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Ed Forum

 What are exactly x_i"+ and x_iN-7?

e What does it mean to eliminate free/unconstrained variables?






Standard form
Definition

minimize L r e Minimization
subjectto Az =b * Equality constraints

r >0  Nonnegative variables

 Matrix notation for theory

o Standard form for algorithms



Standard form

Transformation tricks

Change objective
If “maximize”, use —c instead of c and change to “minimize”.



Standard form

Transformation tricks

Change objective
If “maximize”, use —c instead of c and change to “minimize”.

Eliminate inequality constraints
If Ax < b, define s and write Ax +s =050, s > 0.

| | s are the slack variables
If Ax > b, define s and write Ax — s =0b, s > 0.



Standard form

Transformation tricks

Change objective
If “maximize”, use —c instead of c and change to “minimize”.

Eliminate inequality constraints
If Ax < b, define s and write Ax +s =050, s > 0.
If Ax > b, define s and write Ax — s =0b, s > 0.

s are the slack variables

Change variable signs
If z; <0, define y;, = —x;.



Standard form

Transformation tricks

Change objective
If “maximize”, use —c instead of c and change to “minimize”.

Eliminate inequality constraints
If Ax < b, define s and write Ax +s =050, s > 0.
If Ax > b, define s and write Ax — s =0b, s > 0.

s are the slack variables

Change variable signs
If z; <0, define y;, = —x;.

Eliminate “free” variables ) |
If X; unconstrained, define X; = x; ! X; , with X

+ n
i

Oand x; " O.



Standard form

Transformation example
TPUPTPXL + 4x
Z\IQLJ[[M + Xp! 3
X1 + 2Xo, =14

X1 10
TPUPTPXL + 4x; | 4x,
Z\IQLJ[[M + x5 ! x, |
X1+ 2x5; 2,

X1, XZ, X5,



Today’s lecture

Piecewise linear optimization

* \ector norms
* Plecewise linear optimization
* Turning vector norm problems as LPs

e Support vector machines



Vector norms




Vector norms

Euclidean norm

" g

X!, = #

X

1=1

1-norm (Manhattan norm)

!”
X! = |Xi |
=1

UVYT TH L

X!y = max |x;|
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Data-fitting example
P[HSPULHY (d)\Ud{R¥ i KH[H WP )
(WWYV_PTH[PVAKWNYOSI ) S0 ) &

1z, 0% f
) S A
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—() ="
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9LJHSS V\Y YLNYLZZPV
!m

TPUPTPalAXx! b = "Ax! b';
1=1

>0 PZP[HSPULHY WY\

1 10 | 5 0 5 10

N
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Simple example revisited

VHBUK WVPU[HZ MHY S
PU [OL\UR[ IV
HUK YLZIYPJILKLUV IOL S

TPUPTPaL

X2

Z\NITQLJ[ I, " 1
X1+ Xo = #1
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Simple example revisited

VHBUK WVPU[HZ MHY S
PU [OL\UR[ IV
HUK YLZIYPJILKLUV IOL S

TPUPTPaL

X2

Z\NITQLJ[ I, " 1
X1+ Xo = #1

The (nonlinear) norm function
appears in the constraints

Why is it a linear progam?
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Plecewise linear optimization



e and convex functions

f(X)

n

Linear,

A5
>y
e

—N

SPULHY M\UWX)R\alx

(TUL M\UJ[BYE a™x + &




Linear, affine and convex functions

f(X)

*VUIL M\UJ[PVU

f(Ix+(Q! Dy)" df (X)+ (T ) (),

#xX,y $ R", ! $ [0, 1]




Convex piecewise-linear functions

N

W 00= max_(alx+ )

T(X)
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Convex piecewise-linear minimization
f (X)

..... Im
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Convex piecewise-linear minimization
f (X)

TPUPTPmax (a x+ b)
| =

1...., m

Equivalent linear optimization

TPUPTPtal
Z\IQLJ[ & +hB! t i=1,...,m
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Convex piecewise-linear minimization
f (X)

Equivalent linear optimization

TPUPTPtal
Z\IQLJ[&&+hB! t i=1,...,m
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Convex piecewise-linear minimization
f (X)

Equivalent linear optimization

TPUPTPtal
Z\IQLJ[&&+hB! t i=1,...,m

h A
Matrix notation 0/
o | al 11 (o | by
TPUPTP&k Cox 0 OT“-_$ 5 _$
TP X = , E= K = 7A ( b= A (
Z\IQLJ[ ! E t T4 1 |4
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Vector norm problems as
linear optimization




44 |
| UVYT YLNY \/“ﬂ
TPUPTPAL" D, £

OL UVYVUYM JLI[VPZ )
'y'o= max |yi|= max max{yi,#VYi}
=1 ,..., m 1=1 ..., m

19



I UVYT YLNY 9 =(Ax )

"X\‘);\,)
TPUPTPAL" D,
"OL UVYVM JLI[YPZ
— SN
mm G yor - i=T,a.f?,(m yil = i:T??,(m maxiyi, #Yi} A<
Equivalent problem
T\PUPTPtaLI IR TPUPTPtalL
Z\IQLJ[ (AX! b); " t, i =1,...,m Z\VIOLI[AY! b" t1
L (AX! b)i"t, i=1,...,m

I (AX! b)" t1
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UVYT YLNY

TPUPTPAL" b,

OL UVYVM JLI[YPZ
y'o= max |yl = max - maxiyi,#Yi}

=1 ,..., m 1=1 ..., m

Equivalent problem

TPUPTPtal
Z\IQLJ[AY! b" t1
I (AX! b)" t1
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I UVYT YLNY

TPUPTPAL b
"OL UVYVYM JLI[VPZ

AT i:TaX Vi | = Imax max{ Vi, #Vi}

Equivalent problem Matrix notation

T:
TPUPTPtal TPUPT) -
Z\IQLJI[ AXI b (1 "[1 L.
| (Ax ! b)" /11 11 |
Z\|QLJ[[\/A Lox b

A 'l b 20



Sum of piecewise-linear functions

21



Sum of piecewise-linear functions

Equivalent linear optimization
TPUPTPtat t,
Z\IQLJ[§&W+b ! ty, i=1,..., m
CiTX+di! to, 1=1,..., P
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1 UVYT YLNY

TPUPTPAL" bl

Ol UVYUYM JLI[YVPZ

| M | M

lyly = yil=  max{yi," yi}

1=1 1=1

22



1 UVYT YLNY

TPUPTPAL" bl

Ol UVYVYM JLI[VVPZ

I I

lyly = yil=  maxy

| 111

TPUPTRP aLu;
i=1

Z\NITQLJJ] (AXK! b);" u,
I (Ax ! b)i " uj,

i=1 1=1

Equivalent problem

1=1....m —

1=1.....m

i}

TPUPTPH
Z\IQLJ[A¥! b" u
I (Ax! b " u

22



1 UVYT YLNY

TPUPTPAL" bl

Ol UVYUYM JLI[YVPZ

| M | M

lyly = yil=  max{yi," yi}

=1 =1
Equivalent problem

TPUPTPH
Z\IQLJ[AXY! b" u
I (Ax! b" u
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1 UVYT YLNY

TPUPTPAL" bl

Ol UVYUYM JLI[YVPZ

| M | M

yli= lyi|=

1=1 1=1

Equivalent problem

TPUPTPH
Z\IQLJ[ AXY! D" /u
I (Ax! b " w

max{yi," Vi}

Matrix notation

TPUPTF’ai)L
|

A
Z\IQLI[ [V,

T .

X
U



\TTHY 1THUK UVYT YLNY

! UV

TPUPTPAL" O,

Equivalent to

TPUPTPtal
Z\IQLJ[AXY! b" t1
| (Ax ! b)" t1

(1ZVS\[L]HS\L VM L]LMAXL®LP
IVIUKLK I [OL ZHABHY

24



\TTHY 1THUK UVYT YLNY

I URVA 1 UV®
TPUPTPAL" b, TPUPTPAL" b,
Equivalent to Equivalent to
TPUPTPtalL TPUPTPHL
Z\IQLJ[ AY! b" t1 Z\IQLJ[AXY! b" u
I (Ax! b " tl I (AX! b " U
(1ZVS\[L JHS\L VM L]LAXL®L TP (1ZVS\[L JHS\L VM L]LAXL DL F

IVIUKLK I [OL ZHHBHY IV\UKLKI‘HJVTWVUL]UJ.[J[/\MIY[24



Example : converting to an LP

TPUPTPI&AK " b, mn B
Z\IQLJ[ I, # K |l sk
A<_bs 4
\G\x__kygt‘i

Av b 4,
~-(A-S\ St

X XU
- KV
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_ _ e s N
Comparison with least-squares

IPZI[VNYHT VM XLZBPRKPHS X HUKV TS  ML'ULYHT

X, = argmin ! Ax " bl 3, X1 =argmin 'Ax " bl

10

50

?3 | 2 1 1 0 1 2 3
(AX1! b)k

1 UVYT KPZ[YPIP[RYE [PZH NO WLHR
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Modeling software does most of this for you

! UV

TPUPTPAL" O,

tmport numpy as np
tmport cvxpy as cp

N =

A
D

np.random.randn(200, 80)
np.random.randn(200)
cp.Variable(80)

| I | |

objective = cp.norm(A @ X - b, np.inf)
problem = cp.Problem(cp.Minimize(objective))
problem.solve( )

27



Modeling software does most of this for you

I UV 1 UV®
TPUPTPAL" bl TPUPTPAL" b,

tmport numpy tmport numpy
wtmport cvxpy tmport cvxpy

m : 3S() m . o1l

A np.random.randn(200, 80) A np.random.randn(200, 80)
b np.random.randn(200) b np.random. randn(200)
cp.Variable(80) X cp.Variable(80)

objective = cp.norm(A @ X - b, np.inf) objective = cp.norm(A @ x - b, 1)
problem = cp.Problem(cp.Minimize(objective)) problem = cp.Problem(cp.Minimize(objective))
problem.solve( ) problem.solve( )




Sparse signal recovery



"WHYZL ZPNUHS YLJVYINT TPHP T

%! R" PZ\URUV”AU ZPNUHS RU\
>L THRL SPULHY TLHZ\Y AR RO! 9™ " m<n

Z[PTH[L ZPNUHS "PR[OYYHSBWZZPZ[LU[ ~P[O

TPUPTPIxL,;
Z\IQLJ[AXY =y
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"WHYZL ZPNUHS YLJVYINT TPHP T

%! R" PZ\URUV”AU ZPNUHS RU\
>L THRL SPULHY TLHZ\Y AR RO! 9™ " m<n

Z[PTH[L ZPNUHS "PR[OYYHSBWZZPZ[LU[ ~P[O

TPUPTPIxL,;
Z\IQLJ[AXY =y

Equivalent linear optimization
TPUPTPHLWU
Z\NITQLJ[ITMY" x" u

AX =y .



"WHYZL ZPNUHS YLJVYINT TPHP T

Example
 HJ[ Z PANIURF®O
10 UvUaLYV JVIT “
OHUKMWT RlOO! 1000

0.2

The least squares estimate

"2)

cannot recover the sparse signal <,

O UVYTLZIPTIHIK
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Support vector machines



Linear classification

Support vector machine (linear separation)

PILUH ZL[ VMW N PW[IZ"P[O IPUHY &S H' L3
"PUK OWLYWSHUL [OH[ Z[YPJ[S" Z

¥
 —

a'vi+b>0 if s

|l
—

a'vi+b<0 if s
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Linear classification

Support vector machine (linear separation)

PILUH ZL[ VMW N PW[IZ"P[O IPUHY &S H' L3
"PUK OWLYWSHUL [OH[ Z[YPJ[S" Z

aTvi+b>O f s =1

aTvi+b<O f s =11

IVTVNLULV{ZBPUOLUJIL LX\P]JHSLU[[V [OL SP Udb

si(a'vi+ b! 1
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Linear classification

Separable case
Feasibility problem
A UK a, b
Z\IQLJ[$i\QaTvi+b)! 1, |
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Linear classification

Separable case
Feasibility problem
A UK a, b
Z\IQLJ[$i\QaTvi+b)! 1, 1=1,...,N

Which can be seen as a special case of LP with

TPUPTP&L
Z\IQLJ[§Va"'vi+b! 1, i=1,...,N
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Linear classification

Separable case
Feasibility problem
A UK a, b
Z\IQLJ[$i\QaTvi+b)! 1, 1=1,...,N

Which can be seen as a special case of LP with

TPUPTP&L
Z\IQLJ[§Va"'vi+b! 1, i=1,...,N

O PMWYVISLT MLHZPISL
I PMWYVISLT PUMLHZPISL V

p!
p!
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Linear classification

Separable case
Feasibility problem
A UK a, b
Z\IQLJ[$i\QaTvi+b)! 1, 1=1,...,N

Which can be seen as a special case of LP with

TPUPTP&L
Z\IQLJ[§Va"'vi+b! 1, i=1,...,N

O PMWYVISLT MLHZPISL
I PMWYVISLT PUMLHZPISL V —— What then?

p!
p!
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Linear classification

Approximate linear separation of nhon-separable points
Each of our constraints is Violation

s(a'v,+ b ! 1 — max{0,1! sij(a'v; + b))

34



Linear classification

Approximate linear separation of nhon-separable points
Each of our constraints is Violation

s(a'v,+ b ! 1 — max{0,1! sij(a'v; + b))

Goal!
Minimize sum of the violations

TPUPTP4L max{0,1! si(a’v; + b)}

(PLIJL"PZL SPULHY TPUPTPaH[PVW@,Y
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Linear classification

Approximate linear separation of nhon-separable points

TPUPTP4EL max{0,1! si(a’v; + b)}
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Linear classification

Approximate linear separation of non-separable points

TPUPTP4EL max{0,1! si(a’v; + b)}

N
vER
As a linear optimization problem
. )
hans /l v
/-("—'&/:(QTV,‘..FIO)SUL ;L:(( . \
O X O, S &/ N
’ A SRS
__\_B\K ( AV,
~ L}) (Vo C X
X = (CP/ ;U \ N

NN b AR sh



Piecewise-linear optimization

Today, we learned to:!
| Understand the di" erences between vector norms!
| Reformulate convex piecewise linear minimization as linear optimization !

| Apply these techniques to sparse signal recovery and classi bPcation problems

36
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Next time

# Linear optimization geometry !

# Optimality conditions
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