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Why quadratic programming?



3

March 1956!
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First-order methods

Handle large-scale 

problems

Warm starting

Pros Cons

Embeddable

Low accuracy 

solutions

Can’t detect 

infeasibility

Problem data 

dependent
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General Purpose Solver

Detects 

Infeasibility
Robust Accurate

Based on first-order 

methods



The OSQP Solver
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The problem

minimize 1

2
xTPx+ qTx

subject to Ax ∈ C

C = [l, u]Quadratic Program

Ax ∈ C
1

2
xTPx+ qTx
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ADMM

minimize f(x̃) + g(x)
subject to x̃ = x

minimize f(x) + g(x)
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ADMM

minimize f(x̃) + g(x)
subject to x̃ = x
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minimize f(x) + g(x)
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How to split the QP?

minimize 1

2
xTPx+ qTx

subject to Ax = z

z ∈ C

minimize 1

2
x̃TPx̃+ qT x̃+ IAx=z(x̃, z̃) + IC(z)

subject to (x̃, z̃) = (x, z)
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How to split the QP?

minimize 1

2
xTPx+ qTx

subject to Ax = z
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How to split the QP?

minimize 1

2
xTPx+ qTx

subject to Ax = z

z ∈ C

g

}

minimize 1

2
x̃TPx̃+ qT x̃+ IAx=z(x̃, z̃) + IC(z)

subject to (x̃, z̃) = (x, z)
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ADMM iterations

(xk+1, z̃k+1) ← argmin
(x,z):Ax=z
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z̃k+1
− zk+1
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ADMM iterations
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ADMM iterations

(xk+1, z̃k+1) ← argmin
(x,z):Ax=z
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Solving the inner QP

Reduced KKT system

[

P + σI AT

A −

1

ρ
I

] [

x

ν

]

=
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σxk
− q

zk −

1

ρ
yk

]

z̃
k+1 = z

k + 1

ρ
(ν − y

k)

minimize 1

2
xTPx+ qTx+
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subject to Ax = z



12

Solving the inner QP

Reduced KKT system

Always  

solvable!
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Solving the linear system
Direct Method

[

P + σI AT

A −

1

ρ
I

] [

x

ν

]

=
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σxk
− q

zk −

1

ρ
yk
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Solving the linear system
Direct Method

Quasi-definite 

matrix

Well defined  

factorization 
LDL

T

[

P + σI AT

A −

1

ρ
I

] [

x

ν

]

=

[

σxk
− q

zk −

1

ρ
yk

]
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Solving the linear system
Direct Method

Quasi-definite 

matrix

Well defined  

factorization 
LDL

T
Factorization 

caching
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Solving the linear system
Indirect Method

(

P + σI + ρATA
)

x = σxk
− q +AT (ρzk − yk)
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Solving the linear system
Indirect Method

(

P + σI + ρATA
)

x = σxk
− q +AT (ρzk − yk)Positive definite 

matrix

Conjugate 

gradient
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Solving the linear system
Indirect Method

(

P + σI + ρATA
)

x = σxk
− q +AT (ρzk − yk)Positive definite 

matrix

Conjugate 

gradient

Solve very 

large 

systems
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Computing the projection

Π(v) = max(min(v, u), l)
Box projection

vΠ(v)
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Final algorithm

(xk+1, νk+1) ← solve
�

P + σI AT
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Final algorithm

(xk+1, νk+1) ← solve
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Linear system

solve

Easy

operations

minimize 1

2
xTPx+ qTx

subject to l ≤ Ax ≤ u

Problem

Algorithm
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OSQP

osqp.org

Embeddable
Multiple 

interfaces

Library 

free

http://osqp.org
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Interfaces

Languages

Parsers

JuMP CVXPY YALMIP
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Users



Numerical Examples
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Benchmark Problems

1400 Problems

Control

Portfolio

SVM

Lasso

Huber 

Fitting

Equality 

ConstrainedRandom
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Performance Profiles
github.com/oxfordcontrol/osqp_benchmarks
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Maros-Meszaros Benchmarks
github.com/oxfordcontrol/osqp_benchmarks
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Infeasibility detection
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What happens if the problem is infeasible?

y
k+1

← y
k
+ ρ

�

z̃
k+1

− z
k+1

�

Ax /∈ C
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What happens if the problem is infeasible?

y
k+1

← y
k
+ ρ

�

z̃
k+1

− z
k+1

�

Ax /∈ C

}
�= 0

y
k does not converge!

∈

Ax C

∈
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Farkas’ Lemma
Primal infeasibility

Ax

C

Separating 

hyperplane

AT p = 0 uT p+ + lT p
−
< 0

p
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Farkas’ Lemma
Dual infeasibility

Pd = 0 qT d < 0 (Ad)i











= 0 li, ui ̸= ∞

≥ 0 ui = +∞

≤ 0 li = −∞

d

q

Ax ∈ C

Unbounded 

direction
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Farkas’ Lemma
Dual infeasibility

Pd = 0 qT d < 0 (Ad)i











= 0 li, ui ̸= ∞

≥ 0 ui = +∞

≤ 0 li = −∞

d

q

Ax ∈ C

Unbounded 

direction

Recession 

cone
Ad ∈ C

∞
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Infeasibility detection

Primal infeasibility:

Dual infeasibility:

y
k+1 − y

k → δy ( ̸= 0)
<latexit sha1_base64="NjRKpjn5mrZxXkG4MnOMFor4WdY="></latexit><latexit sha1_base64="6Sw6v5dDVqjQJQsBqykyk1Y2iTk="></latexit><latexit sha1_base64="6Sw6v5dDVqjQJQsBqykyk1Y2iTk="></latexit><latexit sha1_base64="nXGci8u81NRM0rfN4rzyDb4GNFM="></latexit>

AT
δy = 0 uT

δy+ + lT δy
−
< 0

<latexit sha1_base64="d33vXp8DWDEHisUH8U6tuZO2QrU="></latexit><latexit sha1_base64="d33vXp8DWDEHisUH8U6tuZO2QrU="></latexit><latexit sha1_base64="d33vXp8DWDEHisUH8U6tuZO2QrU="></latexit><latexit sha1_base64="d33vXp8DWDEHisUH8U6tuZO2QrU="></latexit>

x
k+1 − x

k → δx ( ̸= 0)
<latexit sha1_base64="ztbZETIzeA8c8paM+UUnkEpk7dw="></latexit><latexit sha1_base64="4HkwgEU1oBH3kGSi49i7VGQ2g3c="></latexit><latexit sha1_base64="4HkwgEU1oBH3kGSi49i7VGQ2g3c="></latexit><latexit sha1_base64="jC15IjFWoM00w1uGvpUZGuOjF6o="></latexit>

P δx = 0 qT δx < 0 (Aδx)i











= 0 li, ui ̸= ∞

≥ 0 ui = +∞

≤ 0 li = −∞
<latexit sha1_base64="Lsf3EPxrQ66TyKKf4ZopnUdQ/ws="></latexit><latexit sha1_base64="DXrCf/Hn7DIWTZ+9cNcos0tY8Q4="></latexit><latexit sha1_base64="DXrCf/Hn7DIWTZ+9cNcos0tY8Q4="></latexit><latexit sha1_base64="v0yCqMMjYIs836xhpTeGLcJNTq0="></latexit>



Conclusions
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OSQP

Robust

Detects infeasibility

Embeddable

Future work

Mixed-Integer

SQP

Simple

Warm-starting

SDP

Linear System 

Solvers

ArchitectureAlgorithms
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