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Decision-making with uncertainty is hard

2

optimization 
variable

uncertain 
parameter

<latexit sha1_base64="VQvF1UdCyazfPJXiCY91vvwgYMg="></latexit> concave
function of u

We want to guarantee constraint satisfaction

<latexit sha1_base64="0c89Cr1UmDZBQrMAWizSTv1iFDI="></latexit>minimize f(x)

subject to g(u, x) ≤ 0Finance

COVID-19

Energy



Robust vs Distributionally Robust Optimization
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Robust optimization 
(RO)

✓ Tractable, expressive


❌ Can be conservative

Can we get the best of both worlds?

Distributionally Robust Optimization 
(DRO)

✓ Can be less conservative


❌ Computationally expensive



Probabilistic guarantees

4

<latexit sha1_base64="Lm2bJBOLo2JPJEhGerJomC5z4lg="></latexit>

E(g(u, x)) ≤ 0
<latexit sha1_base64="FBSDGOC/Gyn/7WhjHBJa0MPdM4A="></latexit>

u ∼ P
<latexit sha1_base64="CidqeBnVMr46SB7603WYBjGaVKQ="></latexit>(but we never know P !)

Data
<latexit sha1_base64="Tjb9GIIhjcSWA5LD87e8lmATVAU="></latexit>

D = {di}
N

i=1

Data-driven probabilistic guarantees

<latexit sha1_base64="TMGrdcT62HtP4l/+AgpzxFfOonU="></latexit>

P
N (E(g(u, x̂N )) ≤ 0) ≥ 1− βProduct  

Distribution

data-driven 
solution

probability of  
constraint 

satisfaction



Machine Learning Clustering
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<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

Data
<latexit sha1_base64="Tjb9GIIhjcSWA5LD87e8lmATVAU="></latexit>

D = {di}
N

i=1

<latexit sha1_base64="HVE7dIBzuJK3xSgIyGpkGtoiv1Q="></latexit>

minimize
K∑

k=1

∑

i∈Ck

‖di − d̄k‖
2

Goal

cluster 
centers



Mean Robust Optimization (MRO)
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<latexit sha1_base64="C71m7aNiBcmoHtWpZtRYm4ykre4="></latexit>

DN
Machine Learning 

Clustering

Data

Mean Robust Optimization 

Problem

Data-driven 
solution

<latexit sha1_base64="LXPMiMbzD24WzvR7I0Xo7KW1jIY="></latexit>

x̂N

<latexit sha1_base64="/kKIEsh9b1uetEVe8K5P5RWmQFA="></latexit>

U(K, ε)

Uncertainty 
Set

<latexit sha1_base64="QNSOF/Xr9dKkFfcZZk6ir5mD/LQ="></latexit>minimize f(x)

subject to ḡ(u, x) ≤ 0 ∀u ∈ U(K, ε)

constraint 
function

uncertainty 
set

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2



Uncertainty set
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<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2
<latexit sha1_base64="VSctcRoqrCBAIbTozoViqVtD7xM="></latexit>

U(K, ε) =

{

u = (v1, . . . , vK)

∣

∣

∣

∣

∣

K
∑

k=1

wk‖vk − d̄k‖
p ≤ ε

p

}

cluster  
weights

cluster  
centers

order

Examples

<latexit sha1_base64="UxbJts9O5oiSkCbMrxOu00Jm828="></latexit>

d̄1

<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

ε

<latexit sha1_base64="ycpIR+qY8Gc/iXxihU16nuLRodA="></latexit>

K = 1

<latexit sha1_base64="IMShMaD+K1p2HsVqcRwHeM0Q7DM="></latexit>

(d1, . . . , dN )

<latexit sha1_base64="UpAMICPmR5kpRwlZQKTbuaMEN2c="></latexit>

ε

√

N

<latexit sha1_base64="nxdVJVrJW5q9Naz1qTmlAo4zkBM="></latexit>

K = N, p = 2

<latexit sha1_base64="UxbJts9O5oiSkCbMrxOu00Jm828="></latexit>

d̄1<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

ε

<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

ε

<latexit sha1_base64="j62QT1i+EHGl1UugbFnKzNAGjp0="></latexit>

ε

<latexit sha1_base64="tqViVQpBHRZrjGkscpPwMCJp/Io="></latexit>

d̄2

<latexit sha1_base64="30ZJ/imNMp4XKbHHSUHbzGKrS9E="></latexit>

d̄3

<latexit sha1_base64="K+exGifr9WEBY+pY2D2OtMCjmiU="></latexit>

K = 3, p = ∞



Mean Robust Optimization Problem
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<latexit sha1_base64="QNSOF/Xr9dKkFfcZZk6ir5mD/LQ="></latexit>minimize f(x)

subject to ḡ(u, x) ≤ 0 ∀u ∈ U(K, ε)

uncertainty set
<latexit sha1_base64="eEu891yHDXXyfUUS26JFlEXCeuE="></latexit>

{

K
∑

k=1

wk‖vk − d̄k‖
p ≤ ε

p

}

<latexit sha1_base64="+LFDenK8ZnLjxcbWvF9LbWDpI5g="></latexit>

K∑

k=1

wkg(vk, x)

constraint 
function

<latexit sha1_base64="LUipay1BlaNVSFIkNct3fTGQby4="></latexit>

u = (v1, . . . , vK)
Uncertain variable lifting



Solving the MRO problem
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<latexit sha1_base64="o4J5COZfusCKr8wg89hjYOy+eTw="></latexit>Dualize constraint ḡ(u, x) ≤ 0, ∀u ∈ U(K, ✏)

conjugate 
function cluster 

centers

<latexit sha1_base64="PkNM5COq+zYQeozbileBijqKa2o="></latexit>minimize f(x)

subject to ∑K
k=1 wksk ≤ 0

[−g]∗(zk − yk, x)− zTk d̄k + φ(p)λ‖zk/λ‖
p/(p−1)
∗ + λεp ≤ sk, k = 1, . . . ,K

λ ≥ 0
<latexit sha1_base64="ZpnWhRON3RJ12t8EJ/McEad5ZlE="></latexit>function of p ≥ 1

<latexit sha1_base64="wUJNMSDzm3dGb0Oi9dMLPfgDhVE="></latexit>

φ(p) → 1 as p → ∞

φ(1) = 0

<latexit sha1_base64="ZbbCU+IX4BFp9X8mYobctAz0+mg="></latexit>It can be very expensive when K is large (e.g., K = N )



MRO bridges between RO and DRO
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Number of Clusters

<latexit sha1_base64="Sf8kQIPO3kZXEiHQ7PmQgH5zZhQ="></latexit>

1
<latexit sha1_base64="heQhNZR/HhR6nCq8gLNgaq6VHv4="></latexit>

3
<latexit sha1_base64="GX69XE50MfVJgQFEl60Ljr4kucc="></latexit>

N
<latexit sha1_base64="NqiAyaLuZotqlrFwSP5UVpgYwvE="></latexit>

K

[KENSA19] D Kuhn, P M Esfahani, V A Nguyen, and S Shafieezadeh-Abadeh, “Wasserstein Distributionally Robust 

Optimization: Theory and Applications in Machine Learning

Robust 

Optimization

Distributionally 

Robust 

Optimization

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1



Satisfying the probabilistic guarantees

11Quite conservative bounds… can we do better?

<latexit sha1_base64="TMGrdcT62HtP4l/+AgpzxFfOonU="></latexit>

P
N (E(g(u, x̂N )) ≤ 0) ≥ 1− β

probability of  
constraint 

satisfaction

<latexit sha1_base64="IMShMaD+K1p2HsVqcRwHeM0Q7DM="></latexit>

(d1, . . . , dN )

<latexit sha1_base64="2/URprxKPa2MO7BfifQjauixbAw="></latexit>

εN (β)<latexit sha1_base64="D9oSTyaWuTMxjdI4216cckua0q0="></latexit>

U(N, εN (β))
light-tailed

uncertainty set 
radius

MRO clustering
<latexit sha1_base64="AJFBDpGArZIRzEeDF//BJUlkU8g="></latexit>

U(K, εN (β) + ηN (K))
<latexit sha1_base64="xu1hFv2uZPkQd9X3RXqwdiLXlEA="></latexit>

1

N

K∑

k=1

∑

di∈Ck

‖di − d̄k‖
p

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2



Bounding the conservatism
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<latexit sha1_base64="f1v0jPvF2kcK7cVBRw0KY104JkU="></latexit>

ḡ(u, x) ≤ 0 ∀u ∈ U(K, ε)
MRO constraint

Worst-case values
<latexit sha1_base64="PUagh6k670kMnwp3Nvtb+XqyG8Y="></latexit>

ḡ
N (x) = maximize

u∈U(N,ε)
ḡ(u, x)

<latexit sha1_base64="5TpMfERAstyBwdM+WY1jcyRvhLU="></latexit>

ḡ
K(x) = maximize

u∈U(K,ε)
ḡ(u, x)

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

<latexit sha1_base64="8MdhLHEWrC/H2Dkwfta/1boFJtE="></latexit>

min
1

N

K∑

k=1

∑

di∈Ck

‖di − d̄k‖
2

clustering 
objective

Theorem

<latexit sha1_base64="ORgY1Fi+Uz2S3soTzuuOg5IHlR8="></latexit>

ḡN (x) ≤ ḡK(x) ≤ ḡN (x) +
L

2
D(K)

<latexit sha1_base64="689mDGGZEbtWT508iQIVB1BChz0="></latexit>If −g is L-smooth in u, we have

<latexit sha1_base64="kmdsddzpE3JPN8d6A+5AO3wX7pA="></latexit> When g is affine in u (L = 0), clustering makes
no difference to the optimal value or optimal solution



Capital budgeting example
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Problem

cash  
flow

discount 
rate

<latexit sha1_base64="4L9iSsFyP2dIBQFgpNxQFDBWPV0="></latexit>

ηj(u) =
T∑

t=1

Fjt

(1 + uj)t

<latexit sha1_base64="vP2fKRglYNSJWFH8yQf/Pzx9dZc="></latexit>NPV of project j
<latexit sha1_base64="zon0MrLMeTrejW1k1f7OvbWLWR4="></latexit>

maximize η(u)Tx

subject to aTx ≤ b

x ∈ {0, 1}n

<latexit sha1_base64="n4mixeU6P7XziWIVH8D+yN2hhkU="></latexit>

g(u, x, τ) = −η(u)Tx− τ

total  
net present value (NPV)

budget 
constraint

MRO formulation
<latexit sha1_base64="G1MQ8HzH7t7TH8rjF5CaQKqXUJo="></latexit>minimize τ

subject to ḡ(u, x, τ) ≤ 0, ∀u ∈ U(K, ε)

aTx ≤ b

x ∈ {0, 1}n



Capital budgeting results
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0 10 20 30 40 50 60
K (number of clusters)

10−2

10−1

100

ḡK − ḡN

0 20 40 60 80 100 120
K (number of clusters)

100

101

102

Time (s)

≤ = 0.00017

≤ = 0.00126

≤ = 0.00452

≤ = 0.01585

≤ = 3.54813

0.0 0.1 0.2 0.3
Ø (probability of constraint violation)

−10.70

−10.65

−10.60

−10.55

Objective value

K = 1

K = 2

K = 60

K = 120

100x speedups!

2 clusters give near-optimal 
performance

<latexit sha1_base64="eqGWaf4HbyUWrg8iJDCIlIxSnik="></latexit>

n = 20, N = 120, T = 5



Mean Robust Optimization
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• Bridge between RO and DRO


• Clustering effect


• Multiple orders of magnitude speedups

Number of 
Clusters

<latexit sha1_base64="Sf8kQIPO3kZXEiHQ7PmQgH5zZhQ="></latexit>

1
<latexit sha1_base64="GX69XE50MfVJgQFEl60Ljr4kucc="></latexit>

N
<latexit sha1_base64="NqiAyaLuZotqlrFwSP5UVpgYwvE="></latexit>

K

RO DRO

<latexit sha1_base64="X2vmrwUVwGP7iLY6LLcMHvJu7VA="></latexit>

g affine in u zero clustering effect!
<latexit sha1_base64="2odSS/akhpIr5vgWKmRpsHidXBU="></latexit>

g concave in u performance bound

bstellato@princeton.edu @b_stellatostellato.io

https://github.com/stellatogrp/mro_experiments

https://arxiv.org/abs/2207.10820
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