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Most applications require fast and safe 
decisions in presence of uncertainty



My research in a �shell
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Problem setup with uncertain constraints
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optimization (

variable

uncertain(

parameter

How do we guarantee constraint satisfaction?

<latexit sha1_base64="2SvTaUmNevD2N2b6LDVSxCiEgCo="></latexit>minimize f(x)

subject to g(x, u) ≤ 0



Robust optimization recipe
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Recipe
<latexit sha1_base64="I/5QWYkLVcxfUhzPqu7ktrjv11A="></latexit>1. Pick uncertainty set U
2. Ensure constraint satisfaction ∀u ∈ U

How do we pick the uncertainty set?

<latexit sha1_base64="CvfmaLtIOCHMpz9a1QGGkMLgq/I="></latexit>

U

<latexit sha1_base64="T/f5hL1ecJOfmmYH1yVO1iav9DY="></latexit>minimize f(x)

subject to g(x, u) ≤ 0, ∀u ∈ U



Picking the uncertainty set is difficult
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Worst-case approach
<latexit sha1_base64="CvfmaLtIOCHMpz9a1QGGkMLgq/I="></latexit>

U

support

o Very conservative

Probabilistic approach

o
<latexit sha1_base64="ZMFNDL1XQNT/6t1JLmewCF/OuZc="></latexit>nobody knows P

<latexit sha1_base64="CvfmaLtIOCHMpz9a1QGGkMLgq/I="></latexit>

U

<latexit sha1_base64="4GCe39QrLOcaFd4uZ5RsfO859Ew="></latexit>

P

Data-driven approach

Can we use data 
to construct 

uncertainty sets?



Learning for Decision-Making under Uncertainty
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How can we use data to build(

tractable and high-performance(
uncertainty sets?

Clustering
<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

optimization layer
<latexit sha1_base64="gCFI3egSNZ0+0BsWH0WthDwA6Hg="></latexit>

y

<latexit sha1_base64="MdlRSOAaVT+Usu6MozSrOQNwRRI="></latexit>argmin f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)

<latexit sha1_base64="zJs2gHV0dqQKgEXZNcUJ/CEChbQ="></latexit>

x(θ, y)

Diûerentiable Optimization



Finite sample probabilistic guarantees in expectation
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<latexit sha1_base64="FBSDGOC/Gyn/7WhjHBJa0MPdM4A="></latexit>

u ∼ P
<latexit sha1_base64="CidqeBnVMr46SB7603WYBjGaVKQ="></latexit>(but we never know P !)

Data
<latexit sha1_base64="Tjb9GIIhjcSWA5LD87e8lmATVAU="></latexit>

D = {di}
N

i=1

Data-driven probabilistic guarantees

<latexit sha1_base64="s5c+IQTIOP8BgEu44CeeQ9F1yi0="></latexit>

P
N (E(g(x̂N , u)) ≤ 0) ≥ 1− βProduct (

Distribution

data-driven(

solution

probability of (
constraint(

satisfaction

<latexit sha1_base64="u/ReCANgy143/gj0jCWpSKR2sTw="></latexit>

E(g(x, u)) ≤ 0



The empirical distribution can help us
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Data-Driven Distributionally Robust Optimization

Empirical Distribution
<latexit sha1_base64="KXGLBYc8HOdgtofDwsolyept6/c="></latexit>

P̂
N

=
1

N

N∑

i=1

δdi

<latexit sha1_base64="qcmF9AtjPUdDLZGmEh2olBFCSkU="></latexit>

di

<latexit sha1_base64="MJVUZ771+NaG9eKfg8jFC1vPgVY="></latexit>

δdi

Data-driven Wasserstein DRO. D. Kuhn, P. Mohajerin Esfahani, S. Shafieezadeh Abadeh, W. Wiesemann, and many more  

Optimal Transport. G. Monge, L. Kantorovic, L. Wasserstein, C. Villani, …and many more

Wasserstein (
distance

Ambiguity Set
<latexit sha1_base64="Yl3FDiOx0Nxa9FjKfviwAQ1Vlmw="></latexit>

PN =
{

Wp(P̂
N
,P) ≤ ÷

}

<latexit sha1_base64="slzbqnXGyWckCW5cgg6Gx9e4Rjk="></latexit>

P̂
N

<latexit sha1_base64="KNjmbuAeeWgzChexg+dkNpz0dcU="></latexit>

÷

Data
<latexit sha1_base64="Tjb9GIIhjcSWA5LD87e8lmATVAU="></latexit>

D = {di}
N

i=1



Robust vs Distributionally Robust Optimization

12

Robust optimization 
(RO)

Computational (
eûort

Conservatism

Distributionally Robust  
Optimization (DRO)

Can we get the  
best of both worlds?



Clustering reduces dimensionality and computation time
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<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

Data
<latexit sha1_base64="Tjb9GIIhjcSWA5LD87e8lmATVAU="></latexit>

D = {di}
N

i=1

<latexit sha1_base64="HVE7dIBzuJK3xSgIyGpkGtoiv1Q="></latexit>

minimize
K∑

k=1

∑

i∈Ck

'di 2 d̄k'
2

cluster(
centers

Main idea

Use cluster centers(
instead of original data



Our approach: Mean Robust Optimization (MRO)
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<latexit sha1_base64="C71m7aNiBcmoHtWpZtRYm4ykre4="></latexit>

DN

Data Data-driven(

solution
<latexit sha1_base64="LXPMiMbzD24WzvR7I0Xo7KW1jIY="></latexit>

x̂N

<latexit sha1_base64="/kKIEsh9b1uetEVe8K5P5RWmQFA="></latexit>

U(K, ÷)

Uncertainty(
Set

Mean Robust Optimization 

Problem

<latexit sha1_base64="Y3Z+fEaa8YIam0IbJf7MazD8cKk="></latexit>minimize f(x)

subject to ḡ(x, u) ≤ 0 ∀u ∈ U(K, ÷)

constraint(
function

uncertainty(
set

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

Clustering



Uncertainty set
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<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2
<latexit sha1_base64="VSctcRoqrCBAIbTozoViqVtD7xM="></latexit>

U(K, ÷) =

{

u = (v1, . . . , vK)

∣

∣

∣

∣

∣

K
∑

k=1

wk'vk 2 d̄k'
p f ÷

p

}

cluster (
weights

cluster (
centers

order

Examples

<latexit sha1_base64="UxbJts9O5oiSkCbMrxOu00Jm828="></latexit>

d̄1

<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

÷

<latexit sha1_base64="ycpIR+qY8Gc/iXxihU16nuLRodA="></latexit>

K = 1

<latexit sha1_base64="Vp7qflwMspai9jR3xKSyqvlRwtg="></latexit>

K

<latexit sha1_base64="IMShMaD+K1p2HsVqcRwHeM0Q7DM="></latexit>

(d1, . . . , dN )

<latexit sha1_base64="UpAMICPmR5kpRwlZQKTbuaMEN2c="></latexit>

÷

√

N

<latexit sha1_base64="nxdVJVrJW5q9Naz1qTmlAo4zkBM="></latexit>

K = N, p = 2

<latexit sha1_base64="UxbJts9O5oiSkCbMrxOu00Jm828="></latexit>

d̄1<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

÷

<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

÷

<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

÷

<latexit sha1_base64="tqViVQpBHRZrjGkscpPwMCJp/Io="></latexit>

d̄2

<latexit sha1_base64="30ZJ/imNMp4XKbHHSUHbzGKrS9E="></latexit>

d̄3

<latexit sha1_base64="K+exGifr9WEBY+pY2D2OtMCjmiU="></latexit>

K = 3, p = ∞



Back to the Mean Robust Optimization problem
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uncertainty set
<latexit sha1_base64="eEu891yHDXXyfUUS26JFlEXCeuE="></latexit>

{

K
∑

k=1

wk'vk 2 d̄k'
p f ÷

p

}

constraint(
function<latexit sha1_base64="zlvG11RaWrOUBhr03RYXfEiSMLg="></latexit>

K∑

k=1

wkg(x, vk)

<latexit sha1_base64="LUipay1BlaNVSFIkNct3fTGQby4="></latexit>

u = (v1, . . . , vK)
Uncertain variable lifting

<latexit sha1_base64="Y3Z+fEaa8YIam0IbJf7MazD8cKk="></latexit>minimize f(x)

subject to ḡ(x, u) ≤ 0 ∀u ∈ U(K, ÷)



<latexit sha1_base64="7JVGbc+JxByNz/gCGpwhudqjNt0="></latexit>minimize f(x)

subject to ∑K
k=1 wksk f 0

[2g]∗(x, zk)2 zTk d̄k + Ç(p)»'zk/»'
p/(p−1)
∗ + »÷p f sk, k = 1, . . . ,K

» g 0

Solving the MRO problem

17

conjugate(

function cluster(
centers

<latexit sha1_base64="ZpnWhRON3RJ12t8EJ/McEad5ZlE="></latexit>function of p ≥ 1
<latexit sha1_base64="wUJNMSDzm3dGb0Oi9dMLPfgDhVE="></latexit>

φ(p) → 1 as p → ∞

φ(1) = 0

<latexit sha1_base64="ZbbCU+IX4BFp9X8mYobctAz0+mg="></latexit>It can be very expensive when K is large (e.g., K = N )

<latexit sha1_base64="MqWb3ZpcDUpmdWBWkfIF90FvXSY="></latexit>

ḡ(x, u) ≤ 0, ∀u ∈ U(K, /)

dualize constraint



MRO bridges RO and DRO
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Number of Clusters

<latexit sha1_base64="Sf8kQIPO3kZXEiHQ7PmQgH5zZhQ="></latexit>

1
<latexit sha1_base64="heQhNZR/HhR6nCq8gLNgaq6VHv4="></latexit>

3
<latexit sha1_base64="GX69XE50MfVJgQFEl60Ljr4kucc="></latexit>

N
<latexit sha1_base64="NqiAyaLuZotqlrFwSP5UVpgYwvE="></latexit>

K

1. D Kuhn, P M Esfahani, V A Nguyen, and S Shafieezadeh-Abadeh, “Wasserstein Distributionally Robust 

Optimization: Theory and Applications in Machine Learning”

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

Robust 

Optimization
Distributionally Robust 

Optimization1



Probabilistic guarantees in MRO

19
Quite conservative bounds… can we do better?

probability of (
constraint(

satisfaction

<latexit sha1_base64="IMShMaD+K1p2HsVqcRwHeM0Q7DM="></latexit>

(d1, . . . , dN )

<latexit sha1_base64="2/URprxKPa2MO7BfifQjauixbAw="></latexit>

÷N (³)<latexit sha1_base64="D9oSTyaWuTMxjdI4216cckua0q0="></latexit>

U(N, ÷N (³))
light-tailed

uncertainty set(
radius

MRO clustering
<latexit sha1_base64="AJFBDpGArZIRzEeDF//BJUlkU8g="></latexit>

U(K, ÷N (³) + ·N (K))
<latexit sha1_base64="xu1hFv2uZPkQd9X3RXqwdiLXlEA="></latexit>

1

N

K∑

k=1

∑

di∈Ck

'di 2 d̄k'
p

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

<latexit sha1_base64="s5c+IQTIOP8BgEu44CeeQ9F1yi0="></latexit>

P
N (E(g(x̂N , u)) ≤ 0) ≥ 1− β



Bounding the conservatism

20

MRO constraint

Worst-case values
<latexit sha1_base64="5m3zKE92V6ke3/hhKhJrx6IHIpc="></latexit>

ḡ
N (x) = maximize

u∈U(N,÷)
ḡ(x, u)

<latexit sha1_base64="Tmhh0WQwpgTrB1d94G1aA2hsM2c="></latexit>

ḡ
K(x) = maximize

u∈U(K,÷)
ḡ(x, u)

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

<latexit sha1_base64="8MdhLHEWrC/H2Dkwfta/1boFJtE="></latexit>

min
1

N

K∑

k=1

∑

di∈Ck

'di 2 d̄k'
2

clustering(

objective
Theorem

<latexit sha1_base64="ORgY1Fi+Uz2S3soTzuuOg5IHlR8="></latexit>

ḡN (x) ≤ ḡK(x) ≤ ḡN (x) +
L

2
D(K)

<latexit sha1_base64="689mDGGZEbtWT508iQIVB1BChz0="></latexit>If −g is L-smooth in u, we have

<latexit sha1_base64="kmdsddzpE3JPN8d6A+5AO3wX7pA="></latexit> When g is aûne in u (L = 0), clustering makes
no diûerence to the optimal value or optimal solution

<latexit sha1_base64="V5NijrXTkRZ/ItAb1BxnZub1t1U="></latexit>

ḡ(x, u) ≤ 0 ∀u ∈ U(K, ÷)



Computational speedups on sparse portfolio optimization
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0 200 400 600 800 1000
K (number of clusters)
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100
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Time (s)
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f = 0.00118

f = 0.00228

f = 0.00316

f = 0.00439

1000x

0.0 0.2 0.4 0.6 0.8 1.0
Ø (probability of constraint violation)

0.00

0.01

0.02

0.03

0.04
Objective value

K = 1

K = 5

K = 10

K = 500

K = 1000

near-optimal 

performance 

with 5 clusters

conditional 
value-at-risk

cardinality 
constraint

<latexit sha1_base64="cmQAHKJzvB45LmQQK3RfchkiMgI="></latexit>

minimize CVaR(−uTx, η)

subject to 1
Tx = 1, x ≥ 0

card(x) ≤ C



Mean Robust Optimization

22

" Bridge RO and DRO


" Clustering eûect


" Multiple orders of magnitude speedups

Number of 
Clusters

<latexit sha1_base64="Sf8kQIPO3kZXEiHQ7PmQgH5zZhQ="></latexit>

1
<latexit sha1_base64="GX69XE50MfVJgQFEl60Ljr4kucc="></latexit>

N
<latexit sha1_base64="NqiAyaLuZotqlrFwSP5UVpgYwvE="></latexit>

K

RO DRO

<latexit sha1_base64="X2vmrwUVwGP7iLY6LLcMHvJu7VA="></latexit>

g aûne in u zero clustering effect!
<latexit sha1_base64="2odSS/akhpIr5vgWKmRpsHidXBU="></latexit>

g concave in u performance bound

Mean Robust Optimization 
I. Wang, C. Becker, B. Van Parys, and B. Stellato(

arxiv.org: 2207.10820, 2023

https://github.com/stellatogrp/mro_experiments

INFORMS Computing Society  
Student Paper Award

https://arxiv.org/abs/2207.10820
https://github.com/stellatogrp/mro_experiments


Learning for Decision-Making under Uncertainty
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How can we use data to build(

tractable and high-performance(
uncertainty sets?

Clustering
<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

optimization layer
<latexit sha1_base64="gCFI3egSNZ0+0BsWH0WthDwA6Hg="></latexit>

y

<latexit sha1_base64="MdlRSOAaVT+Usu6MozSrOQNwRRI="></latexit>argmin f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)

<latexit sha1_base64="zJs2gHV0dqQKgEXZNcUJ/CEChbQ="></latexit>

x(θ, y)

Diûerentiable Optimization



Newsvendor problem

24

objective
<latexit sha1_base64="wmCtbmJdi9StaV9Qv4x0qwhmVzs="></latexit>

kTx− pT min{x, u}

uncertain demand
<latexit sha1_base64="0NUuwDem/w+i4tOhx+snioqqBbk="></latexit>

log(u) ∼ N (µ,Σ)
<latexit sha1_base64="FJZ6F5Lr4smlMAVOB7hr1dtYdmo="></latexit>

µ =

[

1.1

1.7

]

, Σ =

[

0.6 −0.3

−0.3 0.1

]

order decisions

order  
prices

sell 
prices

<latexit sha1_base64="7SFOW2odmfA6AhRK4idKT++vWRE="></latexit>minimize t

subject to kTx− pT min{x, u} ≤ t ∀u ∈ U(θ)

x ≥ 0

uncertainty

set

how do we pick the 

uncertainty set?



Mean-variance vs reshaped uncertainty sets
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parameters
<latexit sha1_base64="jMVFL2egWkB44sUEnJc5y5mawI4="></latexit>

θ = (A, b)

mean-variance set
<latexit sha1_base64="04bOJcHNrD+tYA6aTE0/rOE2YYY="></latexit>

Umv(θ) = {u = µ̂+ Σ̂
1/2z | 'z'2 f ρ} = {bmv +Amvz | 'z'2 f ρ}

empirical

mean and covariance

reshaped uncertainty set
<latexit sha1_base64="JEFna3Wbvup/TJCHy8BFNm+IGoU="></latexit>

U re(θ) = {u = b
re +A

re
z | 'z'2 f ρ}

can the reshaped set 

do better?



Reshaped set performs better

26

0.00 0.05 0.10 0.15 0.20
Probability of constraint violation (η̂)

−1.0

−0.5

0.0

0.5

O
b
je
ct
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e
va
lu
e

Mean-Var set

Reshaped set

Reference η̂

pareto curves

for varying size

<latexit sha1_base64="4Wsbr0b6ehMVJ7So0PvMHKLcSpY="></latexit>

ρ

0

10

u
2

η̂ = 0.0

0

10
u
2

η̂ = 0.01

0

10

u
2

η̂ = 0.05

0 10 20
u1

0

10

u
2

η̂ = 0.0

0 10 20
u1

0

10

u
2

η̂ = 0.01

0 10 20
u1

0

10

u
2

η̂ = 0.05

u

reshaped
<latexit sha1_base64="udfapUfSlMaUxSLX3X6/E3CiThg="></latexit>

U
re(θ)

mean-variance
<latexit sha1_base64="NoWu3nTswN9t/LOJFQhh1CDaX1A="></latexit>

U
mv(θ)

how can we find  

the reshaped set?



Data-driven methods for robust optimization
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D. Bertsimas, V. Gupta, 

and N. Kallus (2014)

Hypothesis testing

L. Jeû Hong, Z. Huang, and H. Lam (2021)

Quantile estimation
P. M. Esfahani and D. Kuhn. (2018).

Wasserstein  
Distributionally Robust Optimization

I. Wang, C. Becker, B. Van Parys, and B. Stellato (2023)

D. Bertsimas, S. Shtern, B. Sturt (2022)

Deep Learning
M. Goerigk, J. Kurtz (2023)

Differentiable Optimization
A. Chenreddy, E. Delage (2024)

Uncertainty(
set construction

Downstream(

optimization task

decouplingonly size tuned

Issues



Leveraging the solution to tune the uncertainty sets 

28

optimization layer
family/context


parameter

parametric


solution
<latexit sha1_base64="gCFI3egSNZ0+0BsWH0WthDwA6Hg="></latexit>

y

<latexit sha1_base64="MdlRSOAaVT+Usu6MozSrOQNwRRI="></latexit>argmin f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)

<latexit sha1_base64="zJs2gHV0dqQKgEXZNcUJ/CEChbQ="></latexit>

x(θ, y)

Main idea

Use differentiable optimization 

to automatically learn 

shape and size

loss
<latexit sha1_base64="mrcGqRc6ewbCqtqS9GbL1Ftj+do="></latexit>

L(θ)

<latexit sha1_base64="ID5f4IbcJDvOdB2Ox/7wd4llS8M="></latexit>

rL(θ)



Decision-making with uncertain constraints
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parametric robust optimization

Which probabilistic 

guarantees can we ensure?

family/context

parameter

decisions
uncertain


parameter

<latexit sha1_base64="iCddAIYpeNp7x4P9Yg3Tu2l0ReM="></latexit>

x(θ, y) ∈ argmin f(x)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)



Probabilistic guarantees over distribution of instances
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strong 
condition

conditional probabilistic guarantees
<latexit sha1_base64="iOoZEU1kBSxGu8I42t0ZXIcGsZ4="></latexit>

P(u|y)

(

g(x(θ, y), u, y) ≤ 0 | y
)

≥ 1− η

<latexit sha1_base64="lA+/epllYwYJ049tDSF/F0/khws="></latexit>

P(u,y)

(

g(x(θ, y), u, y) ≤ 0
)

≥ 1− η

aggregate probabilistic guarantees Constraint satisfaction 

over a distribution  

of problem instances



Enforcing probabilistic guarantees with CVaR

31

<latexit sha1_base64="lA+/epllYwYJ049tDSF/F0/khws="></latexit>

P(u,y)

(

g(x(θ, y), u, y) ≤ 0
)

≥ 1− η

probabilistic guarantees

<latexit sha1_base64="v3kjZD0kOtOMm8y7zRVEJ5uxu6s="></latexit>

VaR

<latexit sha1_base64="EeZlltSuBnZdS0ZFqxtcF6dLs+Q="></latexit>

η

<latexit sha1_base64="S5lLXhMLPJvox5lXfFsuDRdaepE="></latexit>

g(. . . )

tractable approximation
<latexit sha1_base64="TVZ2rKPrAI9rDKPTcGY49rUC8gY="></latexit>

CVaR(g(x(θ, y), u, y), η) ≤ 0

<latexit sha1_base64="4m+0qQwQ/BXs6n2B8bJPdXlTIbg="></latexit>

CVaR

turn into constraint
<latexit sha1_base64="nRzzg3p5G2ByAmi24oVvqQhNVdI="></latexit>

E(u,y)

(

(g(x(θ, y), u, y)− α)+
η

+ α

)

≤ κ

threshold

<latexit sha1_base64="/7V1zpTb34jB89KRS0XTL4pyKzA="></latexit>same as VaR(g(. . . ), η) ≤ 0



<latexit sha1_base64="6SCMvRlLuq9FmSw2/yJhFfc7D+U="></latexit>minimize Eyf(x(θ, y))

subject to E(u,y) ((g(x(θ, y), u, y)− α)+/η + α) ≤ κ

Stochastic bilevel optimization to learn the uncertainty set

32

training problem
Loss

CVaR constraint

inner robust problem we must 

reformulate the 

infinite 

dimensional 

constraints

<latexit sha1_base64="iCddAIYpeNp7x4P9Yg3Tu2l0ReM="></latexit>

x(θ, y) ∈ argmin f(x)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)



Uncertainty set parameters enter nicely in the reformulation

33

learned 

parameters

<latexit sha1_base64="f4/icoX74zxqMnq84fnQmO9gSOk="></latexit>

θ = (A, b)

Example: ellipsoidal set
<latexit sha1_base64="3SWGW6Q6BukBevF/qALh330MF2k="></latexit>

U(θ) = {u = b+Az | 'z'2 f 1}

linear constraint
<latexit sha1_base64="5UtdMg9pk1FT+sFb8ljw26PIBXw="></latexit>

g(x, u, y) = (y + Pu)Tx ≤ 0, ∀u ∈ U(θ)
<latexit sha1_base64="TjWIfMOh270qTdPIlx8ZNkFxmXE="></latexit>

yTx+ bTPx+ 'ATPTx'2 f 0

robust counterpart

<latexit sha1_base64="bmQBkJ1QJncawdv1mUpGDNfRbHg="></latexit>minimize f(x)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)



<latexit sha1_base64="cKu8cfyK2ALoyQTmyTV/A1RJoAs="></latexit>minimize Eyf(x(θ, y))

subject to E(u,y) ((g(x(θ, y), u, y)− α)+/η + α) ≤ κ

Learning using Stochastic Augmented Lagrangian Algorithm

34

<latexit sha1_base64="OZ0FkkgazBnL3ojJKOfzxtcexLU="></latexit>

F (θ)

<latexit sha1_base64="rcZB8W3+SztdKzt8z/AVbmCYgQg="></latexit>

H(α, θ)

augmented Lagrangian

multiplier

penalty
<latexit sha1_base64="bLltIIaoIfnU14tCw8dCws2+WRM="></latexit>

L(α, θ, s,λ, µ) = F (θ) + λ(H(α, θ) + s2 κ) +
µ

2
'H(α, θ) + s2 κ'2

stochastic gradient computation

depends on jacobian
<latexit sha1_base64="r3eCtU/+xqQdqjq3jhn5ycJew1w="></latexit>

'̂θL
<latexit sha1_base64="z8WQSaywbCNiEhtZRVkCSQFo3bs="></latexit>

Jx(θ) inner 
robust problem

<latexit sha1_base64="gCFI3egSNZ0+0BsWH0WthDwA6Hg="></latexit>

y
<latexit sha1_base64="zJs2gHV0dqQKgEXZNcUJ/CEChbQ="></latexit>

x(θ, y)

diûerentiate through the  
KKT optimality conditions

“Diûerentiable Convex Optimization Layers”, A. Agrawal, B. Amos, S. Barratt, S. Boyd, S. Diamond, and J. Zico Kolter (2019)

“Diûerentiating Through a Conic Program”, A. Agrawal, S. Barratt, S. Boyd, E. Busseti, W. M. Moursi (2019)



Finite-sample probabilistic guarantees via threshold
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optimality (
tolerance

target(
confidence

threshold training constraint
<latexit sha1_base64="3knsbZI1r0V/g6B5knZErtPOovs="></latexit>

ĈVaR(g(x(θ, y), u, y), η) ≤ κ

Finite-sample probabilistic guarantee

Implies

Ingredients
<latexit sha1_base64="07db1mGTESdN+Ejk0rrQrTKnXd4="></latexit>" Tail bounds
" CVaR ≥ VaR

<latexit sha1_base64="Y1rz/cFxBUJJwn8rgIjiJIOsh7M="></latexit>

P
N×J

(

P(u,y)(g(x, u, y) ≤ 0) ≥ 1− η ∀x ∈ X
)

≥ 1− β

<latexit sha1_base64="Ku0Yil+Imh4U8/BBDBOsn/enRos="></latexit> number of
samples of u

<latexit sha1_base64="Q4EAIgOL6fNITMY3SkAN1O2aiOk="></latexit>dimension
of x

<latexit sha1_base64="2Xq58LzjYhXCPUjC/hezfEHU2vk="></latexit>

⇒ it holds also for x(θ?, y)



LROPT software package (WIP)
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It can be hard to dualize (

robust optimization problems
…not to mention finding 
the right uncertainty set!

1. Easily formulate and dualize robust 
optimization problems


2. Automatically tune uncertainty sets 
(using cvxpylayers)

github.com/stellatogrp/lropt

LROPT package

<latexit sha1_base64="S5/3JGboACQ3FpWt3ULZNiMVAzw="></latexit>

U = {u = b+Az | 'z'2 f 1}

<latexit sha1_base64="jGgjNkNoDqEjMh7a0cawG7iX27A="></latexit>

minimize xTPx+ yTx

subject to (a+Bu)Tx ≤ d, ∀u ∈ U

https://github.com/stellatogrp/lropt


<latexit sha1_base64="iaUaIkuYt7TPRfcoihwtKe7F5AY="></latexit>

−u
T
x+ λ

∥

∥

x− x
ref

∥

∥

1
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Portfolio optimization with reference allocations

objective

robust problem 
reformulation

<latexit sha1_base64="ezyJICAImPj+R/5OKEoeoaJUrcA="></latexit>

minimize t+ λkx� xrefk1
subject to �uTx ÿ t 8u 2 U(θ)

1
Tx = 1, x � 0

investments decisions

uncertainty

set

<latexit sha1_base64="xaxVw2j7WRq60ypOXp+LcUy/vgc="></latexit>

u ∼ N (µ,Σ)

uncertain


returns

<latexit sha1_base64="Blx9WbvT1Y9Eiz/m7R+f97O+jfU="></latexit>

µ =

[

0.3

0.3

]

, Σ =

[

0.5 −0.3

−0.3 0.4

]

reference


holdings

<latexit sha1_base64="O9ZN39AdSmvPp4Eplb7h1jC1yQc="></latexit>

x
prev

∼ Dir(α)
<latexit sha1_base64="njWyV2hmrVDjG1ai8USZc4tT3sU="></latexit>

α = (2.5, 1)



LRO outperforms original sets in larger portfolio example
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faster computation 

times than 

Wassertstein DRO

better trade-off  

between 

objective and probability 

of constraint violation

0.0 0.1 0.2 0.3
Prob. of constraint violation (η̂)

−0.85

−0.80
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−0.65

O
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je
ct
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e
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n = 10

LRO-RO

LRO-MRO

Mean-Var RO

Wass DRO

η̂ = 0.03

Method LRORO LRO-TRO,0.03 LROMRO LRO-TMRO,0.03 MV-RO0.03 W-DRO0.03

Obj. �0.816 �0.823 �0.819 �0.827 �0.666 �0.744

η̂ 0.02 0.0264 0.0199 0.0276 0.0264 0.0272

β̂ 0 0.2 0 0 0.1 0

time 0.000598 0.000599 0.00219 0.00225 0.000602 0.110

n = 10 (dimension of u)



LRO allocations with are less sensitive to target constraint violation
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Mean-Var RO
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0.67

0.7

0.71

0.77

0.86

average 
returns

reshaped sets 

identify high-risk 

high-return



Learning decision-focused uncertainty sets for robust optimization

40

" Optimize shape and size of uncertainty sets(

" Bi-level optimization formulation


" CVaR constraint


" Diûerentiable optimization to compute derivatives


" Probabilistic guarantees 

" Improvements over RO and DRO formulations 

<latexit sha1_base64="EeZlltSuBnZdS0ZFqxtcF6dLs+Q="></latexit>

η

<latexit sha1_base64="4m+0qQwQ/BXs6n2B8bJPdXlTIbg="></latexit>

CVaR optimization layer
<latexit sha1_base64="gCFI3egSNZ0+0BsWH0WthDwA6Hg="></latexit>

y

<latexit sha1_base64="MdlRSOAaVT+Usu6MozSrOQNwRRI="></latexit>argmin f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)

<latexit sha1_base64="zJs2gHV0dqQKgEXZNcUJ/CEChbQ="></latexit>

x(θ, y)

Learning Decision-Focused Uncertainty Sets for Robust Optimization 
I. Wang, C. Becker, B. Van Parys, and B. Stellato(

arxiv.org: 2305.19225, 2023

https://github.com/stellatogrp/lropt_experiments

https://arxiv.org/abs/2305.19225
https://github.com/stellatogrp/lropt_experiments
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Conclusion

42

Machine Learning tools(

can help us(
formulate optimization problems 

bstellato@princeton.edu@b_stellato stellato.io

We should think (
building robust optimization models (

as an (automated) (
training/validation procedure

¿ tune 

train 

7 validate 

certify
� deploy


