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Why quadratic programming?



AN ALGORITHM FOR QUADRATIC PROGRAMMING

Marguerite Frank and Philip Wolfel

Princeton University

A finite iteration method for calculating the solution of quadratic
programming problems is described. Extensions to more general non=-
linear problems are suggested,

1. INTRODUCTION
The problem of maximizing a concave quadratic function whose variables are subject to

linear inequality constraints has been the subject of several recent studies, from both the com-
putational side and the theoretical (see Bibliography). Our aim here has been to develop a
method for solving this non-linear programming problem which should be particularly well

adapted to high-speed machine computation,
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The OSQP Solver



The problem
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How to split the QP?

minimize  2x'Px+q’x
subjectto AX =12
z LCI

minimize 22" P2+ q¢' & + Tax=7(Z, 2) + Zc(2)
( )

subject to
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minimize

subject to

Solving the inner QP
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minimize

subject to

Solving the inner QP
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Solving the linear system
Direct Method
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Solving the linear system
Direct Method
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Solving the linear system
Direct Method

_ o
Quasi-definite | £+ 0L A% |1z | 02" —¢q
matrix A —%[ V a— %yk

Well defined N
| DL T Factorization
L caching
factorization




Solving the linear system
Indirect Method

(P+ol+pA"A)z=oz" —q+ A" (pz" —y")
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Solving the linear system
Indirect Method
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Solving the linear system
Indirect Method
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Computing the projection

Box projection

[(v) = max(min(v, u), )
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Final algorithm

Problem
minimize %LET.PQ? +qlx
subjectto [ <Az <u
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Final algorithm

Problem
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OSQP

osgp.readthedocs. 10

O S Q P Docs » OSQP solver documentation © Edit on GitHub

UNIVERSITY OF OSQP solver documentation
5 OXFORD

Join our forum for any questions related to the solver!
Eama e

Library Multiple
free Interfaces

Embeddable
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OSQP Interface

@, python’

# Create OSQP object
m = osqgp.OSQP ()

# Initialize solver
m.setup (P, g, A, |, u,
settings)

# Solve
results = m.solve ()

# Update cost with g_new
m. update (g=g_new)

# Solve again
results_new = m.solve ()

4\ MATLAB

% Create OSQP object
m = osqp() ;

% Initialize solver
m.setup (P, g, A, |, u,
settings);

% Solve
results = m.solve () ;

% Update cost with g new
m.update(’'qg’, g _new);

% Solve again
results new = m.solve () ;
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Numerical Example
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Solution Polishing



Obtaining the active set

Lower active
L={i|(Az); =1; Ny; <0}

Upper active
U=1{i|(Ax); =u; Ny; >0}
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Solving single linear system
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Solving single linear system

P AL AT] [x ",
Ar e | = | Iz
Ay 1 Yu Uy
H—/ W_J

M g

Inactive constraints
yi=0 ¢ (LUU)



Iterative refinement

Perturbed system
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Iterative refinement
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Quasi-definite —

Perturbed system

P+6I Al
A —ol

Al

T
Ur
Yu |

26



Quasi-definite —

Iterative refinement
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Infeasiblility detection



What happens if the problem is infeasible?

KL K 4 ) (§k+1 B Zk+1)
H_/

# 0

y* diverge!

28



Farkas) Lemma
Primal infeasibllity

A'p =0 uw'pr+1"p_ <0
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Farkas) Lemma
Dual infeasibility

=
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Farkas) Lemma
Dual infeasibility
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Asymptotic behavior
Averaged non-expansive operator

(CEkH_l, I<:+1) T(xk ”Uk)

Differences
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Al by =0 utoy— + 118y, =

Poxr =0

Auxiliary results

Difference of dual iterates: oy
1

Difference of primal iterates: 0x
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Pox =0

Infeasiblility detection
Main result

Primal infeasibility: o0y £ 0
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Example
Simple QP

minimize %XT

Iool
X
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0
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Example

Primal infeasible

L 1 0
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Example

Dual infeasible
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Example

Primal and dual infeasible

L 1 0 Unbounded
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Extensions



Code generation

Optimized
C code

# Create OSQP object ¥
m = osqp.0SQP() >
# Initialize solver
m.setup (P, g, A, |, u, —_— e
settings) allcig P
# Generate C code
m.codegen( 'folder name ) |

Embedded
hardware

42



Compiled code size ~80kb

oSQP —— i

300x
Reduction!

GUROBI

CPLEX
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Mixed-Integer Quadratic Programs

minimize  sx'Px+q’x
subjectto I==Ax=U
X; TH |
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Mixed-Integer Quadratic Programs

minimize  sx'Px+q’x
subjectto I=<=Ax=uU

X, AT integer
constraints
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Mixed-Integer Quadratic Programs

minimize  sx'Px+qfx f(z)
subjectto I=<=Ax=uU

X, AT integer
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Mixed-Integer Quadratic Programs

minimize  sx'Px+qfx f(z)
subjectto I=<=Ax=uU

X, AT integer
constraints

QP (—o00, +0)

QP(—oc, 3) QP(3, +00)

QP(—oc, 2) QP(2, 3)
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minimize
subject to

Inner QPs

QP(z,T)

XTPx +qgfx
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Tl |
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minimize
subject to

Inner QPS

QP(z, )

XTPx +qgfx
| < AX=<u
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Changing
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Branch-and-bound

initialize U < oo, H « QP(—o00, 00)
while H # () do
T, f(x) < pick QP(z,x) from H and solve
if QP(x, ) is infeasible or f(z) > U then
prune
else if x is integer feasible then
U<+ f(2), ¥ < x, prune
else
branch
end if
end while
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Branch-and-bound

initialize U < oo, H « QP(—o00, 00)
while H # () do
T, f(x) «+ pick QP(z,x) from H and solve
if QP(x, ) is infeasible or f(z) > U then
prune
else if x is integer feasible then
U<+ f(2), ¥ < x, prune
else
branch
end if
end while

Bad node
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Branch-and-bound

initialize U < oo, H « QP(—o00, 00)
while H # () do
T, f(x) «+ pick QP(z,x) from H and solve
if QP(x, ™) is infeasible or f(z) > U then
prune
else if x is integer feasible then
U<+ f(x), x* < T, prune
else
branch
end if
end while

Bad node

New solution
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Branch-and-bound

initialize U < oo, H « QP(—o00, 00)
while H # () do
T, f(x) «+ pick QP(z,x) from H and solve
if QP(x, ™) is infeasible or f(z) > U then
prune
else if x is integer feasible then
U<+ f(x), x* < T, prune
else
branch
end if
end while

Bad node

New solution

Continue
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Saving computations

Factorization N Warm
caching starting

_ Repeated
QP(zx,
ADMM (z, ) MIOPS
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Numerical example
Hybrid Model Predictive Control

N—1
minimize Y ¥ l(z(k)) + 4NV (@(V))
k=0

subjectto ax(k+ 1) = Ax(k) + Bu(k)
x(0) = z
r(k) € X,u(k) € {-1,0,1}°
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Numerical example

Hybrid Model Predictive Control
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MIQP Timings
Hybrid Model Predictive Control
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), Simple
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Horizon Length N
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