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Tight constraints
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Computing the solution from the optimal strategy
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Computing the solution from the optimal strategy

c(θ)Tx
A(θ)x ≤ b(θ)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Computing the solution from the optimal strategy

c(θ)Tx
Ai(θ)x = bi(θ) ∀i ∈ T (θ)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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T−1∑

t=0

h(xt) + o(ut)

xt+1 = xt + ut − dt

x0 = xinit

0 ≤ ut ≤ M
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Inventory management
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Inventory
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0 ≤ ut ≤ M
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Inventory management

OrderInventory
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Inventory management

OrderInventory

Demand
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Strategy for inventory management

xinit < 9.97

xinit < 7.91 d5 < 1.91

xinit < 11.61 xinit < 12.2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Strategy for inventory management

xinit < 9.97

xinit < 7.91 d5 < 1.91

xinit < 11.61 xinit < 12.2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Strategy 2

ut = 0 t ≤ 4

0 ≤ ut ≤ M t > 4
<latexit sha1_base64="NrEUJ1XUlkRwCRnDDTQjAyIFm74="></latexit>
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Strategy for inventory management

xinit < 9.97

xinit < 7.91 d5 < 1.91

xinit < 11.61 xinit < 12.2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Strategy 4

ut = 0 t ≤ 3

0 ≤ ut ≤ M t > 3
<latexit sha1_base64="7EhO8Bz4gYhBTE47cj8PtFeXc5Q="></latexit>

Strategy 2

ut = 0 t ≤ 4

0 ≤ ut ≤ M t > 4
<latexit sha1_base64="NrEUJ1XUlkRwCRnDDTQjAyIFm74="></latexit>
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Strategies for inventory management
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Strategy 2
ut = 0 t ≤ 4

0 ≤ ut ≤ M t > 4
<latexit sha1_base64="v+OPdOPUGa2/KDqD1jhvu9fJ/v8="></latexit>
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Mixed-integer optimization

c(θ)Tx
A(θ)x ≤ b(θ)
xI ∈ Z

d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Mixed-integer optimization

Integers

c(θ)Tx
A(θ)x ≤ b(θ)
xI ∈ Z

d
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Tight constraints are not enough

x1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Strategy for mixed-integer optimization

s(θ) = (T (θ), x⋆

I
(θ))

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Integer variables

x1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Machine 

Learning

MLOPT

s(θ)
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θ
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Computing the solution from the optimal strategy

Solution 
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θ
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Computing the solution from the optimal strategy
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c(θ)Tx
A(θ)x ≤ b(θ)
xI ∈ Z

d
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Computing the solution from the optimal strategy
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s(θ) = (T (θ), x⋆

I
(θ))
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Computing the solution from the optimal strategy
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Integers

c(θ)Tx
Ai(θ)x = bi(θ) ∀i ∈ T (θ)
xI = x⋆

I
(θ)
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Knapsack

c
T
x

a
T
x ≤ b

0 ≤ x ≤ u

x ∈ Z
n

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Knapsack
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Parameters
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Strategy selection for knapsack

u2 < 2

a1 < 1.4 a2 < 1.62

a2 < 2.48

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Strategy selection for knapsack

u2 < 2

a1 < 1.4 a2 < 1.62

a2 < 2.48

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Strategy 1

xi =

{

0 i != 2

2 i = 2
<latexit sha1_base64="xqZBRNSZ4ugIx9nw9PGVWNfXzrQ="></latexit>
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Mixed-integer convex optimization

x1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f(x, θ)
g(x, θ) ≤ 0
xI ∈ Z

d
<latexit sha1_base64="hejenLzLoFPLK1gdWfInvvtF+dU="></latexit>

[D. Bertsimas, B. Stellato, The Voice of Optimization, Machine Learning (to appear), (2020)]
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MLOPT

Solution 

Decoding
s(θ)
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Strategy

θ
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MLOPT
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Strategy

θ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Machine 

Learning

Machine learning optimizer
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Selecting strategies is a classification problem

θ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Machine 

Learning
ŝ(θ)
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Selecting strategies is a classification problem

θ
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θ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Machine 

Learning
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Optimal Trees Neural Networks
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Optimal Classification Trees (OCT)

θ1 < 2.45

θ2 < 1.75

θ3 < 4.95

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

[Bertsimas and Dunn (2017)]
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Neural Networks (NN)

f1
θ

f2
y1 y2 . . . fL

yL−1 ŝ

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

yl = f(yl−1) = (Wlyl−1 + bl)+
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Single layer
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Have we seen enough data?

θ
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Machine 

Learning
ŝ(θ)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dataN
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(θi, s(θi))
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

labels

S
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

M
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Will we find new strategies?

θ1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

θ2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

θN
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sM
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Parameters Strategies
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Will we find new strategies?

θ1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

θ2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

θN
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sM
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

θN+1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Parameters Strategies



Alan Turing already knew that…
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Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>
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Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>

GT =
N1

N
≈ P(s(θN+1) /∈ S(ΘN ))

<latexit sha1_base64="W6m1YIrt/oX/m1fek3wnh6dd2uA="></latexit>



34

Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Probability of 
unseen strategies

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>

GT =
N1

N
≈ P(s(θN+1) /∈ S(ΘN ))

<latexit sha1_base64="W6m1YIrt/oX/m1fek3wnh6dd2uA="></latexit>
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Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

# strategies 
appeared once

Probability of 
unseen strategies

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>

GT =
N1

N
≈ P(s(θN+1) /∈ S(ΘN ))

<latexit sha1_base64="W6m1YIrt/oX/m1fek3wnh6dd2uA="></latexit>
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Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

# strategies 
appeared once

# samples

Probability of 
unseen strategies

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>

GT =
N1

N
≈ P(s(θN+1) /∈ S(ΘN ))

<latexit sha1_base64="W6m1YIrt/oX/m1fek3wnh6dd2uA="></latexit>
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Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

# strategies 
appeared once

# samples

Probability of 
unseen strategies

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>

GT = 1/15
<latexit sha1_base64="jP4EOic8ugJ5L2DIPiEypc/h7KM="></latexit>

GT =
N1

N
≈ P(s(θN+1) /∈ S(ΘN ))

<latexit sha1_base64="W6m1YIrt/oX/m1fek3wnh6dd2uA="></latexit>
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Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

# strategies 
appeared once

# samples

Probability of 
unseen strategies

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>

GT = 1/15
<latexit sha1_base64="jP4EOic8ugJ5L2DIPiEypc/h7KM="></latexit>

GT =
N1

N
≈ P(s(θN+1) /∈ S(ΘN ))

<latexit sha1_base64="W6m1YIrt/oX/m1fek3wnh6dd2uA="></latexit>

P(s(θN+1) /∈ S(ΘN )) ≤ GT + c
√

(1/N) ln(3/β)

<latexit sha1_base64="2Jl/hLIyL69PnFS6iambh0j96AA="></latexit>
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Good-Turing estimator
s1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

# strategies 
appeared once

# samples

Probability of 
unseen strategies

1
<latexit sha1_base64="LpZwUJGF/B3YWTaiJ2JjS79Et4I="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

3
<latexit sha1_base64="SzpMUU6lWE9oUu0hjP+VMeTbOfM="></latexit>

s3
<latexit sha1_base64="geBmBtyyCsrBqZKOmLb19SmSvk4="></latexit>

s4
<latexit sha1_base64="yonATOtnRn+z3kmcDV2mDOdRSiI="></latexit>

s5
<latexit sha1_base64="d7lC3jHk1QQNIIJIig+c8NrdSWY="></latexit>

6
<latexit sha1_base64="n9qaxCl1Gm9C4GAj6cH7ypTAImQ="></latexit>

N = 15
<latexit sha1_base64="a84GZjh3riyfEoLdHHoupoP7paQ="></latexit>

M = 5
<latexit sha1_base64="d6Wno/g/TgY7piHtYRUADz19PUg="></latexit>

GT = 1/15
<latexit sha1_base64="jP4EOic8ugJ5L2DIPiEypc/h7KM="></latexit>

Bound

[McAllester and Schapire (2001)]

GT =
N1

N
≈ P(s(θN+1) /∈ S(ΘN ))

<latexit sha1_base64="W6m1YIrt/oX/m1fek3wnh6dd2uA="></latexit>

P(s(θN+1) /∈ S(ΘN )) ≤ GT + c
√

(1/N) ln(3/β)

<latexit sha1_base64="2Jl/hLIyL69PnFS6iambh0j96AA="></latexit>
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Simple sampling scheme

GT + c
p

(1/N) ln(3/�) ≤ ✏
<latexit sha1_base64="pqghRSdWZhgdzYGeEQtFZ0Iln58="></latexit>

Bound

θi

s(θi)

GT =
N1

N
<latexit sha1_base64="mVvGQ8TiqJyJFh7liUS6nnQctRA="></latexit>
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MLOPT

Solution 

Decoding
s(θ)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Strategy

37

θ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x
?

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Machine 

Learning

Machine learning optimizer
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Mixed-integer quadratic optimization

(1/2)xTPx+ qTx+ r
Ax ≤ b
xI ∈ Z

d
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Sampling scheme

✏,�,Θ = ∅,S = ∅, u = ∞

k = 1, . . . ,
✓k s(✓k) .

Θ ← Θ ∪ {✓k} .

s(✓k) /∈ S
S ← S ∪ {s(✓k)} .

G+ c
p

(1/k) ln(3/�) ≤ ✏ . ✏

k,Θ,S
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