ORF307 - Optimization

12. The simplex method implementation

Bartolomeo Stellato — Spring 2023



Ed Forum

 Final exam time window: May 12 - May 17. 24hours total take-home time.
 Midterm grades this week.
* | ecture questions:

* | was hoping that in the next lecture we could review the two steps to
computing the reduced cost vector on slide 22.

e Towards the end of the lecture, we learned that in the case of finite
convergence, the simplex method terminates after a finite number of
iterations. How costly (in flops) is this algorithm, and why?






How does the cost change?

Cost improvement
cl(x+0d) —c'z = 0c'd

N

New cost Old cost

We call ¢, the reduced cost of
(introducing) variable z; in the basis

T
C; =c d= E cid; =c; +cgdp =c; —cgAgz A,
1=1

» ¢; > 0: adding z; will increase the objective (bad)
- ¢; < 0: adding z; will decrease the objective (good)



Vector of reduced costs

Reduced costs

T A—-14
C; =cj —CgpAg A;

|Isolate basis B-related components p
(they are the same across j)

Full vector in one shot?

c=(C1y...,Cn)

Obtain p by solving linear system

D = (Agl)TCB —> Agp — Cp

Note: (M—1)1 = (M*)~!
for any square invertible M

Computing reduced cost vector
1. Solve Agp = CB

2. c=c— A'p



Stepsize

What happens if some ¢; < 07
We can decrease the cost by bringing z; into the basis

How far can we go?

8 =max{6]|06! 0 HUX+ 6d! 0} dPZ[OLOIHZPJ KI
Unbounded
If d > 0, then 6 = oco. The LP I1s unbounded.
Bounded | |
oM< OMVY ZVTL: !'= mn 12 = mn 12

{ild; <0} d; {i! B|d;< 0} d;
ZPUdiU. 0, |1/ B



Moving to a new basis

Next feasible solution
X+ !1'd

3LB()! {B(1),....B(M)} IL [OL PUKL ZVJ® '[c%iﬁi
B3 (")
Xy *+ ! dg) =0

New solution
Xy ILIVTIOZ L _ |
.mILJVTuZ LU]JL

| New basis
Aw = Agw)y --- Aspry Aj Asp+y .- Asm)



Initialization

. HIHZPJ MLHZIPI®L ZVS\[PVY

" H IHZPZ TAL[¥ PAg )

Ilteration steps

*VTW\[L [OL YLK\JIgK JVZ[Z

. VSWip=cs
.g=c! Alp

01 0 x VW[PTIE HR
*OVVEZEZ\JO [@H[0

An iteration of the simplex method

---1AB(m)

*VTW\[L ZLHYJO KP'PLO[PV U

d =1 HUAKgdg = | A

0dd" 0 [OL W YWIB\URKLK?Z

HUK [OL VW[PTH# |HSLIHRZ
|

X

*VTW\[L Z[LW 51=U Nihid | —

{i! B|dj< O} d;

+LAWILZ\JO [@H K+ !'d
L[ULA IHBWRZ P[ZHUWK[LYZ
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Example

P:{X‘X1+X2+X3:2, X ! O}

x =(2,0,0) B = {1)

YHZPJPYKR — d=(! 1,0,1)

dj:].
ABdB:!Aj " dB:!].
Stepsize !' = | ~1 =2
d1

New solution y= x+!'d=(0,0,2)

@ = {3)




Finite convergence

Assume that

P={x|Ax=Db,x! O} UV LTW[
. L,]JLY ITHZPIJ MLHZPISVYZYXENPUQ

Then

OL ZPTWSL TLYDORKH[LZHM[LY HAUP[L U\TILY VM
([[LYTPUH[PVU AL LP[OLY OH]JL VUL VM [OL MVSSVAI

I HWW[PTHSBHZPZ
f HKPYLJEPMXWO [@dHF0,d! 0,c"d< 0O HUK [OL VW [P TS
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Finite convergence
Proof sketch

At each Iteration the algorithm improves
1  HWVZP HPIVY\U |
. HSVUNK[PY.LIJFPXDO [O'HK O

Therefore
. ;OLJVZ] ZI[YPJ]S KLJYLHZLZ

.9V IHZPJ MLHZPISL ZVS\IPVU .

Since there is a finite number of basic feasible solutions
The algorithm must eventually terminate
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Today'’s lecture

The simplex method implementation

* Finding an initial basic feasible solution
 Degeneracy
e Full simplex example

o Efficiency

12



Find an initial point



Initial basic feasible solution

TPUPTP&AKk
Z\NITQLJ| A¥Y = L
x!1 0O

IV® KV AL NL] HUIRHZRPPIPMBHZP I S Ix ZAMUSK[[HP X/ B Z¢

+V L ZIP [P¢
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Finding an Initial basic feasible solution

Auxiliary problem

Minimize

TPUPTPdK TPUPTPHlY «— Violations
Z\IQLJI[AX = b —  »  Z\MIQLJ[AY+y=bh
X! 0 x!I 0yl QO

(ZZ\TW[RVO”* S VN PMUV[T\S[PW'SL
YPIPHEZPJ MLHZP ISk Z0/Bx[H

Possible outcomes

. -LHZPISLWYNNZA Y £0 HUK PZ HIHZPJ MLHZ

" OUMLHZPISL WYZI[ST0HYL[OL]PVSH[PVUZ



Two-phase simplex method

Phase |

*VUZ[YMI PSPHY  WZX YOS/ IOH D
"VSILH\ PSPHY WYVISLT\ZPUN ZPTW(8)=TQ [
OM[OL VW[PTHS JHS\L ® ZVN'YLS [ I YPDNHIHLZHPR S L

Phase II

9LJVILY VYPNPUHS WYVISKTHWKR VIWZ][NY P I
"VS]ILVYPNPUHS WYVISLT Z[HY KPHJUNKVPY ¥ BHI ¢
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Degeneracy




Degenerate basic feasible solutions

Inequality form polyhedron

(ZV SY\PP KLWNLULUNYW[LF

o>

P={x|Ax! b}
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Degenerate basic feasible solutions
Standard form polyhedron

PJLUH IHZPZAEH[YBy ... Agm
AL OHIL IHZPJ MLHZPX OM ZVTL WM{@L [ ¢
ArXs = b "~ P[PEHNLULYHI[L Z

%, =0, !i%B(1),...,B(m)

P={x|Ax = Db, x! 0}

& 19




Degenerate basic feasible solutions

Example

X1+ Xo+ X3 =1
l X1+ X0l X3=1
X1,X2,X3 " O

Degenerate solutions
YHZBZ{1,2} —— x=(0,1,0)
YHZBZ {2,3}4 — y=(0,1,0)
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X

Cvclin |
y g *VTWI\|IL Z[LW 5 1=U N | —

Stepsize {i! B|d;< 0} di

|

OiM B di<OHUK=0 KLNLUL
1t =0

_ |y — - Same solution and cost
' OLYLM¥Xt!'xX=x HUKE B Different basis

Finite termination no longer guaranteed!

How can we fix it?

Pivoting rules

21



Pivoting rules

Choose the index entering the basis

Simplex iterations
*OVVyIZ\JO [@HKI[O — >0PJC

Possible rules

:THSSLZ[ Z\IZZIYPWS$IZX)O [@HK[O
4VZ[ULNH[PQVNVZAP[O [OL TVZ[ UL NH]
" 3HYNLZ[JVZ[KLIJYOVIMZRP[O [OL SH|H|

22



Pivoting rules

Choose index exiting the basis >L JHU OH]L TVYL [O

Simplex iterations VUILMVY Q@ PXO
oy UL ZVS\[PYXUNIZUL
*VTW\[L Z[LW 5 L=U N = —
{| ‘di<0} di >OPJQ

Smallest index rule
X

THSSILZ\JO [OH]! +
i

23



Bland’s rule to avoid cycles

Theorem

OM AL \ZLZOHMSSLZ[ PUKMVWISIVVZPUN LW[[@Y®UN [
HUK [[OALH]PUN [OL IHZ® 2 JOPUN ~"PSS VJJ\Y

Proof idea [Vanderbei, Ch 3, Sec 4]|Bertsimas and Tsitsiklis, Sec 3.4}

 Assume Bland’s rule is applied and there exists a cycle with different bases.
* Obtain contradiction.

24






Inequality form
TPUPTPRIOX, ! 12X, ! 12X3
Z\NITQLJJ XVM+2Xx,+2x3" 20

2X1+ Xo+ X3 " 20
2X1+2X%X, + X3 " 20
X1,X2,X3# O

Standard form
TPUPTPlalOx, ! 12,! 123,

—

$
) 2210(())..)((/3"0
Z\IQLJ[#Y 1 2 0 1 (ﬁ” By?:#zocé
2 1 0 0 1

N
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Example

Start TPUPTPAK
Z\IQLJI[AY =t

x! 0
Initialize 100
x=(0,0,0,20,20,20) Ag = #0 1 O
0 0 1

c=(!10! 12,
12 2
A=#2 1 2
2 2 1

b= (20, 20, 20)

X3
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Current point

X =(0,0,0, 20,20, 20
uEe):gimele c'x =0 |
)HZF{Z56}
1 O O
AB—#O 1 Oé
0O 0 1
Reduced costs = C
VSHALp=c | p=cg =0

g=c! Alp=oc

Direction d=(1,0,0,! 1,1 2,1 2), | =1
:VS]A.BdB:!Aj " dB:(|1,|2,|2)

Step!" =10, i=5

= | Y:-/d:) = mi
| {.r\TJIDO} (! X;/dij) =min {20, 10, 10}

5L ! x+!'d=(10,0,0,10,0,0)

c=(! 10! 12 12,0,0,%)

1. 2 2 1 0 O

o
@)

2 2 10 0 1
b= (20, 20, 20)
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Current point C = (|! 10,1 12,1 12,0,0, %)

X =(10,0,0,10,0,0 -
Example XS0 0 ) 122100
Ilteration 2 VHZRZW 6] A=#2 1 2 0 1
11 O; 2 2 1 0 0 1
A = #0 2 (¥ b= (20, 20, 20)
0 2 1
Reduced costs = (0,! 7,! 2,0,5,0)
VSHALp=c | p=(0,"5,0) A3
g=c! Alp=(0,! 7! 20,5,0)
Direction d=(! 05,1,0,! 1.5,0,! 1), | =2
VSWegdg =! A; " dg =(! 151051 1)
Step !' =0, i=6 A2
|+ = {'erO} (! X;/d;) = min {6.66, 20, O}
1|d;j <

5L~! x+!1°d=(10,0,0,10,0,0) X1
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Current point

X =(10,0,0,10,0,0
Exa.mple CTX(: 1 10C )
Ilteration 3 VHZ RZ1, 2)
112
Ag = #0 2 1§
O 2 2
Reduced costs = (0,0,! 9,0,! 2,7)

VSHLp=c ! p=(0,2,"7)
g=cl ATp=(0,0,! 9,0,! 2,7)

Direction d=(! 1.5,1,1,! 25,0,0), | =3

:VS]A.BdB:!Aj " dB:(|25,|15,1)
Step |" =4, =4

E— ' | Y. /d.) = mi

| {ir‘T(}ilrgO} (! X;/dj) =min {4, 6.67}

5LAX! x+!'d=(4,4,4,0,0,0)

c=(! 10! 12 12,0,0,%)

122100
A=#2 1 2 0 1 &
2 21 0 0 1
b= (20, 20, 20)
X3
X2
30
X1



Current point

Example X =(4,4,4,0,0,0)
Ilteration 4 c'x = | 13¢
JHZR 21,2}
212
Ag = #2 2 1
1 2 2
Reduced costs 2= (0,0,0, 3.6, 1.6, 1.6)
VSWIp=c ! p=("36"16"16)

g=c! A'p=(0,00,3.6,1.6,1.6)

Optimal
g! 0 —— Xx =(4,4,4,0,0,0)

c=(! 10! 12 12,0,0,%)

1 2 2 1 0 O

o
@)

2 2 1 0 0 1

31




Complexity



Complexity of a single simplex iteration

*VTW\[L[OL YLK\JIeK JVZ[Z *VTW\[LZLHYJO KP'PILO[PVU
d =1 HUAgds = ! A;
. CVSHLp= cs | ° |

g=c! ATp 0" 0 [OL W YWIB\URKLK?Z

HUK [OL VW[PTH# |HSLIHRZ
Ol O x VWIPTIHE HR !
X

N * . | — | —
OVVEZEZ\JO [@H[O VTW\[L Z[LW SLU{iI\!I |(dDi<O} d

+LAWILZ\JO [@H K+ !'d
L[ULA IHFWPRZ P[ZHUWK[LYZ

Bottleneck

Two linear systems -



Linear system solutions

Very similar linear LU MHJIVYP Easy linear systems
systems (2/ 3)n3 AV 4nc AV
ALp=C U'L'"P'p=c

g P B Ag = PLU P B
AB dB = | Aj PLUdB = | Aj

Factorization Is expensive

Do we need to recompute it at every iteration?

34



Basis update

Index update
] LUILXZILIVTUZ Basis matrix change
i=B(M L PXA[ALJIVTIO: Aw = Ag +(A;! A)e

| ~ Example
122100 B={416} ! B={412}
A=#2 1 2 0 1 @ . 2LUJLYZ
2 21 0 0 1 .6=B(3) L_P
Ag Azeg Aaeg

i i i

11 0 00 2 00 0 11 2
Ag = #0 2 o+ 20 0 18 20 0 of=#0 2 1
0 2 1 0 0 2 0 0 1 0 2 2

35



Smarter linear system solution

Matrix inversion lemma

Basis matrix change (from homework 2)
_ !_Ill\#_$T Ao + T!l_-|| 1 Al lyal Al
A@—AB"'(Ai- Aj)e! - (A Ve!) — - 1+e!TAi31V g V€ B

:VS]A.@d@:!Aj
VSHsz! = 2n° AVW.
VSHgz?=!A; 2n? AV\

T 5,2

VSg = 22! 571

1+ v'T

Remarks
. HTL JVTWSL_Al%[:)‘:l\,t.g/¥ln2 AVWZ

'k [OUL [P[LAM[RVWZ KLYP]L HZ
. 6UJL PU H AOPKH100Q NIL[[LY [V Y AN 36



Complexity of a single simplex iteration

*VTW\[L [OL YLK\JIgK JVZ[Z

. CVSWip=cs
.g=cl A'p

01 0 x VW[PTIVE HR
*OVVEZEZ\JO [@H[O

Bottleneck

Two linear systems

——

*VTW\[L ZLHYJO KP'PLO[PV U

di =1 HUAgds = ! A,

Odd " 0 [OL WYWIB\UKLKZ

HUK [JOL VWI[PTH# |HSLIHRZ
|

%

*VTW\[L Z[LW 51=U Nijhid —

{i! B|d;< 0} d;

+LAWILZ\JO [@HK+ !'d
L[ULA IHBRZ P[ZHUWK[LYZ

Matrix inversion lemma trick
| n“ per iteration
(very cheap)

How many iterations do we need? 37



Complexity of the simplex method

Example of worst-case behavior s
Innocent-looking problem }-

| 2" TLYIP
TRV ET T, 2"/2 JLY[PJLZ! 1
ZAIQLJ[QV x" 1 /2 ILY[PJLZ! @

Perturb unit cube
TPUPT Pla\,

Z\IQLJI[ITV x." 1
IXiv 17 X; " 1l IX 4, |1 =2,..., 1

38



Complexity of the simplex method ..

Example of worst-case behavior X'
TPUPTPlax, /
Z\IQLJ[IV X" 1
IXir 1" X" 1! Ixy 1, i=2,...,n » X2
X1
Theorem

OL JLY[PJLZ JHU IL VYKLYLK ZV [OH[ LHJO VU]
SVALY JVZ[[OHU [OL WYL]PV\Z VUL

:OLYLL PZ[ZHWP]V[PUN Y\SL\UKLY "OPJO [O
HMPLY 1 PILYHIPVUZ

Remark
. ( KPHLYLU| WPAVISIKIOH]L JVU]JLYNLK PL

. >LOH]JLHIHK L _HTWSL MVY L]JLY WP]V| 39



Complexity of the simplex method

We do not know any polynomial | _
version of the simplex method, ———  Still open research question!

no matter which pivoting rule we pick.

Worst-case

 OLYLHYLWYVISLTPUZIHUJLZM"OLYL |OL ZIP TWWSBU L
U\TILY VM P[LYAHJRPVYUTZZ VM [OL KPTRUZPVUZ L N

Good news: average-case
I YHI[PIHS WLYR¥Y¥YOHUNVYVK 6UH]JLYHMLP[R[YH
40



Average simplex complexity

Random LPs TPUPTPAK N THYPHIS
ZNIQLJI[ AX! L 3n JVUZIY

lterationsn Timen3

—— Cubic polynomial
-------- Square polynomial

800C

Number of iterations
N o)
) )
o )
) r_a O

N
)
)
Q

0 250 500 750 1000 0 250 500 750
N N

1000
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The simplex method implementation

Today, we learned to:
* FInd an initial basic feasible solution (Phase-I/lIl Simplex)
 Deal with degenerate basic feasible solution (Bland’s rule)

 Compute the simplex method complexity (per iteration and overall)

42
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Next lecture

* Duality
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