5HcEokapVQWmgZaw="></latexit>

Reduced costs

c̄ = c−AT p = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="1bFiammoLLzm0Njx8IqChkPMQmY="></latexit>

c̄ = (0, 0, 0, 3.6, 1.6, 1.6)

<latexit sha1_base64="tdMI6+2flw88l0H9mGaDVx5Lyho="></latexit>

<latexit sha1_base64="88YUSe3WvDZbhgxF77mZ4MTETxQ="></latexit>

:VS]L AT
Bp = cB ) p = (�3.6,�1.6,�1.6)

x = (4, 4, 4, 0, 0, 0)

<latexit sha1_base64="DzAmlOf67D5/Efq86zMxi/etdD0="></latexit>

)HZPZ! {3, 1, 2}

<latexit sha1_base64="v97cl854IiMscmYCA6XENjO9IKA="></latexit>

cTx = �136

<latexit sha1_base64="/8rG6kp215gTnNhWYbRyR2KxG6o="></latexit>

c̄ ≥ 0

<latexit sha1_base64="ijclSmonD/OQO8nKQtGafc9w7k0="></latexit>

Optimal

x?

<latexit sha1_base64="n+pdIDw6y+3a5qtpE45q45umSwg="></latexit>

x? = (4, 4, 4, 0, 0, 0)

<latexit sha1_base64="TzhemCAVh3HKGRZdkGxjMODhHdQ="></latexit>

<latexit sha1_base64="HR+pJT+eglig7fI4kfKuSplA1zE="></latexit>

AB =

2

64
2 1 2

2 2 1

1 2 2

3

75



Complexity



Complexity of a single simplex iteration
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<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

Bottleneck 
Two linear systems



Linear system solutions
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Very similar linear 
systems

<latexit sha1_base64="YCJoJtm/wwrBGCRDXUN156ar0vk="></latexit>

AT
Bp = cB

ABdB = �Aj

Factorization is expensive

Do we need to recompute it at every iteration?

<latexit sha1_base64="WfRaZ4oowNyfl5XuUxAbmdshQA4="></latexit>

AB = PLU

<latexit sha1_base64="zp5H6lncqJbfZLvxSvKeK1qXYYw="></latexit>

LU MHJ[VYPaH[PVU
<latexit sha1_base64="B5BA962JeJ6SnWFzLHGOUoIUzbI="></latexit>

(2/3)n3 ÅVWZ
<latexit sha1_base64="Al43CG2GR8yrr+0wwYRIjPmqvtw="></latexit>

UTLTPT p = cB

PLUdB = �Aj

Easy linear systems
<latexit sha1_base64="RJpl88lq26cSDlWpXia8ikODhRw="></latexit>

4n2 ÅVWZ



Basis update
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Index update
Basis matrix change

<latexit sha1_base64="fUu4+Orf8yjndN8Bvfmup6NpCEQ="></latexit>

AB̄ = AB + (Ai −Aj)e
T
!

<latexit sha1_base64="Jn/g8fcDzPaVMJd5m4FGfvMGfNA="></latexit>

 j LU[LYZ �xj ILJVTLZ ✓?�
 i = B(`) L_PZ[Z �xi ILJVTLZ 0�

Example
<latexit sha1_base64="3eg0yeVKkMQoBRduHCDlsc1wX6w="></latexit>

A =




1 2 2 1 0 0

2 1 2 0 1 0

2 2 1 0 0 1





<latexit sha1_base64="f20kkS5yXZ6vV90YBgpT3Qnsj7Q="></latexit>

B = {4, 1, 6} ! B̄ = {4, 1, 2}
<latexit sha1_base64="dPHkwuYerQ6qOFpdPsPfgUkcBvI="></latexit> 2 LU[LYZ
 6 = B(3) L_PZ[Z

<latexit sha1_base64="X1mAzwLvkAeN0BnT+ek3JGdnHgo="></latexit>

AB̄ =




1 1 0

0 2 0

0 2 1



+




0 0 2

0 0 1

0 0 2



−




0 0 0

0 0 0

0 0 1



 =




1 1 2

0 2 1

0 2 2





<latexit sha1_base64="fiQtMObnY7YXhPJN3Hfs1bShgWQ="></latexit>

AB

<latexit sha1_base64="dDvlq8ejqs1sQavay5pMjpX3DeA="></latexit>

A2e
T
3

<latexit sha1_base64="vRACGU/Lpoep0qHPAw738QcwZTM="></latexit>

A6e
T
3



Smarter linear system solution
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Basis matrix change
Matrix inversion lemma

(from homework 2)
<latexit sha1_base64="iNQohw2sfPbMHO80ANbkUU13zXI="></latexit>

AB̄ = AB +

v︷ ︸︸ ︷
(Ai −Aj) e

T
!

<latexit sha1_base64="VIYWHEgVSqS/aLBriiVXoKzlmxc="></latexit>

(AB + veT` )
�1 =

✓
I � 1

1 + eT` A
�1
B v

A�1
B veT`

◆
A�1

B

<latexit sha1_base64="OD4+IfaldhUn5Oh9WlkxZRejP3c="></latexit>

:VS]L AB̄dB̄ = �Aj
<latexit sha1_base64="1bxH44koP8UFwkE6oh7n2vftcQM="></latexit>

�� :VS]L ABz1 = e` �2n2 ÅVWZ�
�� :VS]L ABz2 = �Aj �2n2 ÅVWZ�
�� :VS]L dB̄ = z2 � vT z2

1+vT z1 z1

Remarks
<latexit sha1_base64="uFWHaeeKehOvYXXzvtSP4P2V7Qs="></latexit>

 :HTL JVTWSL_P[` MVY AT
Bp = cB �4n2 ÅVWZ�

 k�[O UL_[ P[LYH[PVU �4kn2 ÅVWZ� KLYP]L HZ L_LYJPZL����
 6UJL PU H ^OPSL �L�N�� k = 100�� IL[[LY [V YLMHJ[VY AB
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<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

<latexit sha1_base64="yCKkTs5RUK90mAU0Y4YbfqvbKtA="></latexit>

�� *VTW\[L [OL YLK\JLK JVZ[Z c̄

 :VS]L AT
Bp = cB

 c̄ = c�AT p

�� 0M c̄ � 0� x VW[PTHS� IYLHR

�� *OVVZL j Z\JO [OH[ c̄j < 0

�� *VTW\[L ZLHYJO KPYLJ[PVU d ^P[O
dj = 1 HUK ABdB = �Aj

�� 0M dB � 0� [OL WYVISLT PZ \UIV\UKLK
HUK [OL VW[PTHS ]HS\L PZ �1� IYLHR

�� *VTW\[L Z[LW SLUN[O ✓? = min
{i2B|di<0}

✓
�xi

di

◆

�� +LÄUL y Z\JO [OH[ y = x+ ✓?d

�� .L[ UL^ IHZPZ B̄ �i L_P[Z HUK j LU[LYZ�

Bottleneck 
Two linear systems

<latexit sha1_base64="D8RxGOkovoMhk40y0PbjstVkjhE="></latexit>

≈ n2
Matrix inversion lemma trick

     per iteration 
(very cheap)

How many iterations do we need?



Example of worst-case behavior
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Complexity of the simplex method

Innocent-looking problem
TPUPTPaL −xn

Z\IQLJ[ [V 0 ≤ x ≤ 1

<latexit sha1_base64="s1B0ngCB9s4ZcRGvL+j2J4UWM1w="></latexit>

2n/2 ]LY[PJLZ! JVZ[ $ 1

<latexit sha1_base64="02N/W6S970ABFz7MFhQaRopupAA="></latexit>

2n/2 ]LY[PJLZ! JVZ[ $ 0

<latexit sha1_base64="Cv22yso5DCCiy1lA4s2Qsc6FDEQ="></latexit>

2n ]LY[PJLZ

<latexit sha1_base64="HiT9ntt9qNZUmP02NSIX67EE+qI="></latexit>

TPUPTPaL −xn

Z\IQLJ[ [V ε ≤ x1 ≤ 1

εxi−1 ≤ xi ≤ 1− εxi−1, i = 2, . . . , n

<latexit sha1_base64="Yq3HULul1o69xdv26g58B0yccxA="></latexit>

Perturb unit cube

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>



Example of worst-case behavior
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Complexity of the simplex method
TPUPTPaL −xn

Z\IQLJ[ [V ε ≤ x1 ≤ 1

εxi−1 ≤ xi ≤ 1− εxi−1, i = 2, . . . , n

<latexit sha1_base64="Yq3HULul1o69xdv26g58B0yccxA="></latexit>

x2

<latexit sha1_base64="2b7zNai+/76/6tDM10UithgaioQ="></latexit>

x1

<latexit sha1_base64="qpqh7hiByCI+mm28AIIcKUzVuew="></latexit>

x3

<latexit sha1_base64="Bu8vHqVPZKf1Xp59c7LxwwO6WNs="></latexit>

Theorem
 ;OL ]LY[PJLZ JHU IL VYKLYLK ZV [OH[ LHJO VUL PZ HKQHJLU[ [V HUK OHZ H
SV^LY JVZ[ [OHU [OL WYL]PV\Z VUL

 ;OLYL L_PZ[Z H WP]V[PUN Y\SL \UKLY ^OPJO [OL ZPTWSL_ TL[OVK [LYTPUH[LZ
HM[LY 2n � 1 P[LYH[PVUZ

<latexit sha1_base64="RK8gmfO1yCCAYmp5IsQYqVBfdQA="></latexit>

Remark
 ( KPɈLYLU[ WP]V[ Y\SL ^V\SK OH]L JVU]LYNLK PU VUL P[LYH[PVU�
 >L OH]L H IHK L_HTWSL MVY L]LY` WP]V[ Y\SL�

<latexit sha1_base64="Yntk426ncLVZYxUf+AejSKuaY4k="></latexit>

x!

<latexit sha1_base64="+jDiYZ6ROT1P7S+wPmpE8k10UWU="></latexit>
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We do not know any polynomial 
version of the simplex method, 
no matter which pivoting rule we pick.

Still open research question!

Worst-case
<latexit sha1_base64="AZwztsH9iJ7fcFb4jI3b4h8QUag="></latexit>

;OLYL HYL WYVISLT PUZ[HUJLZ ^OLYL [OL ZPTWSL_TL[OVK ^PSS Y\U HU L_WVULU[PHS
U\TILY VM P[LYH[PVUZ PU [LYTZ VM [OL KPTLUZPVUZ� L�N� 2n

Good news: average-case
<latexit sha1_base64="ggVY1asEqMQ55CZwqHt2metm+u0="></latexit>

7YHJ[PJHS WLYMVYTHUJL PZ ]LY` NVVK� 6U H]LYHNL� P[ Z[VWZ PU n P[LYH[PVUZ�



Average simplex complexity
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TPUPTPaL cTx

Z\IQLJ[ [V Ax ≤ b

<latexit sha1_base64="hJj3d/2ECf+B6WfaOW7Np3i190c="></latexit>

Random LPs n ]HYPHISLZ
3n JVUZ[YHPU[Z

<latexit sha1_base64="+nS7JmuToPpj9rlcXAODMeG/wvc="></latexit>
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Today, we learned to:


• Find an initial basic feasible solution (Phase-I/II Simplex)


• Deal with degenerate basic feasible solution (Bland’s rule)


• Compute the simplex method complexity (per iteration and overall)

The simplex method implementation

38
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Next lecture

• Duality
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