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Data-Driven Embedded Optimization for Control



Tremendous progress in optimization

2

Top500 peak CPU power

[Our World in Data, https://github.com/owid/owid-datasets]

Hardware + Software

400 billion times 
speedups!

400,000 years 30 seconds
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Is it enough?
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400,000 years 30 seconds

Robotics

< 10 milliseconds

High-Frequency Trading

< 1 millisecond



Same problem with varying data
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<latexit sha1_base64="nhE5uCffVVvflD4cyhsdnXCO7z0="></latexit>

TPUPTPaL f(x, ✓)

Z\IQLJ[ [V g(x, ✓)  0

decisions

data

Can we solve it in milliseconds or microseconds?



Challenges in real-time optimization

5

Hardware
Real-Time Limited resources

Reliability Easy  
tuning

Software



Today’s talk
Data-Driven Embedded Optimization for Control

6

Real-Time Limited resources Reliability

OSQP 
Solver

Learning  
Convex Optimization 

Control Policies

Easy  
tuning



OSQP Solver



Still quadratic programming?
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March 1956!
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First-order methods
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Pros

Warm-starting

Large-scale 
problems

Embeddable

Cons

Low quality 
solutions

Can’t detect 
infeasibility

Problem data 
dependent

High-quality 
solutions

Detects 
infeasibility

Robust

OSQP

Wide popularity



The problem
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<latexit sha1_base64="OTUYbjbiLdEQ8vs4X6jEUJ4oHlI="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V Ax 2 C

<latexit sha1_base64="/6w5dHEvjsVhewIdeNS81g2PdD4="></latexit>

8\HKYH[PJ WYVNYHT! C = [l, u]
<latexit sha1_base64="zkhHjK9LavlHMas654DSDFxaxYI="></latexit>

Ax 2 C
<latexit sha1_base64="/ULa+HhGaDB0y+qpriPF79AlFYs="></latexit>

(1/2)xTPx+ qTx



ADMM
Alternating Direction Method of Multipliers

12

<latexit sha1_base64="HYBjkBP7P93FfW4X9liVjKS5Shc="></latexit>

TPUPTPaL f(x) + g(x)

<latexit sha1_base64="+7V9peB7bgA5ZASu+uvf+xcYBDM="></latexit>

TPUPTPaL f(x̃) + g(x)

Z\IQLJ[ [V x̃ = x

Splitting

<latexit sha1_base64="QGeFbIA9joqRI2TL8GpEgKAKY/0="></latexit>

x̃k+1  HYNTPU
x̃

⇣
f(x̃) + ⇢/2

��x̃� (xk � yk/⇢)
��2

⌘

xk+1  HYNTPU
x

⇣
g(x) + ⇢/2

��x� (x̃k+1 + yk/⇢)
��2

⌘

yk+1  yk + ⇢
�
x̃k+1 � xk+1

�

Iterations



How do we split the QP?
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<latexit sha1_base64="8keUfhgFPsD1pEGozn62d2r83vs="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V Ax = z

z 2 C

<latexit sha1_base64="B7wANHFZ8o6LAzHiTUMldXKJ7Us="></latexit>

f

<latexit sha1_base64="3q1agN5YWxw2DZcFVIBlQKnFD1E="></latexit>

TPUPTPaL (1/2)x̃TPx̃+ qT x̃+ IAx=z(x̃, z̃) + IC(z)

Z\IQLJ[ [V (x̃, z̃) = (x, z)

Splitting formulation
<latexit sha1_base64="B7wANHFZ8o6LAzHiTUMldXKJ7Us="></latexit>

f
<latexit sha1_base64="8fwIUreHNsBPJbcpnPPUe8akclo="></latexit>g

<latexit sha1_base64="8fwIUreHNsBPJbcpnPPUe8akclo="></latexit>g



ADMM iterations
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<latexit sha1_base64="KwmQonwozhdXYsA3pV2XgrLk6+k="></latexit>

(xk+1, z̃k+1) argmin
(x,z):Ax=z

(1/2)xTPx+ qTx+ �/2
��x� xk

��2 + ⇢/2
��z � zk + yk/⇢

��2

zk+1  ⇧
�
z̃k+1 + yk/⇢

�

yk+1  yk + ⇢
�
z̃k+1 � zk+1

�

Inner QP

<latexit sha1_base64="ivxOxRi/5bWInXsIJw4fA2tflyk="></latexit>

7YVQLJ[PVU VU[V C



Solving the inner QP
Equality-constrained
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<latexit sha1_base64="9gVbSuSQ8nhx8SfmDcUrtd6RUK4="></latexit>

TPUPTPaL (1/2)xTPx+ qTx+ σ/2
∥∥x− xk

∥∥2 + ρ/2
∥∥z − zk + yk/ρ

∥∥2

Z\IQLJ[ [V Ax = z

<latexit sha1_base64="f+2HwKE82bFtin+7NiXD7NKot1Q="></latexit>[
P + σI AT

A − 1
ρI

][
x

ν

]
=

[
σxk − q

zk − 1
ρy

k

]
Reduced KKT system

Always  
solvable!



Solving the linear system
Direct method (small to medium scale)
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<latexit sha1_base64="f+2HwKE82bFtin+7NiXD7NKot1Q="></latexit>[
P + σI AT

A − 1
ρI

][
x

ν

]
=

[
σxk − q

zk − 1
ρy

k

]
Quasi-definite 

matrix

<latexit sha1_base64="OmnZYfq2vzmB/8LmaLGY9FmX8PM="></latexit>

>LSS�KLÄULK
LDLT

MHJ[VYPaH[PVU
Factorization 

caching

QDLDL 
Free quasi-definite  

linear system solver 
[https://github.com/oxfordcontrol/qdldl]



Solving the linear system
Indirect method (large scale)
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<latexit sha1_base64="BHFiRA21gc3X9VsYHitB29+uN4U="></latexit>(
P + σI + ρATA

)
x = σxk − q +AT (ρzk − yk)Positive-definite 

matrix

Conjugate  
gradient

Solve very 
large 

systems

GPU 
implementation

[https://github.com/oxfordcontrol/cuosqp]



Computing the projection
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<latexit sha1_base64="/6w5dHEvjsVhewIdeNS81g2PdD4="></latexit>

8\HKYH[PJ WYVNYHT! C = [l, u]

<latexit sha1_base64="XddIU3dvaqKYEw7H/QnYNhDiUZg="></latexit>

Π(v) = max(min(v, u), l)

Box projection
<latexit sha1_base64="2hi0v9tFwxq2eVLLa3IT0dfFGjM="></latexit>

Π(v)
<latexit sha1_base64="3/hK1apShuPWDbCzFJIyTOeqAVo="></latexit>v



Easy 
operations

Complete algorithm
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<latexit sha1_base64="AwBjug7oyhpw8/IuyHwFsToMiaY="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V l  Ax  u

Linear system 
solve

Problem

<latexit sha1_base64="XwFFCz9i70u0kFtYLHQ8/ViP2Xw="></latexit>

(xk+1, ⌫k+1) ZVS]L
"
P + �I AT

A � 1
⇢I

#"
xk+1

⌫k+1

#
=

"
�xk � q

zk � 1
⇢y

k

#

z̃k+1  zk + (⌫k+1 � yk)/⇢

zk+1  ⇧
�
z̃k+1 + yk/⇢

�

yk+1  yk + ⇢
�
z̃k+1 � zk+1

�

Algorithm



OSQP
Operator Splitting solver for Quadratic Programs
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Embeddable 
(can be division free!)

Supports  
warm-starting

Detects 
infeasibility

Solves large-scale 
problems



Users

21

More than 2 million downloads!

[pepy.tech/project/osqp]



Performance benchmarks

22[github.com/oxfordcontrol/osqp_benchmarks]
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(control, portfolio, lasso, SVM, etc.) Maroz-Meszaros



Code generation
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� $SFBUF 0421 PCKFD U
N � PTRQ �0421	 


� * O J U J B M J [ F TP M WF S
N� TFUVQ 	1  R  " M  V 

TF U U J OHT 


� (FOFSBUF $ DPEF
N� DPEFHFO 	 � GPMEFS@OBNF � 


Optimized C code

Embedded 
Hardware

It can be compiled into division-free



Compiled code size ~80kb (low footprint)

24

GUROBI

CPLEX

OSQP

300x 
Reduction!



OSQP summary

25

Embeddable 
(can be division free!)

Supports  
warm-starting

Detects 
infeasibility

Solves large-scale 
problems

Robust

Future work

Algorithms
• Improvements: acceleration, restarts

• Semidefinite optimization (SDP)

• Sequential quadratic programming (SQP)

• Mixed-integer optimization

Architecture
• New linear algebra

• New linear system solvers

• New languages supported



Today’s talk
Data-Driven Embedded Optimization for Control
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Real-Time Limited resources Reliability

OSQP 
Solver

Learning  
Convex Optimization 

Control Policies

Interpretable  
tuning



Learning Convex Optimization 
Control Policies



Control loop

28

dynamics

Dynamics
<latexit sha1_base64="EncbyA8dkeueZlUJIa1M8DtCaMI="></latexit>

xt+1 = f(xt, ut, wt)

controller

Dynamics
<latexit sha1_base64="KMWLHn8oyim2jrFo+LDz774YNWQ="></latexit>

ut = φ(xt)
<latexit sha1_base64="Bqb/Is8nnj6izX3WQj4LEr2CjN0="></latexit>ut

<latexit sha1_base64="EK1lfWE3cfBiGmczKivFVZVXA40="></latexit>xt
<latexit sha1_base64="c73nre8DYzzA0y/hQBhnKWzpn6I="></latexit>xt+1

<latexit sha1_base64="muwV+e9QgAwFVVQpW+ODf5l86D4="></latexit>

xt Z[H[L
ut PUW\[
wt �YHUKVT� KPZ[\YIHUJL

<latexit sha1_base64="ikoBesbykfpaKTE4VgXWdjqoGzs="></latexit>

�(xt) JVU[YVS WVSPJ`



Explicit vs implicit control policies

29

Explicit
Complete control specification

Implicit (optimization-based)
Designer specifies 

goal and  
requirements

Optimizer 
computes 
the action

Example: LQR Controller
<latexit sha1_base64="ck8dbwmgP2gItcn43yD3d3aK1zw="></latexit>

K`UHTPJZ! xk+1 = Axt +But + wt

Z[HNL JVZ[! xTQx+ uTRu

<latexit sha1_base64="TZkj81ANcscLpVE4FoLh6t1C+V8="></latexit>

ut = HYNTPU
u

uTRu+ (Axt +Bu)TP (Axt +Bu)
<latexit sha1_base64="QLpDqwnOgs3LNJdHlcwJlqFCEPk="></latexit>

= Kxt

Example: PI Controller
<latexit sha1_base64="tmkRbeTacLVdXZ8m2BUoL2NHPrI="></latexit>

ut = �KP et �KI

tX

⌧=0

e⌧



Convex optimization control policies (COCPs)
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<latexit sha1_base64="o5pFdBjAtHYBshzzzn4J0zkv3gA="></latexit>

ut = HYNTPU
u

f(xt, u, θ)

Z\IQLJ[ [V g(xt, u, θ) ≤ 0

A(xt, θ)u = b(xt, θ)

<latexit sha1_base64="M2JDGev6fDsWwIsWJJDqBq1ARYQ="></latexit>

xt Z[H[L
✓ WHYHTL[LYZ [V [\UL
f, g JVU]L_ M\UJ[PVUZ



Many control policies are COCPs

31

Examples
• Linear Quadratic Regulator (LQR)

• Model predictive control (MPC)

• Actuator allocation

• Resource allocation

• Portfolio trading

Advantages

Interpretable Satisfy 
constraints

Efficient and reliable 
(even division-free: OSQP)

Handle varying 
dynamics



Judging COCPs
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Given a policy, state and input trajectories form a stochastic process

<latexit sha1_base64="xksSJ2yLIqa/X3UgGvo7+Kugdaw="></latexit>

X = (x0, . . . , xT�1, xT )

U = (u0, . . . , uT�1)

W = (w0, . . . , wT�1)

Trajectories Policy cost

<latexit sha1_base64="unGgCV7FXw9KlePgCJu00vygirU="></latexit>

J(✓) = E (X,U,W )

<latexit sha1_base64="wXFW5j3xCJlukXAnJsBft1oGu20="></latexit>

Ĵ(θ) =
1

K

K∑

i=1

ψ(Xi, U i,W i)

<latexit sha1_base64="W9oR6KYNiOcmGemBDzEG8/kdkkI="></latexit>

(WWYV_PTH[L J(✓) MYVT KH[H �TVU[L JHYSV ZPT\SH[PVU�



COCP Example: dynamic programming
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Time-separable cost
<latexit sha1_base64="LISiuJx9uvrQMXbRbLd+T6OJlM4="></latexit>

ψ(X,U,W ) =
T−1∑

t=0

g(xt, ut, wt)

<latexit sha1_base64="1trduBwT09GNuxox321UcauatOE="></latexit>

6W[PTHS WVSPJ` HZ T ! 1
<latexit sha1_base64="pitnW403IeIpIAWwBDT1N8oF+08="></latexit>

φ(xt) = HYNTPU
u

E (g(xt, u, wt) + V (f(xt, u, wt)))

Value function

COCP if
<latexit sha1_base64="LvgEvPeiahBrogxzuhQ6B2YPWBo="></latexit>

 f HɉUL PU x HUK u
 g JVU]L_ PU x HUK u
 V PZ JVU]L_



COCP Example: approximate dynamic programming
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Approximate  
value function

COCP if
<latexit sha1_base64="gw5Vxfnl87+nTP2cyDLeDsMmHww="></latexit>

 f HɉUL PU x HUK u
 g JVU]L_ PU x HUK u
 V̂ PZ JVU]L_

<latexit sha1_base64="474LGEFiUCJ64j4N1cSIldMsqcw="></latexit>

�L]LU ^OLU V PZ UV[�

<latexit sha1_base64="dvbJ9+9xcfXscqjG9zTOtHt7GMM="></latexit>

φ(xt) = HYNTPU
u

E
(
g(xt, u, wt) + V̂ (f(xt, u, wt))

)



Controller tuning problem
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Goal
<latexit sha1_base64="U1JQaD/jtth3LyEhF8lKwJVSj6E="></latexit>

TPUPTPaL J(θ)
Nonconvex 
and difficult  
to solve

Traditional approaches
<latexit sha1_base64="Rp+XLzUZ959VMQ/7vH2zYP2etwA="></latexit>

 /HUK�[\UPUN �ML^ WHYHTL[LYZ� ZPTWSL KLWLUKLUJPLZ�
 +LYP]H[P]L�MYLL TL[OVK �]LY` ZSV^�



Learning scheme
Auto-tuning

36

Stochastic gradient descent
<latexit sha1_base64="ids40Hjb4vrN2EzhpR/0et3m32o="></latexit>

θk+1 = θk − tk∇θĴ(θ
k)

stochastic gradient  
from simulation

step size

Split simulation data in 
training, validation and testing

Generalization
Still get a descent direction 
(common in NN community)

<latexit sha1_base64="8YJD6wnGYN+e8tlKCyagrQvRO9k="></latexit>

5VU KPɈLYLU[PHISL Ĵ(✓)&



Implementation

37

CVXPYLayers
Backpropagate through COCPs 

(differentiate KKT optimality conditions)

[https://github.com/cvxgrp/cvxpylayers/]
[Differentiable convex optimization layers. Agrawal, Amos, Barratt, Boyd, Diamond, and Kolter. NeurIPS 2019]
[Differentiable optimization-based modeling for machine learning. Amos. PhD thesis 2019]

Automatic differentiation

• Build computation graph (simulate)

• Backpropagate using PyTorch

Dynamics
Dynami

cs

<latexit sha1_base64="Bqb/Is8nnj6izX3WQj4LEr2CjN0="></latexit>ut

<latexit sha1_base64="c73nre8DYzzA0y/hQBhnKWzpn6I="></latexit>xt+1
<latexit sha1_base64="7iZcyiOmSw5kVFdx3kWC8LhsT3U="></latexit>

f(xt, ut, wt)
<latexit sha1_base64="Bb1F8p9XCMJRQ98gyJ8vwqON/Ng="></latexit>

φ(xt)

<latexit sha1_base64="zUD/7qkCrpZz8ZDeLRSesWu7DNk="></latexit>xt… …

<latexit sha1_base64="RHy2dy93CkVAr0uqJDjkUdU4zgg="></latexit>wt



Box-constrained LQR

38

Problem setup

<latexit sha1_base64="Zw6rZV5/cw/zNmH6AJjY91g+oIw="></latexit>

ut = HYNTPU
u

uTRu+ ‖θ(Axt +Bu)‖22
Z\IQLJ[ [V ‖u‖∞ ≤ 1

COCP Policy (QP)

parameters

<latexit sha1_base64="uhJ9L0TYa9NZ1GUMlnjPLuWu+YU="></latexit>

 K`UHTPJZ! xt+1 = Axt +But + wt

 HJ[\H[VY SPTP[! kutk1  1

 Z[HNL JVZ[! xT
t Qxt + uT

t Rut



Box-constrained LQR

39

Performance

0 20 40 60 80 100
iteration

101
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15
16
17
18

co
st

COCP

upper bound

lower bound

Standard  
upper/lower bounds 

from SDPs

Hard to generalize 
(other dynamics, 
disturbances, etc)



Supply chain distribution
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<latexit sha1_base64="oe+pnuZo+Jfeg9tQihgu8Z69r4U="></latexit>

:[H[L! xt = (ht, pt, dt)

quantity held
supplier price

consumer demand

<latexit sha1_base64="GkyPSvXsthj1kGGIBnrtZD3mlTc="></latexit>

0UW\[! ut = (bt, st, zt)

buy
sell

ship

Dynamics
<latexit sha1_base64="jSQ0/dJTFc8LFa9d1Jypff7JdiY="></latexit>

ht+1 = ht + (Ain −Aout)ut

<latexit sha1_base64="p9fR8jaRIHaisRQoJNYvBOXjnFs="></latexit>

pt+1 HUK dt+1 HYL SVN�UVYTHS

1 3

2 4

suppliers consumers

Network example



Supply chain distribution
Cost and constraints

41

Stage cost
<latexit sha1_base64="SXW16BEX+mYsVgtwqMy8DgBv4uw="></latexit>

pTt bt − rT st + τT zt + αTht + βTh2
t + I(xt, ut)

Constraints

<latexit sha1_base64="SIDcWXEDn8Bhd8QZ86VTPVzp298="></latexit>

Aoutut ≤ ht, s ≤ dt

<latexit sha1_base64="ELDkyWoRlef5Dhv2Ty7cRjN8YlM="></latexit>

0 ≤ ht ≤ hmax, 0 ≤ ut ≤ umax

suppliers payment

sale revenues

shipment cost storage cost

constraints



Supply chain distribution COCP
COCP
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<latexit sha1_base64="2AJEDLHMED8oLOfEp6kQTbMBso8="></latexit>

ut = (bt, st, zt) = HYNTPU pTt b− rT s+ τT z + ‖Sh+‖22 + qTh+

Z\IQLJ[ [V h+ = ht + (Ain −Aout)(b, s, z)

0 ≤ h+ ≤ hmax, 0 ≤ (b, s, z) ≤ umax

Aout(b, s, z) ≤ ht, s ≤ dt

parametersQP problem



Supply chain distribution
Results
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Learning COCPs summary
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Interpretable

Future work
• Support hybrid (mixed-integer) control policies

• Integrate tuning and deployment with code generation (e.g., OSQP)

• Stochastic policies

Satisfy 
constraints

Handle  varying 
dynamics

Efficient and reliable 
(even division-free: OSQP)

Easy to tune 
from data



Conclusions
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Conclusions
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bstellato@princeton.edu

@b_stellato

stellato.io

github.com/bstellato

will soon become a technology  

Thanks to

Efficient and 
reliable optimizers

Easy-to-tune 
control policies

Real-time            and       embedded optimization



Backup



OSQP Parameter selection
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<latexit sha1_base64="1qGFjQpj1TdP4W+2wr/h2r2Z4ZE="></latexit>

� = 10�6
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s
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