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Most applications require fast and effective
decisions In real-time



Real-time optimization can help us

decisions

l

minimize  f(z,x)

subjectto 2z € C'(x)
T

parameters

objective f: energy consumption, costs
constraints (. dynamics, physical limits

re-planning in real-time How do we solve

such problems?

Is the key to effective
decision-making




First-order methods are now widely popular...

use only first-order information (e.g., gradients)
to solve optimization problems

example
projected gradient descent

minimize  f(z,x)
subjectto 2z € C(x)

2T =T (2" = 0V (2%, 2))

T T

projection gradient step

benefits of first-order methods
v cheap iterations
v easy to warm-start

embedded large-scale
optimization “Q‘t{mvlzatdl

a7




...and they can solve many constrained convex problems!

Linear Programs Quadratic Programs Conic Programs

@)

PDLP OSQP SCS

SE_ITT N5 Z0KIC SCLYEE

Applegate, Diaz, Hinder, Lu, Lubin, Stellato, Banjac, Goulart, O'Donoahue. Chu. Parikh. Bovd (2016
O'Donoghue, Schudy (2021) Bemporad, Boyd (2020) ghue, Lhu, , Boyd (2016)

many more solvers available by the day: cuOPT, PDCS, ...




But they can converge slowly

major issue in safety-critical applications with

real-time limited
requirements computing power

>

_ main idea

iINn most applications we repeatedly
solve the same problem with

_ large amount of data
varying parameters

(e.g., instances, solutions)

~
’
minimize  f(z,x)

subject fo 2z ¢ C(J;) O_[g structured problems

(e.g., parameters -> solutions)



Performance verification of first-order methods



Convergence of first-order methods

example
gradient descent

Iiterations
Zk+1 — T(Zk, 33) for k = O, 1, Ce problem optimality conditions
\ operator minimize f(z,x) E— Vf(z 7;1;) — ()

(e.qg., contractive, averaged)

iterations
=28 9V (25, 2) 0
G
: : : ©
goal: find fixed-points fixed-points &
o * :T(Z*,QZ‘) g =2 —0Vf(z", x)

performance metric
i (z) = IT(2"70) = 2" = |27 = 257

fixed-point residuM

(converges to 0)



Best known convergence bounds via Performance Estimation

write using
interpolation
4 ) perform_ance conditions
| .prcl)blemf( ) maximize HZK _ ZK_lH «——  Mmetric |
Mminimize Z :
subjectto ( f € F )
- _> 1 K " "
algorithm . /éo/,v A/ iterates of algorithm 7" on f
bt L function class » . /
~ — [T'( 2> (e.q., Strongly-convex, _ < .
L ( ) y smooth functions) HZ & H =T “~ initial

condition

O (-0 ()T

convex SDP | O — (Zl — ZO)Tgl Hgl H% (gl)TgO independent from
Gram matrix reformulation (2t — ZO)T a (gl)T q" 19°]5 iterate dimensions
- gradients ]

Drori and Teboulle (2014), Taylor, Hendrickx, Gilneur (2017), and many others including Ryu, De Klerk, Altschuler, Grimmer... 10



Classical worst-case convergence bounds can be very loose

Image deblurring problem
emnist dataset

ﬁ 101 :t:: ''''' T
I 0 ~ . - \, T~ _ e
_F:j 10 "’\\\\\A\ ...... .
': '\.v.\\'\,\‘
© —1 .\'\ \\
5 10 S
. 9 5 102 TN
minimize HAZ — L |2 + >\HZ|| 1 0:3 | ———- Theoretical worst-case bound “~._
" - -3 _ ————- '\'\.\\.k'\,\
sub je ctto 0 S ~ S 1 S 10 Sample average | AN
blurred -y —=+—- Sample 99th quantile Sy
///f 100 10! 10? 107 10"
deblurred iterations
Image

why are worst-case

bounds pessimistic?




Issues with classical convergence analysis

general function classes pessimistic bounds
(f is strongly convex and smooth...)

, qQuadratic
/upper bound

f

quadratic worst-case
lower bound initial point
we may never encounter we may never start
that function from that point
practical settings

C e same problem with

minimize f(Z, QL‘) varying parameters
subjectto 2 € C(x) - z~P .

(unknown distribution)



Algorithms as fixed-length computational graphs

optimizer

_prcz(blem - _ _ ~ fixed-length
Instance iterations e

o ° ! 1 .0 g ) 1 K—1( ) ZK

° X warm start | 2> o >~

®© g &-f------- - > — Ty —  — 1y +—T+—

e .%o 29 . y
L ) \_ J
2V = Zy(x) L= Ty (2", x)

N e

algorithm hyperparameters
(e.g., step-sizes, accelerations, warm-starts...)

4 )
example

projected gradient descent

P =T (2" — OV, f(25, 1))

\ _/




Verifying the algorithm performance after K iterations

goal
estimate norm of fixed-point residual
rt(z) = [l =25

A S\

worst-case probabillistic

ImMax TK (J}) S € P (TK (x) > g) S n - probability

cX bound
problem _— v \ / /

instances convergence

tolerance convergence

problem tolerance

Instances




Verification via mixed-integer linear programming



EF
[=]

Worst-case algorithm verification

parametric
quadratic optimization algorithm
minimize  (1/2)z! Pz +q(z)! 2 (ADMM, PDHG,...)
. . k+1 k
subjectto Az < b(x) [ 27 =Tph(z", x)
\problem
instances
verification problem /pe”n‘:;f;;“ce
maxr’* (z) = maximize |[zFK — 2571

reX

2V = A (QJ‘), reX ~___Problem

Instances

V. Ranjan and B. Stellato
arXiv e-prints:2403.03331 (2025)

Lz () github.com/stellatogrp/sdp algo verify

Eﬁ Verification of First-Order Methods for Parametric Quadratic Optimization

subjectto 2Tl =Ty(z*,2), k=0,...,K—1

16


http://github.com/stellatogrp/sdp_algo_verify

Algorithm steps as mixed-integer linear constraints

Linear steps — Linear constraints

MFtl = AZF 1+ By

\—

e.g., gradient, momentum, restarts, anchors, prox of quadratic functioqs...

Zk—I—l

>
/zk

_J

Elementwise maximum (ReLU)
e.g., one-sided projections

= (2F), = max{z",0}

Soft-thresholding

e.g., prox of 1-norm function

Saturated linear unit (SatLin)
e.g., box projections

= 8, (25) = min{max{z", ¢}, u}

.

2P = 3 (27) = max{2", A\} — max{—2",\}

s : : : : :
Piecewise affine steps — Mixed-integer constraints

A
Zk—l—l
~—
k

Z

Example:
Nonnegative least squares

minimize  (1/2)||Dz — z||3
subjectto 2z >0

gradient
step

Projected Gradient Descent

\ w"t = (I — D" D)2* + D"z

projection R+l — maxfw* T 0}
step

similar MIP constraints in

neural network verification

Liu et al. (2021), Albarghouthi (2021),
Ceccon et al. (2022), Fischetti and Jo (2018),
Tjeng et al. (2019) 17




Constructing strong MIP formulations

piecewise affine steps
soft-thresholding operator

_ k k
w = ¢y (21 + 23) convex hull N

exponential
number of
iInequalities!

v

separation
problem solvable

Inspired by: Anderson et al. (2020), Tjandraatmadja et In linear time
al. (2020), Tsay et al. (2021), Hojny et al. (2024),
Huchette et al. (2025)

18



Using operator theory to tighten MIP formulations

performance
metric

subjectto 2T =Ty(2*,2), k=0,...,K —1
VN =Z¢(x), z€EX

max 7’ (z) = maximize |[|z% — K71 -
reX

operator theory bound

| bounds on latest iterate
e.q., linear convergence | combine

K — C't «— rate

previous iterate bounds
(bound tightening, interval propagation, etc)

ZK_l < ZK_l < ZK_l

main idea
solve verification problem for
iIncreasing K and exploit bounds

19



Examples



Sparse coding for signal reconstruction

reconstructed

/ Signal

L /
minimize (1/2/)\[1)2 —z||5 + M|z]:

knowh \noisy
dictionary signal
lterative Soft-Thresholding Algorithm Fast Iterative Soft-Thresholding Algorithm
(ISTA) (FISTA)
Zk—l—l _ ¢)\9 ((I o HDTD)zk 4 (QDTZE) wk—l—l _ ¢>\9 ((I o HDTD)Zk 4 HDTQZ')
T Zk“%lfkﬂ + (Bk — 1)/ Bgr (0 — w")
soft-thresholding
operator T

soft-thresholding

momentum
operator omentu

21



Worst-case fixed-point residual

Verification results for sparse coding example

p—
=
[E—

1 1 Lol 1 L1l

1 Lol 1 Lol 1 Lol 1 T |

Strongly convex
= 3
Solve time (s)

ISTA

5 10 15 20 25 30 35 40

1l 1 Lol 1 111

L1 1 L1 1 1 L1 1

o
B v“

5 10 15 20 25 30 35 40
K

—— Sample Maximum

10° 5
10_1g

10_23

FISTA

5 10 15 20 25 30 35 40

5 10 15 20 25 30 35 40
K

10x-100x reduction In

worst-case fixed-point residual
(exploiting parametric structure)

Strongly convex

Convex

104

—— Theory Bound (PEP SDP)

ISTA

5 10 15 20 25 30 35 40

5 10 15 20 25 30 35 40
K

exactly captures the
ripples of the FISTA
acceleration

104

102_

10°-

10—2_

—— Verification Problem

FISTA

5 10 15 20 25 30 35 40

5 10 15 20 25 30 35 40
K

22



minimize
subject to

Primal-dual hybrid gradient
(PDHG)

K4 = 8 (2~ nfe + ATvF — ATub)
Rt = (VR4 n(—by + A (2281 — 2F)) 4

wr Tl = wF - n(z — Ag(228T1 — 2F)) ¢
saturated one-sided
linear unit projection

Network flow optimization

network flow

CTZ/

A.z < b,

AdZ — &L «<— demands
0<z<u

(MPDHG)

2Pt = S10,4] (2" —n(c+ Agv" — Ajw"))
gk——l _ Zk 1 k/(k 1 3)(Zk+1 L Zk)
vt [ = (0F +p(—bs + Ag(228 T — 2F)) 4

2R+ \ = wh +\n(z — Ag(2z2F 1 — 2F)) I
saturated one-sided
: ) momentum . )
linear unit projection

Primal-dual hybrid gradient with momentum

23



Verification results for network flow optimization example

T PDHG PDHG with momentum
-

@ O : f

? @ 107 k 0
— ; ;

? = 104 10! ]

s B— 1|
O 1001 | . 0]

2910?"\*—\\_% e 5010?&
O 101 = —1]
.5 ' ! I T T T T T T T T T T T
Y- 10 20 30 40 50 60 70 10 20 30 40 50 60 7O

K K

Solve time (s)

10 20 30 40 50 60 70 10 20 30 40 50 60 70
K K

— Sample Maximum
—— Theory Bound (PEP SDP)

—— Verification Problem

we verify convergence

even when PEP doesn’t!

known behavior in momentum/heavy-ball methods
[L. Lessard, B. Recht, and A. Packard, (2016)]
[Goujaud, Taylor, Dieuleveut (2023)]

can be faster than SDP

for few Iterations

24



Optimal control

/

minimize Z T Qs +ul Ruy

SUbjeCt to St_|_1 — Adynst -+ denut, t=1,...

Smin<3t§5maxa t:L

k+1 _

umin<ut§umaxa t:l)

0 “~_ initial
state

OSQP ADMM splitting

(@) u(z)] (V)

WP + ol + pMIM)28 = 028 — q(x) + pM T (2w
o SR NS B

saturated
linear unit

U

— k)

optimal sequence of
states and controls

25



Verification results for optimal control problem

T p =10
O
Q —=
-
1 = | !
e 4 6
52
=5
g | | | | |
— 10 20 30 40 50
W 103- 103 - can be used to design
GE) (tune) custom algorithms!
= 0 _ 0 _
o 10 10
=
O
w | | | | | | | | | | | | | | |
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
K K K
— Sample Maximum  —— Theory Bound (PEP SDP) —— Verification Problem

exactly quantifies the crucial

iterations required In real-time settings!

20



Fraction of improved

components

Operator theory can tighten bounds on the iterates

Sparse coding

Strongly convex Convex
0.6
0.4 - - —— ISTA
—— FISTA
0.2 .
" ol | I
5 10 15 20 25 30 35 40 5 10 15 20 215 SIO 315 410 Strong|y convex prob|ems have
K K .
the largest benefits
Optimal control (because of linear convergence)

—_

-
—~——
—

—— p=0.1
—
—— =10

&
o

=
o
l

Fraction of improved
components

10 20 30 40 50
operator theory bounds did not help PDHG

(usually requires thousands of iterations)
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Verification of First-order Methods via Mixed-Integer Linear Programming

1. parametric structure matters O-[g

2. algorithm verification %5 operator theory

3. useful to design new algorithms Q

s traditional view h g | new view A
A ). e task-specific
° - —— M _
% ] general pfl.JtrpOﬁe " * tunable/trainable
. ONe-SizE-1Iis 4 y _ @ < deployable anywhere ,
=0 [m] Exact Verification of First-Order Methods via Mixed-Integer Linear Programming
[1~ V. Ranjan, J. Park, S. Gualandi, A. Lodi, and B. Stellato

€. 5 arXiv e-prints:2412.11330 (2025)
&t: ) github.com/stellatogrp/mip algo verify

% Verification of First-Order Methods for Parametric Quadratic Optimization

V. Ranjan and B. Stellato
arXiv e-prints:2403.03331 (2025)

L2 () github.com/stellatogrp/sdp algo verify

AAN

“ @stellato.10 % bstellato@princeton.edu umE stellato.io

A\ /4



http://github.com/stellatogrp/sdp_algo_verify
http://github.com/stellatogrp/mip_algo_verify




Unconstrained QP

warm-starts

-

\_

case |

Zo(x) = 71, Za, OF Zs

re X =10}

J

——) =

PEP-SDP cannot distinguish warm-starts

Worst case fixed point residual

100?

10_1?

o parameters
minimize (1/2):7 Pz + 2%z

verification problem
gradient

maximize |zf — 2B __— descent
subjectto 2Tt =2 —Q(P2F+2x2), k=0,..., K -1
NV =Zy(x), zeX

rotated functions

s Zo(x) = {z |||z — 0.9 1] < 0.1}
casell x € X ={0}
P, P>, rotations of P y

—
—<— P

—— - P2

\\ \\ |
AN N : — D
~
N ~ —
\\ \\ 100 1 P2
N N ]
\\ \\\ ]

Worst case fixed point residual
=

=i
~
ppal I L,

PEP-SDP cannot distinguish quadratic functions



Objective of verification problem as MIP

K K—1
157 =57 oo = lIt]loo = 0k
- lower bounds s 1, s . lower bound ¢ = §K _ K1
# -
- upper bounds, s*~! and s* . upper bound 7 = 5K — ¢K-1

exact reformulation

t=tT—t=, t"<tow, t-<-teO(1-w)
w € {0,1}" (absolute values of the components of ¢)

v € {0,1}¢ (maximum inside the ¢,.-norm)

tT+t7 <dox <tT +t7 +max{t,—t} © (1 — )
1tyv=1, tt>0, t >0

32



Soft-thresholding operator

alz—X alz> )\
w=o¢x(a'z) =<0 lal z] < A
alz4+ X alz< =\

region
®={(z,w) €[z,Z] x R| w=¢yr(a 2)}

lower and upper bounds
(needed for convex hull)

81:Zai€?+2aiug )
icl i¢l L0 JE a2 0
z; otherwise

1
Uy = g aiu?%— E aifg £q

il ig I

Z;

example: ¢y (27 + 25)

otherwise

33



Convex hull of soft-thresholding operator

conv(P)

convex hull
w=alz—\ Ci1,.ny > A
~ w=alz+ \ Ugy,..n) < —A example: ¢>\(Z]f + 215)
=< (z,w) € z,Z] xR e
w = 0 _)\Sé{l ..... n}gu{l ..... n}§>\
(z,w) € @ otherwise
alz—dA<w<alz+ ) /_/_/::’/
- ﬁjfi‘\(aTz—)\)gwg“j;i(aTz—k)\) /
w <Y pai(z— ) ,fé:g‘o (20 — £9), V(I,0) € I
w >3 rai(zi —ud) + EES (2o — ul), V(I,0) € 2T
v exponential number of inequalities
separation_prgblem can be T— — {([7 0) c 1l ny o {17 o ,n} ‘ ur < =\ < UrLfo), Wr £ 0}
solved in linear time n (1)
(bysorhng) Z :{(170)62 °°°°° X{].,...,TL}|€IU{O}<)\§€[, QUI#O}
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